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Model Question Papers 
Ancillary Paper — X 
Theory of Equations And Numerical Analysis 
Model Paper — Í 


бес-А 8 x 5 = 40marks 
Answer any Eight out of 12 questions 
Solve the equation х^—5х3+4х?+8х—8=0 given that 1-45 
Solve: 4x*—20x?+33x?--20x+4=0 
Find the nature of the roots of the equation 4х?--21х2+18х+30=0. 
If a,B,y are the roots of the equation х3+ах?+6х+с=о, find the equation 


whose roots are a В, Ву, түс. 
Represent the function x*—12x°+42x*-30x+9 in the factorial notation. 
Find by the method of iteration a real root of 2x--log10x=7. 
Solve the equation 14x-5y=5.5 
2x+7y=19.3 

by Jacobi method. 
Show that V (ayi)=a V y; a being а constant. 
Find the cubic polynomial for the following table 

х:0 1 2 3 

y:1 0 1 10 


: | , 1 
. Derive simpson's 3 rule. 


Solve the equation Yk+2+Yk+1+yk=k.2" 

Using Lagrange's interpolation formula, fit a polymial to the data 
х: 0 1 3 4 

y: -12 0 6 12 


: Sec- B 
Answer any 6 out of 10 Questions 6 x 10 = 60 marks 
Solve the equation x*+2x?—21x?-22x+40=0 whose roots аге in Arithmetic 
progression. 
Show that the equation х2-3х2-5х41-0 has atleast four imaginary roots 
If the sum of the two roots of the equation x*^*px^*qx^*rx*sz0 in equal to 
the sum of the other two roots, prove that р?+8г=4ра. 
Discuss the reality of the roots of x**4x?-2x^—12xa =0 V a. 
Solve the equation x*+4x°+5x*+2x--6=0 by removing its second term. 
х: 21 25 29 33 37 
у: 18.4708 17.8144 17.1070 16.3432 15.5154 


19. Evaluate | 


20. From the below table of values of x & y obtain d 


Use Gauss's forward and backward formula to find y for x=30 for the above 
data. 





1 
аг correct to four decimal places by both Trapezodal and 
о1+ 


simpson's i rules with hz0.125 


dy and Sy for x 21.2 
dx 


X: 1.0 1.2 1.4 1.6 1.8 2.0 2.2 
y: 2.7183 3.3201 4.0552 4.0530 6.0496 17.3891 9.0250 


21. Solve the following equation by method of differences 


i) Ux+1 — Ux=XÎ, ugs1 
ii) Ux+2-/ Ux+4+12U, = COS X with uozOzu. 


22.а) Write a short note on Inverse of Interpolation 


кы 


b) Derive Lagrange's interpolation formula. 


Model Paper - Il 
Theory of Equations and Numerical Analysis 


Sec-A 
Answer any Eight out of 12 questions 
8 x 5 = 40 marks 
1 1 1 


* + 


If о, В, у are the roots of x*+qx+r=0 find the value of 
+Y үзс «+В 











Remove the fractional coefficients form 

xi yt i4 29 

4 3 

Fine the nature of the roots of 
X*+4x°-30x?+10=0 
Solve the equation 8x?—84x?-262x—23120, if the roots are in А.Р. 
Find the multiple roots of the equation 
27x* —72x?+64x--16=0 
Find a real root of the equation х3+х?—1=0 using iteration method. 
Give the geometrical meaning of Newton's method 
Using  Guass Elimination method, find the inverse of the 


3 -1 1 
matrix.| —15 6 -5 
5 -2 2 


10. 


11. 
12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


1 1 E 
Prove that = —A+— AE. 
ВИ о 


7.52 
Evaluate [f(x)dx from the following table 
7.47 


X: 747 - 7.48 7.49 7.50 7.51 7.52 
Е(х): 1.93 1.05 1.08 2.01 2.03 2.06 
Solve Ух-і-2ух cos а * y, |-0 
Derive Trapezoidal Rule. 


Section - B 
Answer Any 6 out of 10 questions 6 x 10 - 60 marks 


Solve the equation 

3x*--40x3+ 130x?--120x+27=0. Given that the product of two of its roots in 
equal to the product of the other two. 

Find the equation whose roots are the cubes of the roots of 
2х5%3х4%4х2--2х7-3х%1-0 

Find the number of real roots of the equation x*+4x°—4x-13=0 by sturm's 
theorem Бал 

Prove Newton-Gregory's backward interpolation formula. 

From the following table, Using Lagrange's formula find Y when x-0.5 

Xx: 0.4846555  0.4937452 0.5027498 0.5116682 


y: 0.46 0.47 0.48 0.49 
Find the minimum value of f(x) for the data. 
xc 0 1 2 3 4 5 6 7 
f(x): 890 844 769 668 541 389 401 462 
х: 8 9 


f(x]. 495 530 
Prove the following identity 
Uy X*uzx^*us4x? 202208 х хли, - 3 A2u, + 
1 2 BA т..... dx 1 (-x2) 1 1 3 1 .... 





Using Numerical differentiation find the value of sec 31?for the following 
table: 

0: 31 32 33 34 
tan 0: 0-6008 0.6249 0.6494 0.6745 


б 
Evalute f Jx(1- x) dx, Using weddles rule. 
0 


From the following table, obtain f(x) as а polynomial in powers of (x-5) 
x: 0 2 3 4 5 6 
f(x): 4 26 58 112 466 922. 


11. 
12. 


13. 


14. 


15. 
16. 


17. 


Model Paper —3 
Theory of equation and Numerical Analysis 
Sec-A 8 x 5 = 40marks 
Answer any Eight out of 12 questions 


2 
If о, B; аге the roots of x°- 5x+7=0 find D 
Solve the @quation х“—6х3+11х2—10х+2=0 if 2+i/3 is a root of the 
equation. 
Solve the equation x^—12x^*39x—28-20 given that the roots are іп A.P. 
Find the multiple roots of the equation 27x/—72x^*64x--16z0. 
Using method of iteration find the real root of the equation 2x-log4ox-7 
correct to four decimal places. 
Find the missing values in the following data: 


X: 0 5 10 15 20 25 
Y: 6 10 - 17 - 31 
From the table of values. 
x: 1.46 1.47 1.48 1.49 


f(x): 0.885604 0.885633 0.885747 0.885945 
Find f(1.4684) 
Prove that yYn-k = Ул-Кс:У yatke2 V yot...... +(-1)k V “yn 


Find the value of Y at x=1.05 for the data. 


X: 1.00 1.05 1.10 1.15 1.20 1.25 1.30 
Y: 1.00000 1.02470 1.04881 1.07238 1.09544 1.11803 1.1401 


А : eo 
. Derive simpson’s 3 rule. 


Obtain the Newton forward interpolation formula. 
Solve the equation \,.,2+5ук..+ бук=ех 














Sec-B | ч 
Answer any out of 10 question 6x10=60marks 

2 2 2 2 

Show that the equation 5 + E * = ЖЫ ааа ы * А =k cannot 
х-а x-b Х-С Х- 
have ап imaginary root. If A,B,C...H, a,b,c...h аге real and distinct. 
на, В, y are the roots of x5—7x*7-0 find —- кон 
о T 


Show that the roots of x°+px?+qx+r=0 are in А.Р Н.2р”-Эрд-27г-0 

Solve using Cardon's method: 

х3-7х%б-0 

Solve the equation x*--8x°+19x*—12x+12=0 by removing its second term. 


18. Find the value of e'?? given : 
e'’=5.4739, e'?-6.0496,  e!?-6.6859, е29-7,3891, 
e^'-8.1662, e??-9.0250 e??-9.9742 
19. Using Lagrange's interpolation formula find Y(10) given that Y(5) - 12, 
Ү(6) = 13, Y(9) = 14 Ү(11)-16 
20. From the following find the maximum value of the function: 
X: 0 1 2 3 4 5 
Y: 0 0.25 0 2.25 16.00 56.25 


Using Trapezoidal rule with һ-0.2.Непсе determine the 





3 
21. Evaluate | 2. 
о1+ х 


value of x. 
22.Using the  Gauss-Jordom method solve the following. Equations 
10х+у+2=12, 2x+10y+z=1 3,xt+ty+5z=7 


UNIT — 1 
THEORY OF EQUATIONS AND NUMERICAL ANALYSIS 
UNIT-A 
THEORY OF EQUATIONS 


1.1 An Expression of the Form 
f(x)=a x"+ayx" tax 7+... жап, 


Where n is a positive integer and ao,a1,ap,...... a, are constants is called a 
polynomial in x of the п" degree if a) #0. 


f(x)? aox"*a,x"!*azx" ?........ +a,=0 is called an algebraic equation or 
polynomial Equation of the nth degree, if ao 0. 


An equation is not altered if all its terms be divided by any quantity. 
Dividing the equation by ао. 
We can make the coefficient of x" in the above equation equal to unity. 


Then the equation can be written in the form 


Х"+Р.х”'+Р2ох""?+........ +P,_,x+P, = 0 
Equations of the first, second ,Third , fourth...... etc. degree are know as 
linear, quadratic , cubic biquadratic ...... equations respectively. 


The term independent of x is called the absolute term. 


Any value of x for which the polynomial f(x) vanishes is called a root of the 
equation f(x)=0. 


The main object of the theory of equations is to find the roots of the 
equation f(x)=0(i.e),to solve the equation. 


In this chapter unless otherwise stated f(x)represents always a polynomial 
in x we can easily see that f(x)is a continuous function of x for all values of x. 


Remainder Theorem: 
If f(x) is a polynomial then f(a) is the remainder when f(x) is divided by x-a. 


Divide the polynomial f(x) by x-a until a remainder is obtained which does 
not involve x. | 


Let the quotient be Q(x) and remainder R. 
Then f(x)=(x-a)Q(x)+R. 

Substituting хаа in the above equation. 
We get f(a)-R. 


Cor: 
If Қа)-0, the polynomial f(x) has the factor x-a,(ie) if a be the root of the 


equation f(x) = 0 then x-a is a factor of the polynomial f(x). 


Theorem: 
If f(a) and f(b) are of different signs, then atleast one root of the equation 


f(x)=0 must lie between a and b. 





y 
f(b) 
x S x 
f(a 
y! 


As x changes gradually from a to b, the function f(x) changes gradually 
from f(a) and f(b) and therefore must pass through all intermediate values, but 
since f(a) and f(b) have different signs, the value zero must be between them, 


(ie) f(x) assumes the value zero for atleast for one value of x between a 
and b. 


This theorem can be proved by means drawing the graph of the function 
у-Қх). 


Since Қа) and f(b) have different signs, the graph y=f(x) must cross the 
x-axis atleast once between a and b. 


At the point where the graph crosser the x-axis there is a real root of 
f(x) 20. 


There is atleast one real root between a and b. 


10 


Тһеогет: 


If Қа) and f(b) have the same sign, it does not follow that f(x) =O has no 
root between a and b. 


It is evident that when two points are connected by a curve, the portions of 
the curve between these points must cut the axis at an odd number of times when 
the points are on opposite sides of the axis and an even number of times or not at 
all. When the points on the same side of the axis. 





Hence we get the following results:- 

1) If f(a) and f(b) have like signs, an even number of roots of f(x) = O lie 
between a and b or else there is no root between a and b. 

2) If f(a) and f(b) have unlike signs, an odd number of roots of f(x)=0 lie 
between a and b. 


Theorem: 
If f(x)=0 is an equation of odd degree, it has atleast one real root whose 
sign is opposite to that of the last term. 


Let f(x)be х"+рах”"+........... tpa. 
Substituting – о ,0,* о, for x in f(x). 


We get f(-o) = — о since nis odd. 
Ко) = p». 


(+ оо )= +o. 


Hence if P, in positive f(x) = 0 has atleast one root lying between - o and 
o and if P, is negative f(x)=0 has atleast one root lying between o and + о. 


If Қх)-0 is of even degree and the absolute term is negative equation has 
atleast one positive root and atleast one negative root. 


11 


Let f(x) be х" +p x^^! *...... *pa. 

Here n is even and P,is negative. 
f(-o) = +оо. Ѕіпсе п іп еуеп. 
Но) = Р, = anegative quantity 
f(+ oo )=+ оо. 


Hence f(x)=0 has atleast one гоо! lying between - and 0, and atleast 
another lying between 0 and +o. 


We have proved that every equation except one of an even degree with a 
positive last term has a real root. Such an equation of even degree may have 
even number of real roots or no real root. We shall assume that every equation 
f(x)=0 where f(x) is a polynomial in x has a root real or imaginary. The proof of 
this theorem is beyond the scope of this book. 


Theory: 
Every equation f(x)=0 of the n'" degree has n roots and no more. 


Let f(x) be the polynomial. 
f(x) = аох"+а.х""+....... +а, 


We assume that every equation f(x) = 0 has atlest one root real ог 
imaginary. 


Let a, be a root of f(x) 50. 
Then f(x) is exactly divisible by х- ат, 


So that f(x) = (x— a1) ф(х) 
Where ф, (X) is an rational integral function of degree n-1. 


Again ф+(х)=0 has a root real or imaginary And Let that root be a2 
Then ф, (х) is exactly, divisible by x-a;. 
So that ф1(х)-1Х-0 2) 2 (x) 


Where ф(х) is a rational integral function of degree п-2. 
~. f(x) 5(Х- о1) (x-a 2) 620) 


By continuing in this way, 


We obtain 
f(x) = (x- «4) (x-a 3)....... (x-a n) On (X) 


12 


Where ф„(Х) is of degree n-1,(ie) zero. 
2. $ (X) is a constant. 


Equating the coefficients of x" on both sides. 
We get ó,(X) = Coefficients of x^ 


= ас 
P f(x) ш ао(х- о 1) (x-a 2) ТҮСТІ (х-о as 


Hence the equation f(x)=0 has n roots, since f(x) vanishes when х has апу 
one of the values a, с »...... Qt n. 


If x is given any value different from any one of these n roots then no factor 
of f(x) can vanish and the equation is not satisfied. 


Hence f(x) = 0 cannot have more than n roots. 
Example:1 (U.Q) 
И а be a real root of the cubic equation х?+рх2+ах+г =0, of which the 


coefficients are real, show that the other two roots of the equation are real, if 
p^z4q*2pa *3a*. 


Solution: 
Since a is a root of the equation. 


Let х? + рх? + qx + r is exactly divisible by x — a 
Let х? + рх2+ qx + г = (хо) (x? +ах+Ь) 
= x? + ах?+ bx — a x°- аа х- аЬ 
x? «px? +qx +r = x°+(a—a х х(р-ас)-о b 


Equating the coefficients of power of х on both sides, 


We get 


газ р+а апа Ь = д + аа =д+а (р+ о) 
/. Б=а+ ар+ а" 


The other two roots of the equation are the roots of x? + (р+о )х +q + ра + а? = 0 
which is real if (p* à)? — 4 (qtpata*)> 0 


13 


(е)р2-2ро -44-302»20(-5 – 4ab > 0] 
(ie) p? 44 + 2pa + За". 


Example: 2 
If X1, X2, Жагаа Хе are the roots of the equation 
(a; — X) (a2 — x) ......... (a, — х) + К =0 then show that а4,а2...... an are the real roots 


of the equation 
(Xp X) (Хә X) en (X, = х) ~ К = 0. 


Solution: 
Since x4, X2...... x, are the roots of the equation 


(а, — X) а – x) ......... (a, — х) +k =0. 
We have 
(a, — х) a2 – X) ......... (a, — X) +k = (х. — X) (X2 = X) ......... (X4 — X) 


[Hint: check that the coefficient of x" on both side are equal]. 


(хр — X) (x2 — х) ......... (Xa — X) - К = (а; – х) (аг – x) ......... (a, — х) 
So (a; — X) аз – X) ......... (a, -X)-b*0 = (х-а,) (х-а_) ........ (х-а,) = 0 
. 81, ах, аз......... а, are the roots of (х; – х) (хг — X) ......... (Xn — х) – k =0 


Example: 3 (О.О) 




















Show that if a,b,c аге real, the roots of | + | + 1 209 аталар 
d х-а х-0 х-с Х 
Solution: 
Let 1 + 1 + 1 29 
х-а х-0р Х-с Х 


Simplifying, we get 


(х+Ь)(х+с)+ (х+а) (х+с)+ (х+а) («+ь) _3 
(х+а) (х+5) (х+с) х 
=x (x+b) (х+с) +x (x*a) (х+с) +x (x*a) (x*b) -3 (х+а) (х+0) (xtc) = 0 


Let f(x) be the expression on the left hand side. It can easily be seen that 
f(x) is a quadratic function of x. 
л f( -a) = -a (b~a) (с-а) 
f( —b) = -b (c-b) (a-b) 
f( ^c) = -c (a-c) (b-c) 
with out loss of generality 


14 


Let us assume that a>b>c and a,b,c are all positive. 


Thena-b,b-c,a-care positive. 
. f( -a) = -ve 
f( -b) = +ve 
f( —c) = -ve 


-. The equation has atleast one real root between —a апа —b, and another 
between —a and —b, and another between —b and -с. 


The equation can have only two roots since f(x) - 0 is a quadratic 
equation. 
. The roots of the equations are real. 


Example: 
The equation (x-1)? + (2x-1)? + ........ + (nx—1)° = 0 has for its root — 
+ 
find the quadratic equation satisfied the other two roots . 
Solution: 
Let х? — 3x? + Зх — 1 + 8х3 — 12x? +6x – 1+ ........ +n? хэ 3n? x? +3nx — 1-0. 


The given equation is x? Уп? — 3x7. Yn? +3х. Yn-n =0 





2 
буй bu Л _ зуг An ыш А ашы Т! 18:46 


В 
- 


2:4 | 
Since а is а root of the above equation х -—— will divide it without reminder 
n+ 


& hence by synthetic division, 


We have | 
2 п?(п+1)’ _ п(п+1)(2п+1) _ Зп(п+1) -п 
n+1 4 2 2 
п2(п--1)-п(п%1) n 
2 
 n(n-nm 1п(п+1) 


2 2 


n?(n + 1)? x2- па, 4n(n*1) = 0 


Hence the required quadratic equation is 2 xt — 
2 
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Example: 
Prove that (1 – а) (1 – b) (1— с).....= п, if 1, a, b, c be the roots of the 


equation . x^ — 12 0. 


Solution: 
We have x^ — 1 = (x-1) (х — a) (x = b) (x - С)....... ] 


Differentiate both sides w.r. to x treating the R.H.S as product of two 
functions. 


Кх — a) (x — b) (x – c).....] 
Putting x = 1 in both sides of the above identity 


We get 
nz1(n-a)(1-a)(1-0o)..... 


Example: 4 


If. о «,,о,....... a, аге the roots of x" *nax - b = 0 show that (24-02) 
(44-05) ...... (a,-a,) = nar +a) 
Solution: 


х" + пах — b = (x— a4) (x-a5)(x-a2)...(x -a4) Differentiating both sides 


We get 


пх + na = (x-a5).... (X -a4) + (Х-04) ка, TM. (x —a,) 


Putting x = a, in both sides the second factor in R.H.S. in zero 


na" «na = (a,—-a5) ....... (о,-а, 
(ог) 
по" +a) = (а.-а>)....... (a,-a, 


Example: 5 
Prove that the equation 
А? B? С к? 
+ + 
х-а x-b x-c Х-К 














where А,В,С....а, b, с....... and are all real numbers has all its root real 
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Solution: 
Let us suppose a «ip is an imaginary root of the-above equation. 
In that case «- iB will also be a root. 
Substituting for x both these roots, ` 


We get | 
А? в? EE е k? | 
жне клен сек ана cp ЕЕ ci m = | 
(а-а)-ір +t (a -b)+iß tTa- cji i “(скузів шир 
А? B? C? k- , 
——— P —— алады )- 
Ё 6а) 1р (х-5)-8 (8-0)-8 (Kip ер 
Substracting the above two relations 
We get 
A? B? С? к? | 
-21В81-------5----5---4----5----”........ =2 
Mo er e (а-ку +p? á 
| А? B? c? k? 
22 р | Puls а cud es 
ША сч ог а | 


The expression within the brackets in the sum of ‘+ve’ quantities and as 
such cannot be zero & hence —218=0 or p = 0. 


.. The given equation cannot have imaginary roots. 
Hence all its roots are real. 


Exercise 


1. Ifx *+3рх+а has a factor of the form х2-2ахға? show that ,92+4р? = 0. 
2. If px*+qx+r has a factor of the form х2+ах+1 prove that р?=ра+г? 


1 1 1 
Х-а x-b х-с 


If a, b, c are all positive, show that all the roots of 











> | 


— are real. 


4. fa«b«c«d, show that all the roots of the equation (x — a) (x – b)(x – c) 
= k(x — b) (x - d) are real for all values of k. 


-1.2 Imaginary Roots 
In an Equation with real coefficients, Imaginary roots ocuur in pairs: 


Let the equation be f(x) 2,0. and Let «+13 be an imaginary root of the 
equation. We assure that a — ip is also a root of f(x) = 0 
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We have 
Ix — (a * B] [x-(a -iB)] = [(x — a) -i В] (х — «)* iB) 
= Хх? — ха RR —-ax*a?-i« В + ipx * ipa — ів? 
-х2-2хо +а?+ p? 
= (х- a)? + В? 
- [х- (a *iB)] [х-(а ів) = (x — a)? +B? (1) 


when f(x) is divided Бу (x — а)? +В? 

Let the quotient be ф (x) and reminder be Ax + b. 

Here $ (x) is of degree n — 2. 

Қ) = (х-а)? + B^] ф (x) + Ax + B (2) 
Substituting (a —В) for x in the equation (2) 


We get 
f(a-iB) = [(a+iB—a)*+ B^] ф(о-48) + А (a-iB)+B 
= A(a—iB)+B 
but f(a —В)=0 since о-ір is a root of f(x) 50 
(ie) A((a +В) + В = 0 


(ie) Equating to zero the real and imaginarily part. 
Aa+B=0 & АВ = 0 
Since В #0, А=0 and hence B = 0 
- f(x) = Кх -a )* + 8^1 ф (х) 
f(a-iB) = [(a-iB—a)*+ B^] ф (a-iB) = 0 


a — В is also a root of f(x) 50. 
Example: 1 
From a rational cubic equation which shall have for roots 1 ow 2. 
Solution: 


Since 3- 4-2 is a root of the equation. 
3-4-2 is also a root. 


So, we have to form an equation whose roots are 1, 3% 4-2,3-4-2 
Hence the required equation is 


(x-1)(x-3- 4-2) (х-3-4-2)-0 
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(x= 1) [0х ~ 3)? ~ V-2)°]=0 
(x — 1) [(x – 3)? + 2] = 0 
(х= 1) [ х?- бх + 9 +2] = 0  |-4-2-iJ2 
(x — 1) [x 6x + 11] = 0 iar | 
(ie) x? — 6x? + 11x - x? + 6x— 11= 0 
. ХЗ — 7х? + 17x-1120 


Ехатріе: 2 
Find the equation with rational coefficients whose roots are 1+5 4-1, 5- 4-1. 


Solution: 
Since 1*54/—1, 5—4—1.is a roots of the equation , 1-5 4-1, 5* 4-1 is also a root. 


So we have to form an equation whose roots are 1+5 У-1,5-У-1,1-5/-1, 544-1. 
Hence the required equation is 


[x-(1*5 4 -1)][x-(175 47 1)] [x-(5* 4-1)] [x-(5- 4-1)] = 0 

[x 1? -(54-1)] (х-5) - (4-1) = 0 

[х2 - 2x+1+25] [х2 - 10x + 25+1] = 0 

(ie) (x? — 2x +26) (x? - 10x + 26) 2 0 

(ie) xt – 10x? + 26x? —2х3 +20x? — 52x + 26x? — 260x+676 = 0 
(ie) xt - 12x? +72x? — 312x +676 = 0 


Example: 3 
Solve the equation x* + 4x? +5x? + 2x - 2 = 0 of which one root is 


-1%У-1. 
Solution: 
Imaginary roots occur in pairs. 


Hence —1— 4-1 is also a root of the equation. 

г. The expression on the left side of equation has the factors 

(х41-4/-1) (х+1+ 4-1). 

г. The expression on the left side is exactly divisible by 
(х+1)2+1, (ie) x? + 2x +2. 


Dividing x + 4x? «5x? «2x - 2 Бух? + 2x + 2 
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We һауе 


- х2+2х – 1 





xt + 4x? «5x? 42x – 2 
x°+2x +2 | уќ + 2x9 +2x? 


(-) 42) 


7 2х3 + Зх? + 2x 
2х° + 4x° + 4х. 
(320) (-) 


-х2-2х-2 
-Х2-2х-2 


(+) (+) (+) 


0 


We get the quotient х2 +2x - 1. 
~- xf + Ax? «5x? «2x — 2 =(х2 + 2x + 2) (x? + 2x – 1) 


2. Thus the other roots аге -1 + 42 


-b t 4b? - 4ac $ -2+44+4 











2a 2 
х= 1+ 4/2 
Ехатріе: 4 
а? b? c? 
Show. that..— * + — x +8 = 0 has only real roots if a,b,c, 
х-а.. X-B Х-ү . 


о,В,у,5 аге а!ғейі. 2. 


Solution: 
If possible Let P * iq be a root. 


Then P — iq is also a root. 


Substituting these values for x, 
We have 
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а b? Ge 4 
== чощ ы "© эу —N, =, ш gt 6 = 0 1 
Р-і(-о Р+іа-В Р-іс-у 9 ё 
2 2 2 | 
E UE 2 д RUN ND ao (2) 
P-iq-a  P-iq-B P-iq-y 
substracting (2) from (1) 
we get 
2 "n? 2 
реа 
P-iq-a  P-iq-8 P-iq-y 
a? b? c? 


ъ= a or tP tiq- ӧ | = 0 
P+iq-—a Р +iq-B P+iq—y 


а?(р +ід – аа Бе а-о), 02(р+іа- B) - b^ -iq— В) 
(о-о) - ia) ((p — «) + ia) (p - B) - ia) (p В) + iq) 


c*(p*ia-y)-c*(p-ia-y) ‚ш. 
" (e-1-i(-»-i 
Simplify, 
2a?iq 2b?iq 2c?iq TE 
(ie) - ——————— ————— ————— — - 2iq = 0 
p-a +a? (-В} +92 (р-у)? +a? 


2 


(ie) – 21а еее wu = 
(р-а)? «a^ (p-By«q^ (р-у) +q 


| 
o 


This is only possible when q = О, since the other factor cannot be zero. In 
that case the roots are real 


Example: 


Solve the equation x**2x? — 5x? + 6x + 2 = 0 given that 1+ 4/—1 is a root. 


Solution: 
Let f(x) = х*+2х3 — 5x? + 6x + 2 


Since 1 + i is a root of f(x). 


1-iis also a root of f(x). 
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The factor f(x) is 
[х – (1 + 1)] [х – (1-0) = 0 
[х- 1- i] [x- 1+1=0 
(х-1)-(і)- 0 
xX—2x *1*120 
х? – 2х+2 =0 


х2+4х + 1 





x? + 2x? —5x? +6x + 2 
x°—-2x + 2 | x4 _ 2x3 +2x? 


(=) (+) (=) 


4x? — 7x? + 6x 

4x? — 8x? + 8x 

(-) (+) 0 
x? —2х +2 
x? —2х +2 


(=) 0) €) 


0 


f(x) = (х2-2х + 2) (х2+4х+1) 
= (х2-2х + 2) (-2+ 43 ) (-2- 43) 


The four roots are 1 — 4: 14 Л, -2-43, pus. 


Exercise 
1. Find the equation with rational coefficients whose roots are 
i) 443, 5+2 /-1 
ii) 4-1-45 
ii) -J3 + /-2 


2. Solve x — 4x? +8x +35 = 0 given that 2+1 4/3 is a root of it. 
3. Solve the equation 3x? — 4x? + x +88 = 0 which has a root 2- 4-7 
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4. Given that -2+/—7 is a root of the equation x* + 2х? —16х +77 = 0. 
5. Show that the equation 
2 2 2 2 
a " b "E" k 
х-а!  x-b! x-c! x-k! 
different cannot have an imaginary root. 


= х – т where a,b,c.......... к аге ан 














6. Solve the equation x?— x^ + 8х2 —9x — 15 = 0, one root being —43 апа 
another 142 4—1. 


Answer: 
1. i) х“ 10x? + 19x? +480х 1392 = 0 
ii) х^ 8x? + 36 = 0 
iii) xXé- 2x? + 25 = 0 
2. 2 eis =2 44 


T ee 
4-2 7,2 а 143. 
5. —1. 


1.3 Rational Root 
In an Equation with rational coefficients irrational roots occur in Pairs: 


Let f(x) = 0 denote the equation. 
and suppose that a+b is a root of the equation where a and b, are rational 


and vb is irrational. We assert then a — Jb is also a root of f(x) 50 
[x — (a+ vb ) Ix - (a - 5) 
= [(х - а) + vb ] [x - а) – vb 


= (x - а)? - (vb } = (x - а)? - b. (1) 
If f(x) is divided by (x — a)? — b. 
Let the quotient be $ (x) and reminder be Ax+B. 


Неге ф(х) is a polynomial of degree n - 2. 
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л f(x) = (х — а)? – b} ф (х) + АХ+В | (2) 


substituting a + Jb for x in (2) 


we get : 
f(a* Vb ) = {(а+ b - a-b) ф (a+ vb) + А(а+ vb) + B 
= A(a* Jb) + B 
but f (a+ vb ) = 0 = A (a+ vb ) + В=0 


Equating rational and irrational parts. 


We get 
A a+B = 0 and A=0 
850. 
- f(x) = (х ~ a)? -b] 6 (х) 


f(a - №) = Ка – vb —a)? – b] ф (а-у) =0 
Hence а — vb is also a root of f(x) 2 O 


Example: 1 
Frame an equation with rational coefficients one of whose roots isJ5 44/2. 


Since the roots are 45 442 


Then the other roots are 45 -42, -45 +/2, eso. 
Hence the Tequired equation is 

(х= J5—42) (x – 4/5 + 42) (x + 4/5 – 4/2) (x + 4/5 + 4/2) = 0 

(ie) [(x — 4 5)*- J2)] [x + Ү5)- 4/2 )] = 0 

(ie) [(x? — 2x V5 43) [(x? +2х 4/5 +3)] = 0 

(ie) (х2+3)2 – 4x? .5 = 0 

(ie) x*+ 6x? + 9 – 20x? = 0 

(ie) x* - 14 x?+9=0. 


24 


Example:2 
Solve the equation х”/-5х7 +4x?+8x-8 = 0 given that сле of the roots is 


1-45. 


Solution: 
Since the irrational roots occur is pairs 1+ 45 is also a root. 


The factors corresponding to these roots are (x -144/5) (x -1-4/5) 
(ie) (х-1)? — 5 
(ie) х2-2х-4 

Dividing x*— 5x? +4x? +8х —8 by х? - 2x – 4 


We have 


х2-3х + 2 





xt + 5х3--4%2 8x В 
x°-2x — 4 ~ 2° -4Ax* 


(-) (+) (+) 
p * вх? * Bx 
Bx? + бх? + 12x 
| (UE WEM. D 
pA -8 
х? "44 
(-) (+) (+) 


0 


We get the quotient x? — 3x+2. 


x* — 5x? «4x? +8x -8 = (x? -2x — 4) (x? -3x + 2) 
= (x? -2x - 4) (х- 1) (x -2) 


7. The roots of the equation are 1+ V5, 1,2. 
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Ехатрїе: 3 
Solve the equation xê — 4x? —11x^ 440х7-11х2-4х —1 = 0 given that one 


root is 42-43: 


| Solution:- 
Let f(x) = х — 4х°—11х + 40х3 + 11x2- 4x-1 = 0 


Then the other roots are since J2 - 43,42 + У3,-У2% 43 2-42-43 аге 
also а root of f(x). 


[x - /2*43] [x -J2-43] Ix + 2-43] [x + 4/2 + J3] = 0. 
[x - У2)-(У3)4 Кх + J2y-(43) = 0 

[х2 +2 -242 x-3] (х2-2-2-/2х-3| = 0 

p? —2 V2 x-1] [х2+2 V2 x-1] = 0 

х“+ 2423? — х?— 24/2 х3 - Вх? + 242x - x? -242x +1 = 0. 


x*— 10х2 + 1 = 0. 


х2-4х-2 





x$ — 4х5 —11x^ +40x? + 11x? — 4x-1 
X'-10x! +4 | хз —10x*+ a +x? 


с) (0 © С) 


—4х° — х + 40x? + 10x7- 4x 
-4Х9- 0 + 40х3+ 0 -4х | 
(+) (+) (-) (-) (+) — 


—x* *10x? —1 
-x* +10х2 -1 | 
(-) (+) (+) 


0 2 
f(x) = (х -10x?*1) (х2-4х-1) 


г. The six roots of f(x) are J2 + V3, – 4/2 + 4/3 ,2+ 75. 
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Ехатріе: 4 
Solve x'- 10x? + 26x? —10х + 1 = 0 given that 2 *43 is a root of the 
equation. 


Solution: 
Since 2+ 43 isa root, 2 — 73 is also a root of the equation. 
^ [х- (2+ V3 )] [x - (2-43) = (x - 2)? - 3 
= x? — 4х +1 
when f(x) is divided by (x? — 4x+1) the remainder is zero. 
^ Xf 210? + 26x? — 10x +1 = (x? — 4х +1) (х2+ ax +1) 
| = x'-ax? + x/—4x? — 4ах? — 4x +x? «ax +1 


N 


= x*-(at4) x? + (2 — 4ayx? * (a-4) x*1 


Equating coefficients of x? on both sides, 
а-4= 0 > а=- 6. 
Hence f(x) = (x? — 4х +1) (x? — 6x +1) 
+6-+./36 – 4 
2 


= a 432 2 3:242 


х? — бх +1 = 0, we get х = 


г. The four roots аге 2+ 43, 3+2/2 


Example 5:- 
Solve the equation x'—8x? 416х2-28х-5 = 0 given that one root 3- 410. 


Solution: 
Let f(x) = x*-8x? 416х2-28х-5 


Since 3 – 10 is a root of f(x). 
3+ 10 is also a root of f(x). 
{х - 3+ 410] [x - 3 410] = 0 


[(х - 3)? - (10 )2] = 0 
[х2 - 6x +9 – 10] = 0 


х2 — бх – 1 = 0. 
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х2—2х – 5 





x^ — 8х3+ 16x? —28х +5 
х2-6х-1 x* — 6x? — x? 


C) (+) (+) 


—2х3 + 17x? — 28x 
—2x3 + 12x? + 2x 


Е» (=) 


5x? —30x —5 
—5x? +30x +5 


0 


f(x) = (x^-6x-1) (х2-2х-5) 


х2-2Х-5-0- х-25У4%20 P 
-2к420 
2 
х=1 + V6 


2. The three roots аге of f(x) = О are 3 +, J101+ 4/6 


Exercise 


One root of the equation 3х”-4х2-42х2-56х2-27х-36 -0 is 4/2 + /БЕта 
the remaining roots. 
Find the equation with rational coefficients whose roots are 


i) /—1 -54/4-.1) 43 + Jo: 207 
Solve 6х2-13х2-35х2-х-3 =0 given that 2—4/3 is a root. 


Solve х2-11х2% 37x — 35 = 0 given that 3+ 42 is a root. 
Frame an equation with rational coefficients, one of whose roots in 


J2 + 45. b 
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Answer: 
1) 42+ 45,5 
3 
2) 2t \3,-5 + 


3) 5,3 + V2 
4) х“-14х2%9-0 


1.4 RELATION BETWEEN THE ROOTS AND COEFFICIENTS ОҒ EQUATIONS 
Let the equation be 


f(x) = х" + рух"! + рх"! +........ *pa4 X + р,=0 


If this equation has the roots а,,02..... ss 


Then 
We have x" + pix! + po x74... +D nt X + ры: 
-(х-о,))(хХх-о)....... (Xan 
=X" — Lax + Yay gx? - ......*(71)" одой... Ол 


Where Уо, = sum of the roots. 
Tapa, = Sum of the products of the roots taken in pairs. 
УХа,ооз- Sum of the products of the roots taken three at a time 
X pie зорих” Жас + pai X Фр, 
=x" — S, x^! +5, x? –........ + (-1) Sp. 


Where S, is the sum of the products of the quantities a,,a,.....0, taken г 
at a time . Equating the coefficients of like powers on both sides, 


We have -P, = S, = Sum of the roots. | 
(-1 Y P2 = S; = Sum of the products of the roots taken two at a time. 


(7-1) P, = $, = product of the roots. 


If the equation is aox” ах"! + aox™*+...... тарах + a, = 0 divided each 
term of the equation by ао. 
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The equation becomes 


1 
а а а а 
х"--4-х"-1-22х7-2...... +—1x+—"%=0 and So 
а, а, ао ао 
We һауе 
а 
Èa = 221. 
а, 
5 а, а: = T 
0 
а 
У 04,0;,аҙ = – 3. 
а, 
а 
ра a, = (-1)" — 
ао 


These n equations are of по help in the general solution of ап equation but 
they are often helpful in the solution of numerical equations when some special 
relation in known to exist among the roots. The method in illustrated in the 
examples given below. 


Example:- (U.Q) 
Show that the roots of the equation x°+px*+qx+r = 0 are in Arithmetical 
progression И 2p? — Ора + 27r = 0 


Show that the above condition is satisfied by the equation 
x? — бх? + 13x — 10 = 0. Hence of otherwise solve the equation. 


Solution: 
Let the roots of the equations 
x? + px? + qx + г = О be 
a-5,a,a+56. 
We have from the relation of the roots and coefficients 
a-d+ ata+6 =-p 
(a-S)a+(a-8)(a+8)ta(at+d)=q 
48 (о-б3о(о-5)--ғг 


Simplifying these equations 


We get 
За =-Р (1) 
За? — 8?2q (2) 
a? —a6?2-r —. (3) 
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=P 
From (1), « 3 


2 2 

2 
From (2)- 8? = q - 3a? - 8? =q-3 ms =q- 
3 9, 


2 
52 = P. 
3 q 
Substituting these values in (3) 


We get, 


3 3 
ЭР og DB РЕ 


27 9 3 
(ie) -p? + Зр? — 9pq = —27г 
-. 2p? – 9pq + 27r = 0 





In the equation x°- 6x? +13x -10 = 0 
=-6 4513 r=-10 
2. 2р? — Эра + 27r = 2 (-6)? -9(-6) 13 +27{-10) = 0 


- The condition is satisfied and so the roots of the equation are in 
arithmetical progression. In this case the equations (1),(2), (3) become. 
За --(-6)-6 
3о2-52-13 
a? -а 52 = — (-10)210. 
г. a 722; 3(2)-52 213 
12-52-13-> 8*=-1 


г. The roots аге 2-і, 2, 241. 


Example: 2(U.Q) 
Find the condition that the roots of the equation x? + px? + qx + r = 0 may 


be in 
i) Geometrical progression 
ii) Harmonic progression 
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Solution: 
i) Let the roots in G.P be = ‚о, “В where В is the common ratio. 


Product of the root = 
(ie) a? = —r (1) 
x = a is a root of f(x) 50. 

. «a? + pa? +даг+г= 0 


—г + a (pa*q)*r-O 
“о (ра+а) = 0: a 


as ¥ 


Putting in (1) 
We get 


ж 0. 





-a _ 
=- 
~ рг = аз 
ii) Let the roots of the equation Бе Н.Р 
Put x = 4 
y 
Then the equation becomes 
3 2 
/» Ra 
у у y 
(ie) 1+ py + ду? + ry? = Оху 
лгу? + ду? + ру+1=0 


The roots of the equation (1) are А.Р. 


a, a td be the roots of (1) 


"Let а-а, 
Sum of the roots = a-d + а-а +а = + 
. За = 22 

Г 
ах = —4 
Зг 
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(1) 


о Satisfies the equation (1) 


3 2 

q q q 
| 441---4| *tp|-—|*120 

| xj a( | 1 - 

3 Қ 

л 9 -q pq 
le) —— + -—+1=0 

(е) 5722 9r? 3r 


(ie) -q?. + 3а? – 9pqr + 27г2 = 0 
(ie) 2d? — 9pqr +27г2 = 0 





Example:3 
Solve х2- 15x? «71x —105 = 0 given that the roots of the equation are A.P. 


Solution: 
Let the roots be а-а, о,оға 


Sum of the roots = a-d + а + а+ а = (-Р)- 15 
За = 15 
a= 5 


Since х = 5 is a root x — 5 is a factor of f(x) ~. x*— 15x? +71х —105 = (x —5) 
(х2+ах + 21) 
Equating coefficients of х2, 
.a-5=-15 
„ a=-10 
Solving 
x? — 10x* 21 =0 
(x-3)(x-7)20 
"X23,7 
Aliter: 
Product of roots - 105 
(5 — d).5. (544) - 105 


25 — 4? = 10% 
25 – а? = 21 
d? -4 
d= +2. 
The roots are 3,5,7. 


Example:4 
Solve х?— 19x? +114х —216 = 0 given that the roots аге т С.Р 
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Solution: 


Let the roots рес а, мг 
r 


Product of the roots = @/) -о.агтозт-г 
a? = — (—216) = 216 
a =6 
х — б is a root of f(x). 
. X5— 19x? +114х —216 = (x – 6)(х? +ax+36) 


Equating coefficients of х? 
a-—6 719 
= – 13 
Solving x? — 13х+ 36 = 0 
(х-4)(х-9)- 0 


we get x = 4 (or) 9 
г. The roots аге 4,6,9. 


Ехатріе: 5 
Solve 6х2-11х2-6х-1 = Ogiven that the roots аге іп Harmonic progression. 


Solution:- 
Put x = 1 
y 


Then the given equation becomes, 


3 2 
СН GI Gp 
y y y 
QUA Ыш. Шола 


(ie) 6— 11у + 6у2 ~ у? = 0 
2. у3-6у2%11у-6 = 0 (1) 


The roots of (1) are in A.P. 


Let the roots of (1) be 
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a-d, a,atd 
г. Sum of roots 


a-d+ а+о+а = 6 
Зоб 


“ал2 
у — 215 а factor of y? — бу? + 11y — 6. 
г. у? — 6y? + 11y – 6 = (y — 2) (у? + ay + 3) 


Equating coefficients of y? 
а-2--6 
(ie) a = —4 
Solving у? – 4у +3 = 0 
We get (у - 1) (у ~ 3) = 0 
у = 1 (ог) З 
г. The roots of (1) аге 1,2,3. 
-. Hence the roots of given equation are 


Е. 
2 3 
Example:6 


Find the condition that the roots of the equation ах?+ 3bx? +3cx +d = 0 may 
be in geometric progression. 


Solve the equation 27x°+ 42x? 28х- 8 = 0 whose roots аге in geometric 
progression. 
Solution: 

Let the roots of the equation be 5 kr. Relation of the roots and 


coefficients, 
k 3b 


yo—*ktkr = —— 1 
r a (1) 
2 
E ek? +k? 36 (2) 
r a 
К ккг= кз = d (3) 
r a 
From (1), k( Pater] - 9 
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Егот (2), efire) 
r 


Dividing one by the other, 
We get 

К- E 
b 
Substituting this value of k is (3) 


3 
We get 1-0) шэн. 
р а 


г 27 
2 
Ка йги тан. 228 (5) 
r | 27 
8 
к°= —— 6 
27 (6) 
К 2 
3 


Substituting the value of k in (4) 


we get 
20 | 42 
-|--r«-1|l2-—— 
27 
7 
2T 
А -42- -3- 
(ie) -+1+г = -тш Хэд 
r -27- -2 
—9-— 


а E 
(ie) 3 (11+) = 0 
(ie) 3 (1+ y + y?) = 0 
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(ie) 3y? + Зү+3 = 0 


(ie) (Зу + 1) (у +3) = 0 


For both the values of у, the roots are -2, =, = 


OIN 


Example: 7(U.Q) 
Solve the equation 81x? — 18x? — 36x + 8 = 0 whose roots аге in harmonic 
progression. 


Solution: 
Let the roots be a, В, y 
Then ш! + 2 
В о у 


(ie) 20у = By + af 


From the relation between the coefficients and the roots, 
18 


We have шан agro 


ов + By « yo = — 26 


81 
8 
еруше 
Егот (1) апа (3) 
We get 
2 YO, + TENES 
Y Y 81 
| 36 
3ya = – — 
(ie) Зүс. 81 
221228 


37 


Substituting this value of ya іп (4) 


18 2 4 
оғү-------- 
81 3 9 
From (5) and (6) 
We get È- SxS = |. x? - (æ + y)x + ay = 0] 


(ie) 27x* - 12x – 4 = 0 


(9х — 2) (Зх + 2) = 0 


з апа Б 
9 3 


2 2 

-- and ys-— 

о 9 Y 3 
2. The roots are 22 апа -2 
9 3 3 


Example: 8(U.Q) 
If the sum of two roots of the equation xê + px? + qx? + rx + $ = 0 equals the 
sum of the other two, prove that p? + 8r = 4pq. 


Solution: 

Let the roots of the equation be o, В, y and 6. 
Then « * B- y * ó. 
From the relation of the coefficient and the roots, 


We have а +В+у+6=-р 2 (2) 


a + ay + aô + BS + BS - YS=q (3) 
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оВу + аВб + ayd + Ву = -r 


Ргот (1) апд (2) 
We get 2(a + В) = – р 


(3) can be written as 
op + yö + (a + B)(r +5) =q 
(іе) (ор + 75) + (а + в) zq 


(4) Can be written as 
aß (ү + &) + vë (a + B) = -r 


(ie) (о + В) + (eB + 75) = -r 
From (6) and (7) 
We get ap^ ë+ P. eq 


2 
of + 78 =q- E 


From (8) 
We get — Б (ор + үб)= –г 


(іе) авз 
‚р 


Equating (9) and (10) 


(ie) 4pq — p? 8r 
(ie) p? + 8r = 4pq 


apyó-s 
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(4) 


(5) 


(6) 


(7) 


(8) 


(9) 


(10) 


Ехатріе: 9 
Solve the equation x^ — 2х3 + 4x? + бх — 21= 0 given that two of its roots 
are equal in magnitude and opposite in sign. 


Solution: 
Let the roots of the equation be о,р,у,5. 
Неге у =— ё 
(ie) y+5=0 (1) 


From the relations of the roots and coefficients 


a+B+y+s=2 ‚ (2) 
ap + ay + аб + Ву + B8 ү = 4 (3) 
oy + aB8 + Вуб + оу = — 6 (4) 

афуб = — 21 (5) 


From (1) and (2) 

We get о + 8-2 (6) 
(3) Can be written as aß + уб + (о +В) (y +5) =4 

лор y5-4 | (1) 
(4) Can be written as ap (y + 8) + 6 (a + В) 5-6 

(ie) уб (a + В) = -6 7) 
Егот (6) апа (8) 


We get уб --3 (9) 
but y+5 =0 


Е y = 43, 8--43 


Егот (7) апа (9) 
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We get of -7 
- а and В are the roots of x2 2x + 7 = 0 


a=1+J-6, В=1—/—6 
г. The roots of the equation аге 


£43, 144-6. 


Example: 10 


Find the condition that the general biquadratic equation ах” + 4bx? + 6cx? + 
4dx + e = 0 may have two pairs of equal roots. 


Solution: 
Let the roots be a, a, B, p 


From the relations of Coefficients and roots 


24-28--2 (1) 
а? +B? + 4op =5° (2) 
2a? + 2a*p- - n (3) | 
агр5-4 (4) 
From (1) we get а.В--2 (5) 


From (3) we get 2af (a + В) = ES 


ар-2 -0 | (6) 
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From (5) and (6) 
We get that о, В are the roots of the equation 


x 4 3 2 2 2b d : 
ах“ + 4bx" + бсх“ + 44х +е=а | х кюк 


Comparing Coefficients. 


ens 4b? 2d . ad? 
csaj- rt and e = —— 
a b b 


3 2 
mom [= 5204") 


a?b 
^. 6c ab = 4b? + 2da* 
5 3abc = a?d + 2b? 8 eb? = аа? 


Example: 11 | 
| Solve 2x? — x? — 22x — 24 = 0 given that two of its roots аге in the ratio 3:4 


Solution: 
` Let the roots be 3k,4k, and y 


Sum of the roots = 7k + y= № | -01) 
апд 
хор = 12k? + 4Ку + Sky 


22 | 
2 (2) 
Using y = 5 — 7k in (2) 


1 1 | 
12k? + 4k | — — 7k ЗК | —— 7k | 2 - 11 
(5 E Е | 
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(е)12к2 + 2k — 28k? + x — 21k? = – 11 


— 37k? + Tk 14 
2 


37k? – SM 


(ie) 74k? - 7k - 22 = 0 
(ie) 74k? - 7k - 22 = 0 


(ie) (37k — 22) (2k + 1) = O 


Қ -% or 22 
Taking k = -№, 


3 1 
The roots are — —, – 2, — 
2 2 


(ie) -95.- 2,4 


Taking k = 24. 3k = 35 does not satisfy the equation. 


Example: 12 

Form the third degree equation, two of whose roots are1 - 1 and 2. 
Solution: 

Since 1- lis a root 1 * l is also a root. 


. The equation of degree three is 
[x - (1 - ] [x - (1 + 0D] Ix - 2} = 0 
{x - 1)? - i] (х - 2) = 0 


(x? – 2x + 2) (x - 2) = 0 
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(i.e.) х3-4х2%бх-4-0 


Example: 13 
Solve х“ + 2x? — 21x? — 22x + 40 = О whose roots are in A.P. 


Solution: 
Let the roots бе а – За, а ~ а, а + d, a + За 


Sum of roots = 4a = – 2 


ат БА 


Product of roots = (a? — 9d?) (a? — d?) = 40 


1 2 1 2 
(ог) (2-9 | (1-5) = 40 


оке 2 k+ = 40 or 144 К2-40К-639-0 


ES 
16 


(4 к -9) (36 к +71) = 0 


jm ge Lcd 
4 36 
9 71 
i.e.) а2 = = or- — 
( ) 4 36 


The roots are —5, -2, 1, 4. 


Example: 14 


If о, В, y are the roots of x? + Px? + qx + г = 0 find the condition if i) a +В 
-0ii) aß 2-1 т 


Solution: 
i) Since «-0-ү--Р 
O+ y =-P 
„зү = SP 


y satisfies the equation 


л -Р? + Р? – Ра + г= 0 
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. rz Ра. 
ii) Since «Ву = ~ г 
-y =-г 
. у = r satisfies the equation substituting. 
г + Рг +аг+г= 0 


(:.е.) г? + Рг+да + 1 = 0 


Ехегсіѕе 


1. Solve x? - 12x? + 39x – 28 = 0 whose roots аге іп А.Р. 


2. The roots of the equation 8x? — 14x? + 7x – 1 = 0 are іп geometrical 
progression. Find them. 


3. Show that the roots of the equation. 
2 


х“ — Px? + qx? ~ rx + Б? = 0 are in simple proportion. Hence solve x^ — 
12x? + 47x? - 72x + 36 = 0. 


4. Solve the equation 6х3- 11x? — Зх + 2 =0 given that the roots of the 
equation are in harmonic progression. 


5. Show that the four roots a, В, y,6 of the equation x! + Рх? + qx? +гх + $ = 
О will be connected by the relation aB+y5 = 0 if P^ + r? = 44$. 


6. Solve the equation x* + 4x? — 2x? — 12x + 9 = 0 given that it has two pairs 
of equal roots. 


7. If the equation x* + ах? + bx? + cx + d = 0 has three equal roots show that 
қ 6c -ab 


each of them is equal to ——— — 
3a* —8b 


1.5 SYMMETRIC FUNCTION OF THE ROOTS 
If a function involving all the roots of an equation is unaltered in value if 


any two of the roots are interchanged. It is called a symmetric function of the 
roots. 


Let бүс 05,034 ....... о, be the roots of the equation 


f (x) =x" + Py хт" +Р›х"?+..... +P, = 0 
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we һауе learned that 
5,5 Ха,-- Р, 
S2= Ха, а, = Р, 
бз- Ха, а, аз = – Рз 


Without knowing the value of the roots separately in terms of the 
coefficients, by using the above relations between the coefficients and the roots 
of an equation. We can express any symmetric function of the roots in terms of 
the coefficients of the equation. 


Example: 1 
If о, В, y are the roots of the equation х? + Px? +qx + г = 0, find the value of 
i) «^p ii) X a? №) X аз 


Solution: 
а + В+у = -Р 


а В+ Ву +уа =94 
a Ву=-г 
Хо%р = а? В+ а? y+ Вга + В? ye yo? + y? p 
i) La’ B = (Хор) (Ха) -3 ару 
=(aB+By+ya) (a+B+y)-3 ару 
= q (- P) - (3) (-г) = 3r - Ра. 


Уа? В = Зг- Ра 


i) Ха? 


a? + В? + y? 


(а+В+ y)* -2 (aB+ay+By) 
= (а а)? -2 


-Р2- 24 
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i) Xo? = oF +B? y? 
= ((«+ В+ ү)? -3(a+B+y) («В+Ву+ау) + За Ву 
Таз = -Р? + ЗРа ~ 3r. 


Ехатріе: 2 
If а, В,у, 8 be the roots of the bi quadratic equation x* + Рх? + ах? +гх + S 
- 0. 


Find i) Xo?.i) Xo? ру №) Хад B^ м) Хо? B and v) Хо? 


Solution: 
The relation between the roots and the coefficients are 


a+B+y+ô = -P 
ор-оуғоб-руү-Бб--уб-а 
аоруғ-орӛ-аубӛ-руб--ғ 
орү6 = 5. 


Уо? = а? +В? + ү? +8? 


(a+B+y+8)? -2 (ор-ау-о5-ру-85-у8) 
= (Хо)? -2Ха8 
= Р? – 24 


Уа? Ву = а? Ву+а В? ү+аВуү2 + а ^y - a?2885 a B6? 
+ a° уб+ату25+ауё? + В?уб+ Ву? 5+ Ву? 
= («Ву+оВӧ+оауё + Вуё) («+ В+у+5) -4а Вуё 


= (20 Ву) (>) -4аВуё 
= Рг- 48. 
Уа? В? ~a? p^ ^ үг ка? 52 +B? y EBB Eya 


= (Lap)? -2 Ха By-6aßy | 
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= 42-2 (Рг- 45) - 
= 42-2 Рг+ 2 $. 


(Za?) (Zap)- Zat Ву 


Хор 


(Р2-2а)а-(Рг-45) 
= P*q-2q?-Pr+4S. 
Dat за! +B Фү +84 
+520?) 


= (oa? +В? +72 +52)? -2 (a? В? + p?y? +126 


= (Р? – 24)? -2(4-2Рг-25) 


Ха“ = Р -4Р2д +22 + 4Рг- 4 $. 


Example: 3 . 
If о, B,y are the roots of the equation x? + ах? + bx + c = 0, from the 


equation whose roots are a В, Ву and ya 
Solution: 
The relations between the roots and coefficients are 
а +В + үз-а 
ap+By+yae=b 
apy =-c 


The required equation is 


(x- ор) (x-By) (х-уа) = 
(.е.) (x? -хВу-оВхча В? ү) (x-ya)=0 


(i.e.) x*-x*^ ya -x? By +x aBy? -apx? +a? Вух+а В? yx-a?p 
(пе) x*2x* (о B+ By e a) +x (a? By «a? уча Ву?) («Ву =0 
(i.e.) x^-x* (aB+By+ya)+x aB(a+B+y)-(aPy)* =0 


(i.e.) х? — bx? + асх – с? = 0 
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Ехатріе: 4 
If о, By are the roots of х? + Px? + qx + г 0 form the equation whose 


roots are 
B+y-2a, у-о-2р, о-р-2у 


Solution: 
We have о-р-у--Р 


ор-ру-дота 


apy = -г 
In the required equation 
S, = Sum of the roots = 0-ү-2о-ү-0-20-0-0-2ү 
-0 


S, = Sum of the products of the roots taken two at a time 


(В +у-29) (y+a—2B)+(B+y—2a) (с-8-2ү) + (а-р-2у) (у+о-2В) 


H 


5. = (a+B+y-3a) (a+B+y-3ß)+a+B+y-3a) 
(a+B+y-3y) t+(a+Bty—-3y) (a+ßB+y-3ß) 


32 = (-P-3 a) (-P-3 p) + (-P - 3 о)(-Р-3у) + (-Р-3у) (-Р-38) 


S2=(P+3 a) (Р+3В) + (Р+За) (Р +3 y) -(P- B y) (+Р +3 B) 


И 
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Р? +ЗРВ+ЗаВ+ о В+ Р? + ЗРу+ЗаР+9ау+Р? -ЗүР-3Р б-9үр 
S;,2 3P^«6P (a - B y) -9(a B-By-- y a) 
AS, 23P? +6Р(-Р) +99 


S, = 9 q - 3P? 


Products of the roots 
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(Ва-үз20) (yte В) (а+В-21) 


(a+B+y—3a)(a+B+y—2B)(a+B+y-3y) 


(Р - 3 a)(-P-3)(-P-3y) 
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= (P? « 3P? («+ B y) -9P (o. B By c vo) + 27 a p y) 

= — (P?43P? (-P) - 9Pq- 27r) - 
S, =2P°-9Pq+t27r 
Hence the required equation is x? — $, x? + 8. х – 3 = 0 
Хз - (9q - ЗР?) х- (2Р- ЗРа + 27 г) = 0 


Ехатріе: -- 
If о, B, y are the roots of x? – 14x + 8 =0 find Ya? and Xo? 


Solution: | 
We һауе Хо -0, Хор = - 14, ору --8 


Уа? = (Ха)? -2 Хар-0-2(-14)-28 

о? = 14 a — 8 (since a satisfies х? – 14x + 8 
ХоЗ-14 Ха-24=14 (0) -24--24 

Aliter: Use the identity for Хо. 

Xo? = (Ха?) – 3 (Хо) (LaB)+3 ору 


= 0-3 (0) + 3 (-8) = - 24 


OR if a + В +ү=0 
a? +В «y? 8 «Ву = - 24 
Ехегсіѕеѕ 


1, Ка, В, у be the roots of the equation x? + Px’ + q x + г = 0 find the value of 





iii) (B+ y —o? + (у+а-В)3 + (а+В-7) 
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2. Show that for the cubic equation 
aX! +3a,x? + За, х+а, = 0 
(8-1) + (у –о)2 + (0 - B) =18 (a? -a az) 
3. If о, B, y,8 are the roots of the equation х! + Рх?+дх2 + rx + S = 0, Evaluate i) 
Xa^By ii) X(B- v8), iii) —- 
о. 
4. № a, B, y are the roots of the equation x? + qx + г = 0, find the value of 


) (В ғу) (у+а) (e B) 
1 1 1 


+ + 
В+у ү+а а + В 


= Е 1 3 Е 1 г| Е 1 3 
Ш) |----- сақтал анты Ж ere 
В v a) үү а В) ia В y 


5. Find the sum of the cubes of the roots.of x* — 22x? + 84x – 49 = 0 











1.6 SUM OF THE POWERS OF THE ROOTS OF AN EQUATION 


Let t, баг аль a, be the roots of the equation f (x) 50. The sum of the r'^ 
powers of the roots. | 


пера а о,’ is usually denoted by S.. 


We can easily see that S, constitutes a symmetric function of the roots and 
hence we can calculate the value of S, by the methods described in the previous 
article. When'r is greater than 4, the calculation of S, by the previous method 


becomes tedious and in those cases, the following two methods can be used 
profitably. 


We have 


1 
(ху 1 f 1 


f(x) x-a, x-a, 9 °° x-a 
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+ deu а t + 
f (x) X— OQ, X— 05 х-о, 
1 
= 1 + 1 +...... + 
E 1.92 d 
х х x 
оу ay a. Ү? 
о 54511220 Wu “(- y 
х x 
n 
о о 
Б лалы жана у; тымақ s s 
x x x" 
n 
о о 
= +1+ 22322 MEN docct Wero 
x х х? 
СЭМЭН 
2 n 
eu n. a. Pn Wes ca шы ads c NER E UE 
х x? х, 
Е 2, 1 aeri 
и 4.2... TIU ce 
1 1 1 
SS Sip oF ш, PO ne ee ee 
x х x 


=... S, = Coefficient of 2 іп the expansion of | 
х 


Ехатріе: 1 
Find the sum of the cubes of the roots of the equation х= х? +х+1. 


Solution: 
The equation can be written in the form 


f(x) «х?”-х2-х-150 


Эз = Coefficient of 25 in the expansion of 
x 


x (5х3 — 2х – 1) 


х°—х°^—х—1 
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Басе a 
- Coefficient of 25 іп x? xÍ 
х? 4 1 1 1 
^» x^ x5 
- 2 2.24 1-1 1)» 
- Coefficient of —- in (5-5-5) (Lu) 
" ЭР їс 2 1 4.4.2 1 1 1217 
= Coefficient of БЕСІ in (5-5-5) ты + e x^ =) Se ees | 
Ee 1 2 1 1 
- Coefficient of —- in (5---) (1+ ны | 
х? x xí x? 
2229 2 
= x? N pE 
$3 = 3. 


Example: 2 
Calculate the sum of the cubes of the roots of the equation х^ + 2х+3=0 


Solution: 
Let f (x) = x* + 2x * 3-0 


x f'(x) 
f (x) 





S, - Coefficient of ыг іп the expansion of 
x 


S, = Coefficient of 25 іп the expansion of 
х 


x (4х3 +2) 
х“ 4+2x+3 
1 ps 
= Coefficient of — іп ————— 
x3 25-23 
то 
х! х 


3 


Б 1. 2 2 3 2. dy 
= Coefficient of — in | 4+ — 1-| —-+— А! onu 
x3 ( 21 | | x3 ‚> (3 +5) ш | 


-1 
= Coefficient of — in (4-2) Ur 
X 


2283-24-28 
Coefficient of <> in (4-2) n re xt мас | 


= Coefficient of as in EE 
x x х 
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Example: 
Calculate the sum of the cubes of the roots of the equation x?-6x^-11x- 620 


Solution: 
Let f(x) = x?-6x^«11x - 6 = 0 
f! 
S, = Coefficient of BS in the expansion of XT 
х” f (x) 


Зх? - 6x 4 11 
5, = Coefficient of 2 іп с 








6 11 
" 1. 2e 
M OF кий 16: 11216. 
x x^ x’ 
-1 
- Coefficient of — in (3-8-45) | 5 i -5) 
х х х х х х 
2 
- Coefficient of — in 3-51. (D ce лы (1-5. ЭР 
х х х x х? x X. E. 
pe 1. 6 11 6 11 6 36 121 36 
= Coefficient of — in 13--«-т 1--------- + --г---------.......... 
x? | х =) ( x x2 ХӨ x? x? х? | 
= Coefficient of a5 in 1252-50 28 pee КӨКТІ 
х x? x? x x? x 
= 36 
Exercise 


1. Find the sum of the cubes of the roots of the equation. 
i) x? — 2x°+x—1=0 
П) x* — 330 + 5x - 12x +4 = 0 


iii) x* — 7x* - 4x - 3 = 0 
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1.7 NEWTON'S THEOREM 


Newton's Theorem on the sum of the powers of the roots. 


LOMO го о, Бе the roots of the equation 
f (x) = x" + Р, хт! + Рр х2 +... . + Р, = 0. 
апа let Бе S, = oa, + а, *..... + о, 


so that Зо =n 
f(x) = (х- a4) (Х- а,) ...... (x - 04). 
Taking logarithms on both sides and differentiating we get 


f(x 1 1 1 








(.е.) Ғ' (х) = T 09 а k f (x) 


By actual division, 











We obtain 
F(X) п n-2 2 n-3 n-2 
=X +(a,+P,) х" + (ad^ +Р, о, +Р,) х" +...... +(a, +P о, o. P.) 
f (x) п-1 п-2 п-3 п-2 
X хп" + (a; +P) x^^ + (a; +P, а, *P5)X 7 +...... +(a +P, a," “+....+Р а) 
2 
F(X) n4 p.) x"? 2p p.yx"? 1; ра n2 p 
2 =x"! (a, +Р,) х" + (a,* +P, An EPX H. +(« HP An < +....+P,_1) 
n 
Adding all these fractions, we get 
f (x f (x f (x 
Es и 
зох! a, x"? «P, x"? +, x? «P, а, x"? + P4 x"? +........ 
+ o4! Р, од 7? +...... e Pa eX о, x"? «p, x^? 
n-3 n- n-3 1 n-2 
Ea "RP UO PPS” Ка PEU dus 4-Р, 
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P edet + x "ca x"? +P, x? о, x"? «P, o, x"? +P, х 
+ + п-1 P n-2 
хани a, +P,a, ~+....+P_, 
— -1 -2 2 2 2X,n-3 
Dx. dtes 24 Dx Имхо cha + Ou X 
- -1 n-1 
+P, (a, +0543 +..... елжар; xe oo (t a.) 
EP Gog donne ж ыы + an). nP 


шах” + S, x"? + n Py х2 + 5, x"? + р, S, x"? 4 Pa XÈ + ............. 
+ Sp- + Р: Во +n Pa 
But f' (x) is also equal to | 
-nx"' + (n-1)pix"? + (n-2) pox” 3+ ........ %2р,2% Ри 


Equating the coefficients in the two values of f'(x), we obtain the following 
‘relations. 


S,+P,=0 
S,+P,S,+2P,=0 
S; + Р, S2 + Р, $; +3 Р, = 0 


54 + Р, S3 + Po S} + P3 $, +4 Р, = 0 


ЧИЧО ОООО 
"+ s = s n а 5 s 5 * o ал а 0406 4. 42 9 4 0. 4 
ec 9 c5 э 4... а * € * à» ^» в * * ө э э 5$» 


5-1 + Р, 6,2% P2 Sigt Рр, б, + (п-1) Р, = 0 


From these (п- 1) relations we сап calculate іп succession the values of 
91, 85 ....... S,-1 in terms of the coefficients P4, P2... . Pha. 


We can extend our results to the sums of all positive powers of the roots, 
viZ., Sn, Эп+1.... б, мһегег> n. 


We have х"" f (x) = x Рех” + Р, х2 +... PíxF? 
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Replacing in this identity, x by the roots «.,<.,...... м, іп succession and 
adding. 


We have 
Set Pi S1 + P2 65 <+..... + Pa Sn = O 
Now giving r the values п, п + 1, п+2.... successively and observing that 


So = п. 


We obtain from the last equation 


Зо Р Эс Р Sao 9 24438 *nP,- 

Sag d P o ЫРЫ Бұл ағыза ФР,5ү,5 

Эдэ Бүлээн PS S.P su +P,S, =0 
and so on. 


Thus we get 


Considerr«n 


Sd Py S ea sus шылык: +rP,=0 
апа SPS л Р» б$,»5 ++... +P, Sn = ОНг= п. 
Сог: 
To find the sum of the negative integral powers of the roots of f (x) = 0. Put 
X= 2 and find the sums of the corresponding positive powers of the roots of the 
y 


transformed equation. 
Example: 1 (U. Q) 

Show that the sum of the eleventh powers of the roots of x’ + 5x* + 1 = 0 
is zero. 


Solution: 
Since 11 is greater than 7, 


The degree of the equation, 
We have to use the latter equation in Newton's Theorem. 


If we assume the equation as 


x! +P, x? +P, х? +P, x* +Р, х? +P, х? «P, x+P, = 0 
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We have P, =P, =P, =P, =P,=0,P, -5,Р,-1,г-11,Пп-7. 


Si, +P, S *P; Sot Ps Sg +P, 5, + Р5 Зв “Р, S, +P, $4 =0 
ifr >п 


Again (i.e.)S,, +59, +S, = 0 (1) 
5,+Р, S, +P, Ss +P, S; +P, S, * P5 S, + Р, S, +P, $, = 0 
(1.е.) 5, +58, + $, = 0 | (2) 
Using the first equation in the Newton's Theorem. 
S, +P, $, +P, S, +Р,5, +P, 5, + 5 Р5 = 0 
(це) Sg +58, = 0 | (3) 
Again 5, + Р, $. +P, S; +Р,5, +4Р, = 0 
(ie. S, +55, = 0 | (4) 
Again S, +P, 3. +2Р, = 0 
(ie. $, =0 (5) 
Also S, = 0 (6) 
From (4) (5) & (6) | 


We get S, =0 ` 


From (3) and (5) 
We get S; = 0 
From (2), we get 55 = 0 
From (2), we get 5, = 0 
Substituting the values of S4, Ss in (1) 


we get S,, = 0 
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Example: 2 (U. Q) 
lfa+b+c+d=0, show that 


5 5 
а? +05 +с° +4° _ а? +62 +с2 +42 а? +b? «c? «d? 


5 Е 2 3 
Solution: 
Sincea*b*ctdz0 


We can consider that a, b, c, d are the roots of the equation. 


x^ +P, x? +P, x? +P, x -P, = 0 where P, = 0. 


From Newton's theorem, on the sums of powers of the roots. 


We get 
S; +P, $, +P, $,+P,S,+P,S,=0 
S, + P, S} + P, S, + P, S,+4P,=0 
S, + P, S, + P, $, +3Р, = 0 
S,+P,S,+2P,=0 


S, + P, =0 
From (5), we get 5, = 0 


From (4), we get S, = -2 P; 

From (5), we get S, = -3 P, 

From (1), we де! 5, 3P,P, -2Р, Р, =0 
(1.е.) Sg = 5 P; P}. 


Ss 5,5 
5 2 3 


а +65 +65 +4° а? +62 +с2 +02 а? +53 +с +4? 


С ое ие эшш 3 


Example: 3 


(1) 
(2) 
(3) 
(4) 
(5) 


Ғіпа 23 * 25 + where со, В, ү are the roots of the equation 
а? р? үз 


x? + 2x? — 3x -1=0 
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Solution: 


Put x = > іп the equation, 


Then, the equation becomes, 
RUNE CER, 


(i.e) y? + Зу? -2y- 1 = 0 


The roots of the equation are EN 
о 


= S, for the equation y? - Зу? - 2у – 1 = 0 


1 1 
5 5 
p 


1 
e T 
a? Y 


From Newton's theorem on the sum of the powers of the roots of the 
equations, we get 


S: 495,400 5.55. SD 
S3 Sela с с ды, 


0 


5,%35,-4- 
S,+3=0 

28,--2,6,Е-3(63)ғ4 

5,-13 

S, = -3 (13) +2 (-3) – 3 

S, =- 42 

S, = 149 

S, =- 518 Е 
{ tae tue = 518. 


60 


Example: 4 
Show that the sum of the m" powers, where m < n, of the roots of the 
equation. 


X" =a Ol — oye — ual. =- 2x-2=0, 87-44, 


Solution: 
If m x n, we get from the Newton's theorem. 


Е. 88.5 үн 5-0 
Subtracting one from another, 
“We де(5,-35,1-2-0 
(Le) 8, =2+3 Sp 
5 -243(2-35,,) 
=2+8 2Э+а@° б „ 
=2+3.2 + 32 (2+3S,.,) 
=2+3.2 + 32.2 +33 S3 


Continuing like this, we get 





SB,—2-223*2-92T9T,....*3"^. S but S, = 2. 
„Б 22+32+3724+3°2+..,..+3" 2 
=2(1+3+ 3? + 33+..... +3") 
- 2. 3" —1 
2 
«8,2 3" -1 
Example: 5 
Determine the value of ф(0,) + $ф(а.) + .. .. + ф(о,) where 
Q4, а, 03.... © are the roots of f (x) and ф (X) in any rational and integral 


function of x. 
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Solution: 














We have го CON NUT E + 1 
f(x) x-0, X-a; х-о, 
о СОО DOD а ЧО 
f (x) X — ©; X — Q5 X — (п 


Performing the division and retaining only the remainders on both sides of 
the equation, we have 





25 Во x"! +В, GO NEU He 2 ф (a4) 4 (a>) + "T $ (a) 
f (X) Х-а6 х-а), 2 х-а, 

Непсе 
Во x"! +В. x"? +.... +В. = Х%(о4) (K- о;)..... (x - an) 


Equating the coefficients of x™' on both sides of the equation, 


we get 5%(о,) = Ro. 





Example: 6 
If the degree of ф(х) does not exceed n -2 prove that > КЕСЕ -0 
| a. 
Solution: 
We have partial fractions 
OOD ы. Жи. „Ао. BEAT 
f(x) x-a; х-а) 77 х-о, 
ф(х) =A, (х- о) (X= өз)....(х-о,) “А,(х-о4)(х-оз)....(х- oq) 
+.... * A,(X-04)(X- a5)....(X- 044) 
| Ї(х)-1Х-04) (х–о,)..... нь 
Put = a,, ~. ф(0;) =A, (a, - a5) (04— 03)....(а,- о) 
f(x) -(х- а.) (Х-405)----(Х- an) 
ft (x)= (х- о„)....(х- an) +(x- a4) (X= as)... (x - an) 
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И 
f’ (œ) = (о, – a2)(a,— @3)..... (a, 
ф (a,)=A, f'(a) 
^ ф (о) = A, f' (04) 
ф(х) _ ф(о4) 1 $ (<>) 1 
ill f (x) (f (о) Х-о4 Ы (о) Х-о; 
2 b) 
"E ro) 
хф(х)  «- $œ) х 
f09 4 та) ха; 
_ < (o) 1 
я f (m) ( or 
x 
: $ Фо) |. Oe | (“) 
r=1 f (e) х х 
1 uiu - term independent of x in 
r=1 f (о,) 


ф(х) is of degree n - 2, 


f (x) is of degree n. 


Hence x 6 (x) is of degree n - 1. 





‚хф(х) Box"! +В, x"? + ae 
sc E RE TT n n-1 = 
f (x) X” +p х" +...+р„ 
В в B 
+t + 11 
К х 
Р Р 
1--1--2 +... 
X ж X, 
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B, х"! «B, x"? + 
Р, Р 
1+—+—2. 
х х, 


..... 


Hence іп the expansion of TS there is no term independent of x. 
х 





х Фа). 
52806020 


Ехегсізе 


1. If о, B, y are the roots of x? + qx + г = 0, prove that 
i)3 S2 S5 = 5 S} S4. 


ii) a? + p? +5 - a? + p? +y? Ч a? +B? + y? 
5 3 2 

iii) a’ +B’ +y’ a? + В +y5 a? + B? +y? 
7 5 2 


2. Find the sum of the fourth powers of the roots x? 2х2 + x — 1 

З. Find the sum of the fifth powers of the roots of x* — 3x? + 5x? 12x - 4-0 
4. [n the equation x^ — x? —7х? +х+6=0, find the values of S, and S,. 

5. Find the sum of fifth powers of the roots of x^—7x? – Ax -3«0 

6. Find the sum of the sixth powers of the roots of the equation x? х“ +1=0 
7. Show that the sum of ninth powers of the roots of x? + Зх +90 is zero. 
8. Prove that the sum of the twentieth powers of the roots of the equation. 


х* +ах+Ь=0, is 50 a^*b? — 465 
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UNIT — il 
2.1: TRANSFORMATIONS OF EQUATIONS 


If an equation is given. It is possible to transform this equation into another 
whose roots bear with the roots of the original equation a given relation. Such a 
transformation often helps us to solve equation easily or to discuss the nature of 
the roots of the equations we shall explain here the most important elementary 
transformations of equations. 


ROOTS WITH SIGNS CHANGED: 

To transform equation into another whose roots are numerically the same 
as those of the given equation but opposite in sign. 

Let (Coy zu sce a, be the roots of the equation. 

x + P4 VE ЭХЭЭ алаад + Р. = 


Тһеп ме һауе 
х + Pa XI + Pa х2 +... ... +P, = (X-a) (Х-яа2)...... (X - an) 
changing x into — x, 


we have 
(-x)" + Р; (=x)! + P2 (О +P, 
= (-Х-01ү)(-Х-05)---..---- (-х- а 


г. The roots of the equation 
ХЭРХ” Рат жыша» + Pa = О are — о,,-о; ......... —@\. 


Therefore to effect the required transformation we have to substitute -х for 
x in the given equation; that is to change the sign of every alternate term of the 
given equation beginning with the second. 


Example: 1 


Find the equation whose roots are the roots of x? + 6x* + бх? — 7х? + 2x- 1 = 0 
with the signs changed. 


Solution: 
The roots of the equation 
х?-Р,х"-Р,х"2-..... + Р. = О аге – а, - а, ...... сс, 


Then the transformed equation. 


“ХӨ Өх* + 6х3 + 7х2 + 2x + 1 = 0 
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Ехатріе: 2 | 
Change the sign of the roots of the equation x’ + 4x? + х? – 2x° + 7x + 3 = 0. 


Solution: 
The roots of the equation. 
x° — P4 X + Pa oscila + Р, = Оаге- а: – а2..... —Q n. 


г, Then the transformed equation 
x! + 4х5 + x? + 2x? + 7x - 8 = O. 


2.2 ROOTS MULTIPLIED BY A GIVEN NUMBER 
To transform an equation into another whose roots are m times that of the 
given equation. | 


x'-P,x"-Pix"?-....... +P, = (X- a1) (Х-а2)...... (X - an) 


instead of X substitute T. 


We get 


=(y-ma,)(y-ma,).......(y-ma, ). 
The equation у" + m Р; у"! + m? Р, у"? + m" P, = 0 has the roots 
m asm da eres m Qn- 


Hence to effect this transformation is useful for the purpose of removing 
the coefficient of the first term of an equation when it is other than unity and 
generally for removing the fractional coefficients from an equation. 


Example: 1 
Remove the fractional coefficients from the equation 
xh ait og 
4 3 
Solution: 
Multiply the roots by 12. 


We get the transformed equation as 
хз 1 42 x? 41422 x 1.123 20 
4 3 


(i.e) х? - 3x? + 48x - 1728 = 0 


Example: 2 
Remove the fractional coefficients from the equation 
1 1 


3 1 2 
X" +— xX -— X +-— = 0. 
“47 716" *72 


Solution: 
To transform the equation into another whose roots are multiplied by m. 

We get 

2 т 


3 m 
xX“ +— Xf -— X+ =0 
4 16 72 

2 3 
: m m m 
(i.e.) x? "22 x? 792 * ts gr = 0 

m? mê . 

If m 12, the fractions 2' 24” 53 32 will бе integers. 


Hence we have to multiply the roots by 12. 
The equation becomes 


a 12x? 42?x 123 24 
Х 592 2^ 2332 — 
(е) хз +3х? —9х+ 24 = 0 


Example: 3 


Change the equation 2х“ — Зх? + 3x? - x + 2 = 0 into another the 
coefficient of whose highest term will be unity. 


Solution: 


Multiply the roots by 2. Then the transformed equation becomes. 
2x^-3.2x? + 3.2? x? - 22x - 2.2^ = 0 


(i.e.) 2x *-6x? + 12x? – 8x + 32-0 


Dividing by 2, 
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We get 
x^—3x? + 6x? - Ax - 16-0 


Example: 4 
Transform the equation 3х3+4х? +5х-6=0 into one in which the 


coefficient of x? is unity. 


Solution: 
Multiply the roots by 3. 


Then the transformed equation becomes. 


y"+mP, у?! +m? P, y"? + +m" P, = 0 has the roots m о, 


AO 5 е M Qae 
3х3 + 3.4 x? + 32.5 x 33.6 =0 
Зх? + 12 х? + 45 х – 162 = 0 


Dividing by 3. 
We get 


ХЗ +4х2 + 15 х – 54 = 0 


Ехатпріе: 5 
Remove the fractional coefficients from the equation. 
5 1 


Solution: 
Multiply the roots by 12 
3 3 2 2 5 12° 
We get the transformed equation as x" + 12. = х *12*. —x + ——-0 
2 18 108 


x? + 18 х2 + 40x + 16 = 0 


Ехегсіѕе 
1. Find the equation whose roots аге the roots of x°+8x* + Зх? - 7x? + 5х ~ 6 = 0 
with the signs changed. 
2. Change the sign of the roots of the equation. 
x! «7x5 + Ax* + 2x - 3x 46-0 
3. Transform the equation 4x? + 2x? + 6x – 12 = 0 into one in which the 
coefficients of x? in unity and all coefficients are integral. 
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4. Remove the fractional coefficients from the equation. 


3 1 3 
2x Rye =0 
2 8 16 
5. Transform the equation зх* Э хз Ех -x+ = 0 into another with integral 


coefficients and for the coefficients of the first term unity. 


6, Transform the equation 2x*- 2 +22 ха = 0 into another with integral 


coefficients and for the coefficients of the first term unity. 


2.3 RECIPROCAL ROOTS 
To transform an equation into another whose roots are the reciprocals of 
the roots of the given equation. 


Let сү, @...... о, be the roots of the equation x^ +P, х"! +P, х"? +P, = 0. 
We have 
Kup xt pex cb ате +P, = (х- a4) (x- оө;)..... (x — à) 
put x= а 
y 
3 


Multiplying throughout by у” 
We һауе 
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2.4 RECIPROCAL EQUATION | 
If an equation remains unaltered when x is changed into its reciprocal it is 
called a reciprocal equation. 


Let х" +P, хт +P, x"? «P, х аР, =0 (1) 
be a reciprocal equation. 


When x is changed into its reciprocal : : 


we get the transformed equation 


Pox qup ax ЕС Lar. Р, х+1= 0 
(i.e.) хп Tee + Tee xm ДЫ EET + S x+ = (2) 


n 


Since (1) is a reciprocal equation, it must be the same as (2) 








E да SP bx 3 ысы 4 ын „1 and E -P, 
n n n n 
Р?, =1 
Р„ = + 1 


Case 1: P, = 1 
Тһеп Р = Ра Р,.»-Рь, Р,.3-Р, 


In this case the coefficients of the terms equidistant from the beginning апа 
the end are equal in magnitude and have the same sign. 


Case ii) P, --1 


We have P „_.=-Р,, Р‚_.=-Р.,...... Р, = -Р 
In this case the terms equidistant from the beginning апа the end аге 
equal in magnitude but different in sign. 


Standard from of reciprocal Equations. 


If а be a root of a reciprocal equation a must also be a root, for itin a 
о 


root of the transformed equation and the transformed equation is identical with the 
first equation. Hence the roots of a reciprocal equation occur in pairs. 
1 


p 


UE 
a 
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When the degree is odd опе of its roots must be its own reciprocal. 


1 
Y ina = 
у 
(и) y*=1 
(4) үл #1 


If the coefficients have all like signs, then —1 is a root. If the coefficients of 
the terms equidistant from the first and last have opposite signs, then +1 is a root. 
In either case the degree of an equation can be depressed by unity if we divide 
the equation by x * 1 or by x -1. The depressed equation is always a reciprocal 
equation of even degree with like signs for its coefficients. 


If the degree of a given reciprocal equation is even. Say n - 2m and if 
terms equidistant from the first and last have opposite signs, then 
т = -Pm 

(i.e.) P, «0, so that in this type of reciprocal equations, the middle term is 
absent. Such an equation may be written as 


YAP A PX (к *— ) E ра -0 


Dividing by x? -1, this reduces to a reciprocal equations of like signs of 
even degree. Hence all reciprocal equations may be reduced to an even degree 
reciprocal equation with like sign, and so an even degree reciprocal equation with 
like signs is considered as the standard from of reciprocal equations. 


A Reciprocal Equation of the standard form can always be depressed to 
another of half the dimensions. 


It has been shown in the previous article that all reciprocal equations can 
be reduced to a standard form, in which the degree is even and the coefficients of 
terms equidistant from the beginning and the end are equal and have the same 
sign. 

Let the standard reciprocal equation be 

ao x oa. SC aeg ЖЭЛ MS аа ах" + +а,х+а„ = 


Dividing by x" and grouping the terms equally distant from the ends, 
we have 
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We have the relation X,,, -27.Х,-Х,, 


Giving г іп succession the values 1, 2, З, 


1 2 
ме һауе X, = 2х, – х = 22? – 2 СЕТЕ 
1 
Хес КЕЕ 32 =х+-у-2 
X4 = ZX- X: -24-4х2%2 2-2 | 


Xs =zx* -xX = 15 — 523 + 52 
and so on. 


Substituting these values in the above equation, we get an equation of the 
m^" degree іп 2. To every root of the reduced equation іп z. Correspond two roots 


of the reciprocal equation. Thus if k be a root of the reduced equation, the 
quadratic | 


X+ =k. 


Bd 

X 
kk? -4 

(1.е.) x€* Кх + 1 = 0. gives the two corresponding roots ис of the 


given reciprocal equation. 


Example: 1 
Find the roots of the equation 


XË + 4x + 3x? + Зх? +4х+1=0 


Solution: 
This is a reciprocal equation of odd degree with like signs. 


(х + 1) is a factor of X? + 4x* + Зх? + Зх? + 4x + 1 
The equation can be written as 


Xo + х^ +3х° + 3x? + 3x? + 3x+x+1=0 


(i.e.) х (x * 1) + Зх? (x +1) + Зх (х+1)+1(х+1)=0 
(i.e.) (х+1) (x^ + Зх? + 3x + 1) = 0 


.xt1200rx' + Зх? + Зх + 1) = 0 


Dividing by x^, we get х 23 -3 25 - 0 
х х 


1 
28 + — = 2°~2 





Х 
272-2422 0 
: -3-4/17 
2 
-2- 
ПОВ te 35417 
Х 2 
| х2-1 -3 +417 
(i.e.) ш 5 


2(х2%1)- x(-8 +417) 
2x!*22-3x -44Л7 х 
(Le.) 2х? + (3 + J17)x*220 
(ог) 22 + (3 — J17)x * 220 


From these equations x can be found. 


Example: 2 
Solve the equation 6x? – x* - 43 x? + 43х2 + x - 620 


Solution: 
This is a reciprocal equation of odd degree with unlike signs. 


Hence x - 1 is a factor of the left - hand side. The equation can be written 
as follows. Given 
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бх —x*—43x?-43x?-*x-620 
6x5— 6x* + 5x* — 5x? — 38x? + 38x? +5x? — 5x + 6x- 6 = 0 


(i.e.) 6x* (x — 1) + 5х9 (x — 1) - 38x? (x – 1) + 5 х (x- 1) +6 (х- 1) = 0 
(i.e.) (х-1) (6x* + 5x? — 38x? + бх + 6) = 0 
х= 1 or 6x* + 5х? — 38x? + 5x + 6-0 


We have to solve the equation 
6x* + 5x — 38 x? + 5х+ 6 = 0 


Dividing by x? 
6х? + 5x -38 € 2 +Ê =0 
x X 
) 2. 1 1 
(і.е.)6|х“---| +5 |х--|-38-0 
х X 
1 2 1 2 
Put x«—-7z,-.xt—-2z-2 
x х 


The equation becomes 
6 (22-2)%52-38-0-> 62? + 52-50-0 


(іе) (22 — 5) (32 + 10) = 0 


(1.е.) 2 = -107 or > 


1 -10 1 5 
X4-— = —— ОГ x+— 
x 3 x 2 


(1.е.) Зх? + 10 х * 320 (ог) 2х? - 5x * 220 
(1.е.) (x*3) (3x +1) = О (or) (2x - 1) (x - 2) 
(е) х= -3 or 21 ог2 ог 1 

.е. 3 5. 

2. The roots of the equations аге 


1, -3, EB 2 and LS 
. 3 2 


Example: 4 
1. Solve the equation 4x* — 20x? + 33x? - 20x + 4 = 0. 


Solution: 


The given equation in a first type and even degree is a standard reciprocal 
equation. 


Let f (x) = 4x* - 20x? + 33x? – 20 x + 4. 
Dividing the equation by x? and regrouping we get 
4x* — 20x? + 33x? - 20x +4 = 0 


=) 4x? – 20 х + 33 – 206 + %,=0 | 
=) 4 к + У) - 20 + $7) +33 =0 (1) 
Put x *  =у& хэ Je -у2-2 


| k+ KF =x? 2027 +2] 


(1) becomes 

4 (y? – 2) – 20у + 33 = 0 
— 4y?- 8 – 20у +33 = 0 
= 4у? – 20у + 25 = 0 


= (2y – 5)? = 0 


лу-%, % 
Let еи = у 
X 


х2-1 5 
27222 


=> 2Х2%2-б5х 
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=> 2хХ2-55х%2-0 
=> (2x-1)(x-2)20 


—À 
=> Х = 2,2 


: 18218 
Again, Let АҒ» ш > 


ха №. 2 
The roots are 2. 2, 227 2. 
Example: 5 


Solve the equation бх? + 11x* — 33x? — 33x? + 11x +6 = 0 


Solution: 
Let f (x) = 6x? + 11x* — 33x? — 33x? + 11x + 6 


This is a Reciprocal equation of first type and of odd degree. 


Hence х%1 is a factor of f (x) by actual division. 


МНЕ AT да 5542 44656 6 
0 -6 -5 38 5 6 
6 5 -38 5 6 lo 


6x' + 5x! — 38x? + 5x + 6 = 0 is a S.R.E. Dividing by x? & regrouping. 


We get 
6x* + 5x* — 38 x? + 5x c6 = 0 te x?| 
бх? + 5х – 38+ Y + Е = 0 
56 ke + М)» 5 (x %) - 3820 (1) 


LAM PNEU а 
Put Ba TO ыы + Жо y – 2 


(1) becomes 
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6 be Ves (x M)-38-0 


— 6 (y? – 2) + 5 (у) – 38 = 0 
— 6y? – 12 + 5y – 38 = 0 
=> бу? + 5y – 50 = 0 


y = 2542511200 


12 


_ -б+ 41225 _ -5+35 








12 12 
y = -5+35 -5-35 
2” 12 
230 -40 
427 12 
ут 15 210 
6: 3 


И = 
Let x * X y. 
=> 2Х2%2-б5х 
= 2Х2-5х%2-0 


= (2x-1)(x-2)20 


= 1 
=> X 2, 2 


Again, Let x * p^ = 104 


г, Bel 104 


X 


— 3Х2%3--10х 
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=> Зх? + 10х+3=0 


=> (3x + 1) (х+3) =0 = х=- 6, -3 
The roots of f (x) = 0, -1, %,2.-4.-3. 


Exercise 


1. Solve the following equation 
i) x*-10x? + 26x? - 10x + 120 


ii) xf + Зх? – 3x-1=0 

іі) 60x* — 736x? + 1433х? – 736x + 60 = 0 
iv) 2x® — 9x? + Ох“ — Зх? + 10х? – 9х+2=0 
v) x? — 3x? + 5x® — 5x* + 3х? -1=0 

vi) xê + 2х5 + 2х4 – 2x? - 2x - 120 

vii) x* — x? — 8х2 * x * 120 


2.5 STANDARD FORMS TO INCREASE AND DECREASE THE ROOTS 
OF A GIVEN EQUATION BY A GIVEN QUANTITY 
Let the roots of the given equation 


f (x) = aox" жах”! Фах"2-..... +a, =0 
be Qj, 055 Os eese о, and suppose. 
We require the equation whose roots аге a,- h, о, – һ, a4 -В...... a, — h. 
We have f (x) = a, (Х- а.) (X— a5). ..... (Х- о,). 


In this if we change x into у + h. 


We have 
f (у +h) =a, (у +h- o) (Y +h- az)... (y +h- an) 
The right — hand side vanishes when y = a, — h, (r 21,2, ..... n). 
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Hence if ап equation is to be transformed into another whose roots аге 
those of the first diminished by h. Substitute y * h for x in the given equation. 
Then we obtain the transformed equation as 


а, (y*h)" ta, (yth)™t жа (ул!) *...... ta, =0 (1) 
а, | у" + пс, Уан +6" | +а, | y «ne, yit qe ec eh] 
жаз ly tune V ees iue p а къы» +a,=0 


Expanding and collecting the coefficients of the powers of y. 
Let the equation be 


AoYa + Ауу"? + Азу"? ог ЭЭЛ, ТА у Уу rS = О (2) 


Here Ag, А., А....... А 4, А, are functions of ао, a,....... an 


Since y = - h. 
This equation (2) is equivalent to 
Ao (x= h)? +A, (x -h)"" + As (х- h)^? +....... tA, (x-h) +A, =0 (3) 


This equation (3) must be identical with the given equation (1). This forms 
suggests an easy rule for calculating Ao, A4, Ас...... Ал. 


We can easily see that Ас = ao 
If the polynomial on the left — hand side (3) is divided by x — h. The remainder is 
A, and the quotient is 
Ас (x - hU! + А, (x-h) ? + А, (x-h) 3 +... An-2 (X — h) + A44. 


If the quotient again is divided by x — h. The remainder is An- and the 
quotient is 


As (x =h)? + А, (хув... Ana CC h) + А. 


By continuing this process we can find all the coefficients of the 
transformed equation (2). 


Instead of diminishing the roots is we desire to increase them, we take h 
negative. 
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Form of the Quotient and remainder when a polynomial is divided by a 
binomial. 


Let the quotient when 
f(x) = a,x" + анх"! Фах"Т-...... . ta, is divided by x – h be 
b. x" bx ЭЭ Бэй!” а аз tb. 2X*b,4 
This we shall represent by Q and the remainder by R. We have then the 


following equation. 
Е (x) =(x-h)Q+R 


(x—-h)Q+R= (by x™ +b х2 +... . + Dae xX ОО, ) (x - ћ) + К 
= ee ay PD euius + ba-2 X? + byax — 
bohx За” «bihx Peo. + b,oxh + Бл. h + В 
ш Do x^ + (b4- hbo) xm + (b2 = hbi)x"? “КЕ сараға + (бл-1 -ҺЫа-2) x +R- hbn-1 


Equating the coefficients of corresponding powers of x on both sides. 


We get the following series of equations to determine 


bo, Бі, 62.... Day, R 
bo = ао 
b4 - hbo =a, (i.e.) ер = а + hbo = а + һао 


Do - hb, = ao (i.e.) Do =а. + hb, 
рз – ҺЫ, = аз, (i.e.) b3 = a3 + hbs 


Dn-2 = ПБ, -з = dn-2, (i.e) Баг = 8n-2 + hbn-3 
Оа-1 Em hb,.2 = An-1; (i.e) boa = an-ı + hbn-2 


R- hbn: = ap, (i.e.) R = a, + hbn- 
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These equations supply a ready method of calculating іп succession the 
coefficients bo, bj, bo...... bn-1 of the quotient and the remainder К. 
For this purpose we can write the series of operations as follows. 


n-1 n 
аһ bih Б ио b,-2h bn-1h 
р, b2 Ds жик ve Бас R 


In the first line the successive coefficients of the given equations are 
written. The first term in the second line is obtained by multiplying ao by h. The 
product ash is placed under a, and then added to it in order to obtain the term b4, 
in the third line. This term when obtained, is multiplied in turn by h and placed 
under a>. The product is added to а: to obtain the second term b; in the third line. 
The repetition of this process furnishes in succession all the coefficients of the 
quotient, the last term thus obtained being the remainder. 


Example: 1 
Find the quotient and remainder when Зх? + 8x^ + 8x + 12 is divided by x - 4. 


Solution: 
The calculation is arranged as follows. 


4 |3 8 8 12 
0 12 80 352 


3 20 88 | 364=R 
The quotient is 3x? + 20x + 88 and the remainder is 364. 


Example: 2 


Find the quotient and remainder when 2х8 + 3x? — 15x? + 2x — 4 is divided 
by x + 5. 


Solution: 
The calculation is arranged as follows: 


-5 |2 3 0 0 -15 2 -4 
0 -10 35 -175 875 -4300 21490 
2 -7 35 -175 860 -4298 21486 = В 


The quotient is 2x? — 7x* + 35x? — 175x? + 860 x – 4298 and the remainder 
is 21486. 
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Ехатріе: 3 
Diminish the roots of x* — 5x? + 7x? – 4x + 5 = 0 by 2. 


Solution: 
The coefficients in the transformed equations are the remainders when the 


polynomial is divided by x — 2 in succession. 


The division of the polynomial by x — 2 can be exhibited as follows. 


The quotient is x? — 3x? + x — 2 and the remainder is 1. 
1 is the absolute term in the transformed equation. 


The coefficient of x is the remainder when x? – 3х? + x - 2 is divided by x - 2. 
The calculation is arranged as follows: 





2 23, 4 „2 
0 2 22 Е: 
1 = 254 2 


The quotient is х2 – х – 1 and the remainder is -4. When this is divided by - 2. 
We get 


1 1 1= К 





The quotient is х + 1 and remainder is 1. 


When x * 1 is divided by x — 2, we get 
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The remainder is 3. 

The coefficients of the transformed equation are 1, 3, 1, —4 and 1. 
г. The transformed equation is 

x! + Зх + х2 - 4х+1=0 


Ail these operations can be combined and exhibited as follows. 










1 
2 
0 
501 
0 2 2 
2 |1 1 1 
0 2 2 
1 MEE 
2 
0 2 
2 | 28 
0 2 
1 3 


Example: 4 
Increase by 7 the roots of the equation is the same as diminishing the 
roots by -7. Increase by 7 the roots of the equation 3x* + 7x? — 15x? + x – 2-0 


-7 |З 7 -5 1 -2 
08 -581 4060 
83 -580|4055 
245 -2296 
-7 |3 -35 328 
-21 392 



















3 -77 
г, The transformed equation is 3x^-77x?*720x? - 2876x+4058 = 0 


Example: 5 
Show that the equation х*-3х3+4х2-2х+1 = 0 сап be transformed into a 


reciprocal equation by diminishing the roots by unity. Hence solve the equation. 
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Solution: - 
The operation of diminishing the roots by 1 can be exhibited as follows. 






о io ~ O 5 
— 
| 
— 


: 


о 
2% 


The transformed equation is x*+x°+x*+x+1=0 which is a reciprocal equation. 
The equation can be written as 
ee] + [к-т +1=0 
х х 
t 1 
writing x + — = zZ, we get 
х 


22 _2+2+1= 0 


(1.е.) 22 + х 1 = 0 





--1845 
(1.е.) 2 = == 
(i.e.) x + ДЕ is -1%У5 (or) x * Қ аре -1-45 
X 2 X 2 


(е.) 2x2 (1— /5) х+2=0 (ог) 2х2 + (1 + V5)x+2=0 


V5 -1+ J(1 4/5)? - 16 7” — (1+ ¥5)+ 4/(1+ J5)? -16 
4 4 


(1.6.)х = 


The roots of the original equation аге these roots increased by 1. 


5-3-4/-10-2/5 3-45 + 4245 —10 
4 | 4 


Тһеу аге 
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Ехатріе: 6 
Transform x^ —5x?+7x?—4x+5=0 into another equation whose roots аге less 
by 3. 


Solution: 
The calculation is arranged as follows: 





The transformed the equation is 
nx + 3x? + x? — 4x41 = 0 
Exercise 
1. Diminish by 3 the roots of the equation 
x'-Ax* «3x? - Ax +6 = 0 
2. Transform x**5x^*8x^-4x*5 = 0 into another equation whose roots are less by 


3. Find the equation each of whose roots exceeds by 2 a root of the equation 
|^ X*-Ax?*3x-1z0. 


4. Find the equation whose roots are the roots of x^ — 5x? + 7x? — 17x + 11 = 0. 
each diminished by 2. 


5. Find the equation whose roots are the roots of 4x? — 2x?«7x-3 = 0 each 
increased by 2. 


6. Find the equation whose roots are those of the equation 2х“ – 5х3+11х2-208х+ 
140 = 0 diminished by 3. Hence or otherwise solve the given equation. 


7. Find the equation whose roots are the roots of the equation 
x^*8x^*12x^-16x-28-0 each increased by 2. Hence solve the equation. 
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2.6 REMOVAL OF TERMS 


One of the chief uses of this transformation is to remove a certain specified 
term from an equation. Such a step always helps to find the solutions of an 
equation. 


Let the given equation be 


dax x T аа ын +a,,X+a, =0 
Then Ну=х- һ. 
We obtain the new equation 
ag(y + n +а,(у+ n)! +a,(y thy? +.......... +a, =0 
which when arranged in descending powers of y, becomes 


n(n - 1) 


A anh? +n- Jahtas ул заа: -0 


apy" + (nagh - a) y" 4 
If the term to be removed is the second, 
we get 


п agh+a,=0 


so that h = 221 
па, 


If the term to be removed in the third, we get 


n(n – 1) 


"T аһ? + (n-1)a,h«a4 «0 





and so obtain a quadratic to find h and similarly we may remove any othet 
assigned term. 


Example: 1 
Find the relation between the coefficients іп the equation 
х4+Рх3+4х2+гх+$=0 in order that the coefficients of x? and x may be removable by 


the same transformation. 


Solution: 
Let us reduce the roots of the equation by h. 


Instead of x. Substitute x + h. 
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The transformed equation is 
(x*h)-4P(x*hf«q(x*hf«r(x*h)* S20 
х“ + 4x? h + 6x? h? +4 x НЗ + n^ + Р (х + Зх2 н 3х2 + Һ) + а (х2 + 2xh +?) 
+г(х+ћ) +5 = 0 
x* + 4x? + 6x? h? +4 x h? + h* + Px? + ЗРх? h + 3Px h? + Ph? + а х? + 20x h *q 
h^) rx + +5 = 0 


h*«Ph?-qh?*rh* S 


(i.e.) x* + (4h* P)x?* (6h?-3Ph«q) x? + (4h? 3Ph^«2qh-r)x ) 
The coefficients of x? and x in the transformed equation are zeros. 
4h + P = 0, 4h? + 3Ph? + 20h + г = 0. 


Eliminate h between these equations. 


-4P* ЗР? 2Pq 
64 16 4 











(i.e.) 


-P? + ЗР? - 8Ра + 16r- 0 
2P?- 8Pq + 16г= 0 
2 Р? – 4Ра + 8 г= 0 
Ехатріе: 2 
Solve the equation x* + 20x? + 143х? + 430х + 462 = 0 by removing its 
second term. 
Solution: 
Let us assume that by diminishing the roots by h, the second term is 
removed. 


Then the transformed equation becomes 


(x +h)* + 20 (x+h)? + 143 (x+h)? + 430 (x+h) + 462 = 0 
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x* + Ax*h + 6х°һ? + 4xh? + hf + 20 (x? + 3x? h + 3xh? + n? 
бына даа ыы 


= 0 


х“ + 4x2h + 6x?h? + Axh? + ht + 20 x? + 60 x? h +60 х h? + 20h? 
+ 143 x? + 286 x + 143 h? + 430 х +430h + 462 


(i.e.) xt + x? (4h + 20) + x? (6h? + 60 h + 143) +x (4h? + 60h? + 286 h + 430) 
+ hf + 20 Һ + 143 h? + 430 h + 462 = 0 


(i.e.) The coefficients of x? in the transformed equation are zero. 


4h + 2020 


-5 20 143 430 462 
-75 -340 -450 





-. The transformed equation is y* — 7y? + 12 = 0 
(i.e.) (у? – 3) (y - 4) 20 
. The roots of the transformed equation are £43, +2. 


These roots are greater than the roots of the original equation by 5. 


. The roots of the original equation are 
43 -5,- УЗ -5,2-5,-2-5 


(i.e.) -5 + 43,-3,-7. 
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Example: 3 
Solve the equations by removing the second term in each. 


X* — 12x? + 48x? - 72x + 35 = 0 


Solution: 
Let f (x) = x* — 12x? + 48x? — 72x + 35 


Putx=yth 
(1) becomes 
(у +h)* - 12 (у +h)? + 48 (у + h)? – 72 (y+h) + 35 = 0 
y* + h^ + 4y?h + 6y?n? — 12 (y? + n? + 3y?h + ЗҺ2у) 
+ 48 (y + Һ + 2hy – 72 у - 72h + 35 = 0 


=> y* (4h - 12) y? + (6h? – 36 h - 48) у? + (4h? — 36h – 12 + 96 h) y 
+ 14 72 һ + 35 = 0 (2) 


Equating the coefficients y? to zero in (2) becomes > 4 һ – 12 = 0 


= РУ ш 
4h=12 —h A 3 


we diminish the roots of (1) by (3) 





The transformed equation by yf - 6y? + 8 = 0 
=> yf -6y + 8 = 0 


= yf - 4у? - 2y7+8=0 
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(1) 


Sy (y^ 2) «2 (y 4) «0 
=> (у? – 2) (у? – 4) = 0 
= у? = 2, у? = 4 
= у= +4/2,у= + 2 
The roots of х = у + һ аге ћ = З 


у = У2,у-- 42,у= 2, у = –2 


х= 4/2 + 3, х= – 4/2 + 3,х= 2 +3, х= -2 +3 


2. Тһе roots аге 
42 +3, - 42 +3, 5, 1. 


Ехатріе: 4 
Remove the second term from the equation х? - 6х? + 10 х – З = 0 


Solution: 
Let f (x) = x? — 6х? + 10x- З (1) 


Putx=yth 
(1) becomes 
(у + hP-6(y*h)f-*10(y*th)-370 
— уз + h? + 3y?h + 3h?y — 6 (у? + h? + 2һу) + 10у + 10h - 3-0 
— у? + (3h — 6) у2+ (3h? + 10 – 12 п) у + В? – 6h? -3=0 (2) 


Equating the coefficients y? to zero is (2) becomes >3h-6=0 В = 64 -2 


We now diminish the roots of (1) by 2. 





Тһе transformed equation is y? – 2у + 1 = 0 


= (у – 1) (у + у 1) = 0 














—1- 75 

m yeu rS 
2 
The roots of x = у *hareh = 2 
visi ya АВ 2.324545 
| pe 2 
х-1-2 х = а Р ui b Б 
2 2 

х-3 xu Seam. yay 

| 2 2 
^. The roots аге 3, эээ. = 


Exercise 
1. Remove the second term from the equation. 


x? + 5x4 + Зх + x2? + х + 1 = 0 


2. Transform the equation x^ — 4x? — 18x? – Зх + 2 = 0 into one which shall want 
| the third term. 


3. Solve the following equations by removing the second term in each: 
i) х^ + 4x? + 5x? + 2x- 6 = 0 


ii) x* + 16x? + 83x? + 152x +84=0 
iii) хз — 12x? + 48x – 72 = 0 

iv) x! + 10x? + 83x? + 152x + 84 = 0 
v) х? + 6х? + 12x - 19 = 0 

vi) x? — 21x? + 144x - 320 = 0 


vii) х“ — 8х3 — х2 + 68x + 60 = 0 
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UNIT — Ш 


DESCARTE'S RULE ОР SIGNS 


3.1 An equation Қх)-0 Cannot have more positive roots than these are changes 
of sign in f(x). 


Let f(x) be a polynomial! whose signs of the terms are 


Фф +++ Ф, 


In this there are seven changes of sign including changes from + to – and 
from — to *. We shall show that if this polynomial be multiplied by a binomial 
(corresponding to a positive root) whose signs of the terms are + —, the resulting 
polynomial will have atleast one more change of sign than the original. Writing 
down only the signs of the terms in the multiplication, We have 





He dB Хы, e tee MESS шы cei ce WERDE iden nn 
+ - 
ша а» Ж) ЖҚЖ ee лах чыл аР ӨВС шо SB 
+ еее 
+ - Ж Ж + — + t+ t+ + + 


Неге in the last the line the ambiguous sign + іп placed wherever there 
are two different signs to be added. Here we see in the product 


1) An ambiguity replaces each continuation of sign in the original 
polynomial. 

2) The sign before and after an ambiguity or a set of ambiguities are 
unlike and 

3) А сһапде of sign is introduced in the end. 


Let us take the most unfavourable. Case and suppose that all the 
ambiguities are replaced by continuations, then the sign of the terms becomes 


+ + — — — + — + + - + — + 


The number of changes of sign is 8. Thus even іп the most unfavourable 
case there is one more change of sign than the number of changes of sign in the 
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original polynomial. Therefore we тау conclude in general that the effect of 
multiplication of a binomial factor x — о in to introduce at least one change of 
sign. 


Suppose the product of all the factors corresponding to negative and 
imaginary roots of f(x) = О be a polynomial F(x). The effect of multipuling F(x) Бу 
each of the factors x ~ о, х ~ В, X= y ......... corresponding to the positive roots, 
а, В, y in to introduce atleast one change of sign for each, so that when the 
complete product is formed containing all the roots. We have the resulting 
polynomíal which has atleast as many changes of signs as it has positive roots. 
This is Descartes' rule of signs. 


Descartes' rule of signs for negative roots: 
Let f(x) = (x а) (Xx — a5) ...... (x -- аһ) 


By substituting — x instead to x in the equation, 
We get, 

f(-x) = (-х — о) (—x-a 5) ..... (—х— © n) 
The roots of К-х) = 0 are ~ о, — a2 ....... - Ол. 


.. The negative roots of f(x)=0 become the positive roots of f(—x) 50. 


Hence to find the maximum number of negative roots of f(x) = 0, it is 
enough to find the maximum number of positive roots of f(—x)=0. 


So we can enuciate Descartes' rule for negative roots as follows: 


No equation can have a greater number of negative roots then there are 
changes of sign in the term of the polynomial f(— x). 


Using Descartes’ rule of signs we can ascertain whether an equation f(x)=0 
has imaginary roots or not. 


We can find the maximum number for possible roots and also for negative roots. 


The degree of the equatíon will give the total numbers of roots of the 
equation. So if the sum of the maximum numbers of positive roots and negative 
roots is less than the degree of the equation, we are sure of the existence of 
imaginary roots. Take for exampie the equation 

X’ + 8X°-X+9=0 
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Тһе series of signs of the terms are as follows: 
+ + — + 


The number of changes of signs is 2 and the equation cannot have more 
than two positive roots. 


Now change x into —x. 


We get — Х + 8X°-X+9=0 
(ie) X’+8X°-X+9=0 


The series of signs of the terms are 
++ — = 
and the number of changes of sign is only one and so the equation cannot have 
more than one negative root. 


Hence in the equation there cannot exit more than three real roots. Since it 
is a seventh degree equation, it has seven roots real or imaginary. 


Therefore the given equation has atleast four imaginary roots. 


An equation f(x)=0 is called complete. When all powers of x from п!” to the 
constant term are present. In an complete equation we can easily see that the 
sum of the number of changes of sign in f(x) and Қ-х) is exactly equal to the 
degree of the equation. 


Hence this rule can be used to detect the imaginary roots only in 
incomplete equations. 


Example: 1 
Determine completely the nature of the roots of the equation 


x°— 6х7- 4x +5 =0. 


Solution: 
The series of signs of the terms are * — — +. 
Here there are two changes of sign. 

Hence there cannot be more than two positive roots. 

Changing x into —x, 

The equation becomes, 

— х5 6х°— 4х +5 40. 
(ie) x°+ 6х?— 4х —5 =0. 
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The series of the signs of the terms аге 
+ + —-— 


Here there is only one change of sign. 
^. There cannot be more than one negative root. 


So the equation has got at the most three real roots. The total number of 
roots of the equation is 5. Hence there are atleast two imaginary roots for the 
equation. 


We can also determine the limits between which the real roots lie 
Х=-а -2-10 1 2 a 
Х5-6х2-4х%5- - = + +--+ + 


The positive roots lie between 0 and 1 and 2 the negative root between -2 and -1. 


Example :2 
Show that the equation x’ — 3x* +3x° - 1 has atleast 4 imaginary roots. 


Sol :- 
Let f(x) = х? - 3x*.+ Зх? - 1 
The sign of polynomials are 
+ – + – 


The number of changes of sign in f(x) in three 
Almost three (*ve) root of f(x) 


Here 
F(- x) = (-3)' - 3(-x)* + 3(—х)° -1 
= — x’ -3x* -3(-xy?-1 


The sign of polynomials are 


f(-x) has no (*ve) real root. 
f(x) has no (-ve) real root. 
2, f(x) has three real roots. 
Degree of f(x) 2 7 
Imaginary roots = 7 — 3 =4 
2. f(x) = 0 lias at least 4 imaginary roots. 
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Example: 3 
ST xê + 3x? — 5x + 1 = O has atleast 4 imaginary root. 


Sol: - 
Let f(x) = x? +3x? — 5x +1 


The sign of polynomials are 
+ + — + 


The number of changes of sign in f(x) is two 
At most two +ve root of f(x) 
Here 


f(x) = (—x)® + 3(-x)* —5(-х) +1 


х + 3x? + 5х +1 


The sign of polynomials are 
+ + + + 


f(—x) has по (+ve) real root 


f(x) has no (—ve) real root 

2. f(x) has two real гоо! 
Degree of f(x) = 6 
Real root = 2 


Imaginary root =4 
^. f(x) = О has 4 imaginary roots. 


Example : 4 
Find the number of real roots of the equation x? + 18x — 6 = O. 


Solution: 
Let f(x)» x? + 18x — 6 
The sign of polynomials are 


+ + - 


The number of changes in f(x) is only one. 
Atmost one (+ve) root of f(x) 


Here f(-x) = (-x)? + 18(-х)-6 


= —x? —18x-6 
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The sign of polynomials аге 


К-х) has no. (*ve) real root 
f(x) has no.( -уе) real root 


2. f(x) has only one real root 
Deg. of f(x) 53 

Real root = 1 
Imaginary root 2 3— 1 = 2 


г. f(x) = 0 has atleast 2 imaginary root 


Example : 5 
Show that 12x’ —x^ + 10х3—28 = 0 has atleast four imaginary root 


Solution: 
Let f(x) = 12x’ —x* + 10х”-28 


The sign of polynomials are 


+ + = 


The number of changes is f(x) аге three Atmost three (*ve) root of f(x) 
Here f(-x) = 12(-x)! - (-x)^ + 10(-х?) -28 


f(-x) = -12x' — xt -10x?- 28 


The sign of polynomials are 


f(—x) has по. (+ve) real root 
f(x) has no. (-ме) real root 


2. f(x) has three real гоо! 


Deg. of f(x) 2 7 

Real root = 3 
Imaginary гоої = 7 – З = 4 
2. Қх)-0 has 4 imaginary гоо! 
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Exercise 

Show that х5 + 3х2 + 5x — 5 «0 has at least four imaginary roots. 

Prove that the equation x* + 3x — 1 =0 has two real and two imaginary roots. 

Find the number of imaginary roots of the equation x°+5-7=0. 

Find the number of real roots of x’ — xê — x* — 6x* + 7=0. 

Show that х + xê + x^ +x? +1 = 0 has опе real root which in negative and eight 

imaginary roots. 

6. Show that the equation x" — 1 -0 has, when n is even, two real roots 1 and —1 
and no other real root and when n is odd, the real root is 1 and no other real 
root. 


ORWN > 


3.2 ROLLES’ THEOREM: 
Between two consective real roots a and b of the equation f(x) = 0 where 


f(x) is a polynomial, there lies at least one real root of the equation f'(x)=0. 


Let f(x) be (x — а)" (x — b)" ф (x) where m and п are positive integers and 
ф (х) is not divisible by (x — a) or by (x — b). Since a and b are consecutive real 
roots of f(x), the sign of $ (x) in the interval a x x xb in either positive throughout 


or negative throughout, for if it changes its sign between a and b, then there is a 
root of ф(х)-0 that in of Қх)-0 lying between a and b, which is contrary to the 


hypothesis that a and b are consecutive roots. 


л х) = (x — a)" n(x — b)" ф(х) + тока)" " (x-b)" ф (x) 
*(x-a)" (х-а)" ф(х) 


= (x- ay" (x - a x (x) 
where x (х) (m(x-b) + n (х-а)} ф(х) + (x-a) (x-b) ф(х) 
. x(a) = т (a-b) $ (a) 
x (b) = m (b- а) $ (b). 


х (а) and х (6) have different signs since ф(а) and $(b) have the same 
sign. 


. X (x) 50 has at last one root between a and b. 


Hence f(x) = 0 has atleast one root between a and b. 


98 


Cor.1 
If all the roots of f(x) = 0 are real, then all the roots of f'(x) =0 are also 
real. 


If f(x) = 0 is a polynomial of degree n, f'(x) 50 lies in each of the (n—1) 
intervals between the n roots of f(x) 20 


Cor.2 
If all the roots of f(x) -0 are real, then the roots of f'(x) 20, f"(x) 50, 
f" (x) 20 are real. 


Cor.3 
At the most only one real root of f(x)=0 can lie between two consecutive 
roots of f'(x) 50, that is the real roots of f'(x) separate those of f(x)=0. 


Cor.4 

if f(x) =O has г real roots, then f(x) =O cannot have more than (r+1) real 
roots. 
Cor.5 

f(x) =0 has atleast as many imaginary roots as f'(x) 50 
Example 1: 

Find the nature of the roots of the equation 4x? — 21 x? +18x + 20 =0. 
Solution: 


Let us consider the function 
f(x) = 4x? – 21 x? +18x + 20 


We have f'(x) = 12x? — 42x +18 
= 6(2x — 1) (x — 3) 


Hence the real roots of f' (x) =0 are Me and 3. So the roots of f(x) =0, if 


any will be in the intervals between -a and LA 3, апа 3, 3 and +, a 


respectively, 


X: -a № за 
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2. f(x) must vanish. Once in each of the above intervals. 
Hence f(x) 50 has three real roots. 


Example: 2 ” 
Show that the equation 3x* - 8 x? — 6х? + 24x – 7 =0 has one positive, one 
negative and two imaginary roots. 
Solution: 
Let f(x) be 3x* — 8x? — 6x? + 24x - 7 
We have, 
f' (x) 212x? - 24x? — 12x +24 
= 12(х+1) (x-1) (x-2) 


The roots of f' (x) =O are —1, +1, +2 


X: -a -1 +1 42 жо 
f(x) : + - + + + 


г. f(x) -0 has a real root lying between -1 and -о, one between —1 and +1 
and two imaginary roots. 


We know that f(+1) =+, Қо)-- 
г. The real root lying between —1 and +1 lies between 0 апа +1. 
Hence it is a positive root. 
The other real root lies between -1 and -a and so it is a negative root. 


Example:3 
Discuss the reality of the roots x* + 4x? — 2x? — 12x +a =0 for all real values of a. 


Solution: 
Let f(x) be x? + 4x? - 2x? - 12x +a 


(х) = 4x? +12x? — 4x - 12 
=4(x + 1) (x — 1) (x + 3) 


2. The roots of f' (x) =0 are -3, -1, and | 


100 


X : -a -3 -1 1 жо 
f(x) : * a-9 т+а a-9 «ч 
If a — 9 is negative and 7 * a is positive, the four roots of f(x) are real. 


If -7 < а < 9, f(x) = O has four real roots. 


If а>9, then f(x) is positive throughout and hence all the roots of f(x) =0 are 
imaginary. 


if a< —7, the signs of f(x) at -а, — 3,- 1, 1, а are respectively, 
+ -,-,-,?%. 


Hence f(x) -0 has two real roots and two imaginary roots. 


Example: 4 
Prove that all the roots of the equation x? — 18x * 25 - O are real. 


Solution: 
Let us consider the function f(x) = х? — 18x 42x 
f'(x) = 3x? - 18 
||  2s3(€ - 6) 


Hence the real roots of f' (x) 2 O are + /6 . So the roots of f(x) = 0 


Жо өс 6 № а 
f(x) : - % - * 
2.Қх) must vanish, once in each of the above intervals. 
Hence f(x) =0 has three real roots. 


Example : 5 


Discuss the nature of the roots of the equation 3x* +8х3 — 30x? - 72x 
+ k = O for different values of k. 


Solution: 
Let f(x) = 3x* +8x° — 30x? — 72x +k 
f'(x) = 12x? + 24x? — 60x -72 
12 (х? +2x? — 5x – 6) 
12(x+2) (х-1) (x+3) 
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2. The roots of f' (x) 2 O are -2,1, — 3. 


X і-о -2 -3 1 со 


(х) + +8+к -27+k QO1+k + 


if 8+k in positive, and — 27+ k is positive. 91 + k is positive. 
The two roots of f(x) are real. 
If —8<а «27, — 91« a «27, 
' f(x) 20 has two real roots. 
If a>27, then f(x) is ‘+ve’ throughout & hence all the roots f(x) = 0 are imaginary. 
a< —8, the sign of f(x) at – о, – 2, – 3,1, о 
к + - + + 


Hence f(x) = 0 has two roots real and two roots imaginary. 


Exercise: 
1. Find the nature of the roots of the equation 
(i) 4x? - 21x? + 18x +30 = 0 
(ii) 2x? — 9х? +12x +3 =0 
(iii) x -4x? — 20x? +10 = 0 
2. Determine the value of a such that the equation x? — 12x +a = 0 has only one 
real root. 
3. Find the range of the values of k for which the following equations have real 
roots 
(i) х + 4x? + 5x + 2 +k 
(ii) 2x°-9 x? +12х-К 
(іі) 3x* — 4x? — 12 x? +k = 


и 


0 
0 
0 
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3.3 MULTIPLE ROOTS 
If f(x) is a polynomial in x and the equation f(x)20 has n roots equal to a, 
then f(x) must be of the form (x — о)" ф (x) where ф(о) ж 0. 


^ f(x) = (х – a)" ф(х) where m and n are positive integers and ф(х) is not 
divisible by (x — a) 


Е (x) = (x- о)" Ф(х) *mx-a)""' ф(х) 
-(х- a)" { (х-а) ф(х) + mo (х) } 


Hence (x — a )™' is а common factor of f(x) and f'(x) and it is easily seen that 
(x — с)"7 will not be a common factor unless f(x) is divisible ру (x- a)". 


Hence the multiple roots of f(x), 


If any are to be deducted by finding the greatest common factors of f(x) and 
f'(x) by the usual algebraic process. 


We may then state a rule for finding the multiple roots of an equation f(x) 50 
as follows: 
i) Find f'(x) 
ii) Find the H.C.F of f(x) and f' (x) 
iii) Find the roots of the H.C.F. 


Each different root of the H.C.F will occur once more in f(x) than it does in 
the H.C.F. | 


Ехатр!е 1: 
Find the multiple roots of the equation x* — 9x? + 4x +12 -0 


Solution: 
Let f(x) = x! — 9x? + 4x +12 


f' (x) = 4x? — 18x +4 


= 2(2х3 — 9x +2) 
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The H.C.F of f(x) and f' (x) 


f(x) = (x — 2)? (x + 1)(x*3) 





з 
2 


f(x) = (x= 2) | 


1 
Н.С.Е of f(x) and Г’ (x) is х- 2. 

-. (x - 2)? is a factor of f(x) 

^ f(x) = ( x — 2)? (x +1) (х +3) 

2. The roots of f(x) = 0 are 2, 2, 1 and - 3. 
Example: 2 

Find the values of a for which ax? — 9x* + 12x — 5 =0 has equal root апа 


solve the equation in one case. 


Solution: 
Let f(x) = ах? – 9х? + 12х – 5 


f' (x) = Зах? — 18x +12 


Find the H.C.F 
f(x) = ах? - 9х2+12 х – 5 


f' (x) = Зах? — 18x +12 


The process of finding the H.C.F is exhibited below. 





1/3 x | аху 9х? + 12х – 5 Зах} – 18x + 12 
Зак? — 8ах + 5a 
(+) (+) (-) 

(8a — 18)x + 12 — 5a 


-а 
















= 2. + 8(8a — 18)x - 5 (8a + 8) 
3(8« — 18)x? + 3(12 — 5a)x 


(49a — 108) x — 5(8a — 18) 
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If f(x) and f' (x) һауе a common linear factor 


49а 108 -5(8а-18) 
8a 18 12 5а 


(ie) 588a + 540a - 245а? - 1296 = — 320a? +720а +720а — 1620 
(ie) 75a? — 312a +324 = 0 

(ie) 25a? — 104a + 108 = 0 
(ie) (25a — 54) (a- 2) = 0 


а= 20г 2 
25 


If a = 2, the linear factor on both sides bocomes —10x + 10 апа -2х +2. 
f(x) = 2x° — Әх? + 12x – 5 
= (x ~1)? (2x —5) 
f' (x) = (2x - 2) (x- 2) = 2(x -1) (x - 2) 
= Н.С.Е is (x — 1) 


қ i 5 5 
2. The roots of the equation : 151, 5%. 


Example: 3 
Find the condition that the cubic equation ax? + 3bx? +3cx +d = 0 has two 
equal roots and when the condition is satisfied, find the equal roots. 


Solution: 
Let a be the equal root. 


Then о is also a root of f’ (x) 50 where 
f(x) = ах? +3 bx? *3cx +d 


f(a) = аа 3+ЗЬ а 2+3са +4 = 0 (1) 
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and f'(x) = Заа? + бра +3c=0 
(ie) a? *2ba +c=0 (2) 


Substracting the product of (2) and о from (1) 
We get 


(1) > aa? + ЗБа ? + Зса +d 20 


(2ха > аа? + 25а? + ос-0 
t) (=) (-) 
ba?+2Ca +D=0 (3) 


From (2) and (3) 
We have 


БЭ хэрэ eee ЭН 
2bd- 2c? bc-ad 2ас-202 


a? о 1 


= ———————- — 


2(bd ~c?) bc-ad J2(ac-b?) 


-. (bc — ad)? = 4(bd — c?) (ac — b?) 


Example :4 

Find the condition that the equations ax? + 3bx +c = 0, ах? + 3b'x «c' «0. 
Should have a common root. When this condition is satisfied, show that the 
common root is a double root of the equation 


2((ab' — a'b)x? + (ac' – a'c)x? + (bc' - b'c) = 0 


Solution: 
Let « be the common root of the equation 


Then aa? + 3ba + c = 0 (1) 
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a'a? + 3b’a +c’ = 0 (2) 
Multiplying (1) by аа => - + 3ba’a + са’ «0 
Multiplying (2) by a => ' a + Заб’ a + с'а =0 
(-) (-) (-) 
Subtracting, => 3(a'b-ab')a + са - ас’ =0 
(3) 


ас’ -a'c 
a = — 
3(ab' — a'b) 


Substituting in (1) 
We get, 
3b(ac' — ас) Ей 


a(ac'-a'c) _ 
3(ab' — a'b) 


27 (ab' - a'b)? 


(ie) a(ac' — a'c)? + 27b(ac' - a'c) (ab' — a'b)? - 27c(ab' — a'b)? =0 
If о is a double root of the equation 
2(ab' — a'b)x? + (ac! — a'c)x? + (bc' - b'c) = 0 
a is also a root of 
6(ab' — a'b)x? + 2x(ac' - a'c) 20 
(i.e) 6(ab' — a'b) a? + 2a(ac' - а'с) =0 
(ie) 2a{(3) (ab' - a'b) о + (ac' -ас))-0 


a is cannot be equal to zero 


iy 228 C) which is the same as (3) 
3(ab’ — a'b) 


7а is a double root of the equation (4) 
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(4) 


Example : 5 
Solve the equation 8x? — 20x? + 6x +9 =0 given that it has a multiple root. 


Solution: 
Let f(x) = 8х? — 20x? +6x +9 
f'(x) = 24x? - 40x +6 


Now f'(x) 20 
2452 40x+6=0 [+2] 


12x? - 20x +3 = 0 


(6x — 1) (2x 3) = 0 
i) 0-84 - 20(%f + 6(%⁄)+9 


1 
= И орх 1 
8x 7246 20x-— +1+9 


-2/-45%9%9 


-45-45-0 
х 36) -0 
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2 32 is a root of х) = 0 
but 2 is also а root of Ғ(х)-0 


‚ (х- зг in a Н.С.Е of f(x) & f'(x) 


25 is a multiple root of f(x) 2 O 


(x - 3; Ї is a factor of f(x) 
(2x - 3)? is a factor of f(x) 


(ax? +9- 12x) in a factor of f(x) 


2x+1 

8x? — 20x? + 6x + 9 
8x? — 24x? + 18x 
(-) (*) (-) 





4х? — 12x +9 


4х? - 12x +9 
4x? — 12x * 9 
0 


2. (2х + 1) is a factor of f(x) 


2х =-1 > x= - № is a root of f(x) 


г. The multiple roots are с 95, - M 


Exercise: 

1. Find the multiple roots of the equations 
i) 4x* + 24x? «49x? + 45x +25 = 0 
ii) 4x? — 12x? - 15x -4=0 
iii) x* — 6x? + 13x* — 24x + 36 = 0 


2. Find the value of К for which x? + 4x? + 5x + 2 + k = 0 has equal roots. Also find 
those roots 
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3.4 STRUM'S THEOREM 
Let f(x) = 0 be an equation having no equal roots. Let f,(x) be the first 
derived function of f(x) 


Let the process of finding the greatest common measure of f(x) and f,(x) be 
performed 


Let а: be the quotient and f2(x) the remainder with the sign changed. 
Then f(x) = а. f4(x) — f2(x) 
Similar operation can be performed between f,(x) and f2(x) and 

We get f1(x) = q2 Р (x) - ы 
If we continue the operations 


We get 
f2(x) = 9з fa(x) - f, (x) 


fra (x) а, f, (x) ГЕ fa (x) and so on. 


The successive remainders with their signs changed. (ie) the functions 
fax) f3(x) ...... wil go on diminishing in degree till we reach a numerical 
remainder, say f(x). 


These functions f(x), f4(x), f2(x) ...... fm(x) are called Strum's function. 


The difference between the numbers of changes of sign in the series of 
Strum's functions when а is substituted for x and the number when b -s 
substituted for x express exactly the number when b is substituted for x express 
exactly the number of real roots of the equation f(x) - 0 between a and b. This is 
known as Strum's Theorem and the proof of this theorem is beyond the scope of 
this book. 


Substitute O and « in the series of Strum's functions and the difference 
between the number of changes of sign will give the positive roots 


Substitute -a and 0 in the series of strum's functions and the difference 
between the number of changes of signs will give the negative roots. 
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The difference between the number of changes of sign when ~-a and +a 
are substituted in the series of Sturm's function will give the number of real roots 
of the equation. 


Example: 1 
Find the number of real roots of the equation x* — 14x? + 16x + 9 = 0 


Solution : 
Let f(x) = x^ — 14x? + 16x + 9 = 0 


f(x) = 4x? — 28x + 16 = 0 


(-)-х7-7х-4-0 














Xf — 7x 
(-)1 (+) (+) 


з 12/2 _ 9 
7^ 9 X 


12 


+4 х4 – 14x? + 16x +9 


а= 7х2 + 4x 
) (+) (+) 


(x) (x) 



















— 7x? + 12x +9 

7x? — 12x —9 = f; 
(x3) 2142 — 36 x – 27 
(хт) Ax? — 70 x + 49 


d Xd 
7 













12,2. 40x 
7 
12x? -40х + 28 +3 


+4=0+7 








3x? — 10x +7 
(x17) -> 51X? — 170x % 119 





(+ 2) 17x — 38 = fs 


-952х + 2023 
- 105 
(+(3)) 35 = f4 







(x3) => 31x? — 114x 
-) €) 
— 56x + 119 


(х) 






х 56 









(х) = 7х2-12х-9 
f3(x) = 17x - 38 
Һ(х) = 35 


The signs of the Sturm's functions when —а,0 and +a аге substituted are 
tabulated below. | | 
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Example: 2 


Find the number and position of real roots of the equation x? — 3x +6 = 0 


Solution: 
Let f(x) = x? — 3x +6 
fix) = 332—320 


= х?— 1 








Fo(x)= x-3 

X3 => 3x-9 
3x — 1 

-8 

Тһе Strum function are 


f(x) = x? — 3x + 16 


fı (x) = x? - 1 
(х) =x -3 
f3(x) = — 24 


When -о, 0, +a are substituted in the series of Sturm's functions, 


We get the signs. 


f(x) Ї (х) 1 (х) fa(x) Numbers of 
changes of sign 
-0 32 + 22 ES 2 
0 * - - - 1 
ча + + + - 1 


The number of real roots is only опе and we сап see that it is negative. To 
fix the exact position of the negative root substitute —1, —2, —3 


141443 , until you get 
the same number of changes of sign. 
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f(x) fux) f2(x) f3(x) Ї (х) Numbers of 
changes of sign 


-a : + — + — + 4 
0 * * x = ы 2 
а 2 T * T T + "0 


Hence the number of real roots is 4. Two of which аге positive and the 
other two negative. 


Example: 3 
Find the Sturm's function of the polynomial х? - Зх + 120. 


Solution: 
Let f(x) = x? – Зх + 1 


f'(x)23x*-3 (+3) 


=i] 





х° — 1 


(x?) 


The Sturm’s function 
f(x) = x? —3x+1 


fix) = Зх? – З 
fa(x) = 2x — 1 
(х) = x-2 
fa(x) = 3 


When -о is substituted іп the Strums functions 


f(x) f(x) f2(x) fa(x) Numbers of 
changes of sign 
-1 : T + - = 1 
-2 : * * 58 ie озы e 7 
-3 : — % - - 2 


. The negative root lies between —2 and —3 
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Ехатрїе: 4 


Find the number of real root of xê — 5x* + 9x? — 9х? + 5x — 1 = 0, Using 
Strums function. 


Solution: 
Let f(x) = х5 — 5x* + 9x? — 9x? + 5x — 1 


f'(x) = 5x* — 20x? + 27x? - 18x + 5 


x | 5х* — 20x? + 27x? — 18x + 5 x? — 5x* + 9х3 — 9х? + бх — 1 

5x*+ 0 – 5x? (x5) 

— 20x? + 32x? — 18x + 5 5х5/— 25x* + 45x? — 45x? + 25x —5 

— 20x? + 20x 52 20x* + 27x? - 18x? 45x 
тык WE. л. у „к (-) (+) (—) (+) (—) 

їз = 32x? — 38x + 5, 2. 

(х38) - Вх“ + 20x? — 27x? + 18х – 5 
1216x? — 144x + 190 СО +) C e 

fa(x) x 26 — 2x? + 2х 

832x? — 988x +130 | (+2) 

2 fax)-x'—-x (x5) 
832х- — 60 8x : 
(-) (+) 555-5х (4) 
20x? — 20x 
—380x +130 
x? — x (x 32) 
(--10) А 
32х° — 32x 
38x — 13 
32x? — 38 x? + 5x 
p26) C) (9 6 
988x — 388 38x? * 37x (x 32) 
988x — 722 


1216х2 — 1184x + 0 
1216х2- 144 x + 1190 
(-) (*) (- 


(-) (*) 


55 369 260x - 1190 (+10) 


fy = 26x – 19 (х 32) 


= 832x — 608 
The Sturm’s function are 


f(x) = xs — 5x* + 9x? — 9х? +5х — 1 
f(x) = 5x* — 20x? + 27x? — 18x + 5 


fax) = х? – x 
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f3(x) = 32х2- 38x + 5 
fa(X) = 26x — 19 
fs(x) = — 384 


when —a, 0, and +a are substituted are 


f(x) (х) (х) fa(x) һо) fs(x) Numbers of 
changes of sign 
~ - + - + - - 4 
0 ыг + + + - - 2 
« - - + + + ES 1 


Hence the number of real root are is 4 two of which are positive and other 
two negative. 


Example : 5 


Find the number of real roots of the equation x^ + 4x? — 4x – 13 = 0 


Solution: 
Let f(x) = х“ + 4x? — 4х — 13 


Р(х) = 4х? + 12x? - 4 (+ 4) 


= х° + Зх? — 1 
x | х%3х2-0-1 x? + 4х3 + 0 – 4х – 13 | x 
хэ + x? + Ax xt + 3x? +0 x 
(-) (-) © (-) С) 69) (+) 
2х2-4х- 1 x°+0 – Зх – 13 | 1 
2х? + 4х + 8 x? + 3х2 + 0- 1 
ANE = (ә) (O0 (С) (+) 
- 6х-9 - Зх — Зх — 12 
(+ ~3) - 3 
f3(x) = 2x + 9 (х) = х2 + х +4 


(х) 2 
2x? + 2х +8 


2х2 + 2х +8 х 
2x? * 3x 
(-) (-) 
- xt+8 


х (-2) 11 
2x — 16 
2x + 3 
C €) 

- 19 


115 


Тһе Strums functions аге 
f(x) = x! + 4x? — 4x - 13 
+ (х) = xX? + Зх? — 1 


fo(x) = х2 +x +4 


f3(x) = 2x + 3 
fa(x) = – 19 
Exercise : 


Find the number of imaginary roots of the equation х“ : Х-х-2х%4 
Find the number of distinct real roots of the equation x? — 3x + 1 = 0 & locate 
them. 
Find the number and position of the roots of i) х—5х+1=0 

ii) x? — 7х +7=0 
Find the range of values of c for which the equation х“ + 4х3 — 8x? +c=0 
has four real distinct roots. | 


е Qr т 


3.5 GENERAL SOLUTIONS OF THE CUBIC EQUNATION 
i) Cardon's Method: 
1. Let the cubic equation be х? + рх + д = 0 (1) 
Letx beu + v 
Substituting this value of x in equation (1) 
We get 
(u* v * р (и *q-O 
(ie) и? + v? + [3uv (u*v) + p (и+у)] 5450 
(ie) u? + у? + + (u+v) (Suv + p) = 0 
Choose и and v such that 3uv + p = 0 
Then the equation reduces to 
+ №+4а=0 (2) 


with the condition 3uv + р = 0 


Eliminate u from (2) and (3) 
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3 
р 3 
We get | - — =0 
g | Б. +V” +q 


p? 
(ie) астыда -4-0 


p? 
(ie) OT. 4qv? = 0 


(ааа - P 0 
27 


From (4) and (5) relations, 


We get that u? and v? are the roots of the equation 


3 


Ü-qt- Р 20 ием = 
Ч 27 р 
u? and v? сап Бе determined from this equation 


3 
е+а -Р_=0 
1 27 


2 | а 
-q+ а - 4(1) | – — 5 р? 
ага EN 
2 ` 4 


211) E 


2 3 
Roots of the equation (6) are real only, when ын + > >0. 


In that case two roots of equation (1) are imaginary and one root real ог 


two of the roots of the equation (1) are equal. | 
2 3 


Let Bou. 


4 27 


(ie) 4p? + 27а? is positive. 
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Then и? and v? are real and 
Let u? = mê, у? = n? 


Here we obtain 3 values of u.viz. m.wm, w?m and 3 values of viz., n, wn, 
мп, where w апа w? are the cube roots of unity. 


Hence we get 9 combinations for и + v. Out of the nine ccmbinations the 
following 3 combinations values are only valid for u + v since 


u? v? = – —— (ie) uv = — 


© [o 


m+n; mw + пм? and мм + nw 


Hence they are the roots of the given equation(1). 
The solution of the cubic equation depends on the roots of the equation (6) 


3 
The roots of the equation (6) are imaginary if а? DT in that case 


both u? and v? are imaginary quantities. 


This has no arithmetical meaning. Hence Cardon's method is not useful. 
So before trying to solve a cubical equation. Find the nature of its roots. If all the 
three roots are real we can not use cardon's method to get arithmetic values for 
the roots. 


Example: 1 
Solve the equation x? - бх – 9 = 0 


Solution: 
Here p =- 6, and а =- 9 
4р? + 27q? = 4 (-6)3 + 27(- 9)? = 1323 > 0 


Hence the equation has one real root and two imaginary roots and so 
Cardon's method is applicable. 


- X = и + у where и? and v? are the roots of the equation. 
3 


t*9p- 5 -0 
(ie) t?-9p+8=0 (р--6,4--9) 


(ie) (t — 8) (t —1) = 0 “ТТТ-8 
и? = 8 and у? = 1 
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Hence 2 + 1 (ie) З is one of the roots of the equation. 


The other roots are 2w +w? and 2w? + w. (or) since 3 is one of the roots of 
the equation, Dividing the given equation by x — 3. 


We get the other roots of the given equation. 
They are the roots of the equation 


x + 3x+3=0 
Hence the given equation has the 3 roots х + 3x+3=0 


-3+ 49 – 4 (3) (1) 


| 2 
-3-143 -3—Ь/3 X= 
3, те ea -3-49-12  -3zi43 


12 2 


These are the same as 3, 2w + w? and 2w? *w. 


Example: 2 
Solve the equation x? — 9x? *108 - 0. 


Solution: 
Transform this equation into one without the second term. (ie) the term 
without x? term. 


This can be done by decreasing the roots by 3. 
That equation is х? — 27x + 54 = 0 (1) 
If o, В, y are the roots of the equation (1), the roots of the given equation 


are «+3, В+ 3, and y+3,. 


3 
Here и? and v? are the roots of the equation t? + qt — Бә =O where а = 54, 
р--27. 
3 
(е) + 54t + 22 ag 
27 
(ie) t? + 544 + (27)? = 0 
(е) (t + 27)? = 0 [(a-- b)? =‘: a? + 2ab + b?] 
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Hence two of the roots of equation are equal 
, u*z—27 апа v? = – 27 


Hence и = ~ З апа у = – З 


2. The roots of the equation (1) аге 
—6, -Зо —3o? апа — 3o? —3o 


Since о and о? are the cubic roots of the unity. 


1% о% o? = 0. 


Hence these roots are -6, 3, 3. 
The roots of the given equation are —3, 6 and 6. 


Example: 
Solve the equation x? — 12x + 65 = 0 


Solution: 
This is the standard form 
Putx=utv 
x? = (и + у)? 


x? = u? + v? + Зиу(и+у) 
= и? + v? + 3uvx 


x? — 3uvx — (u? + v?) =0 


Comparing the given equation. 


We get, 
— 8uv = —12; — (и? + v?) = 65 
uv = 4 и? + ү? =— 65 
u?y3 = 43 
u°v? = 64 


form an equation whose roots аге u? & v? 
Е + 654 + 64 = 0 


(t+ 64) (t - 1) = 0 


t = — 64, —1 
Оге or the roots are и; & v4 
и? =-64, Уу? = – 1 
и: = — 4, уул-1 
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Hence the roots of the equation. 
Uy + V4, UW + V4W?, Сум? + vaw 
и: = — 4, у; = —1 


са) ӨӨ 28) (288) р ЕН 


54-4У3»1-Һ/3 44443 «1-13 
2 2 


Hence the three roots are 


_в 5-13у3 541343 
' 2 ~ 2 
Example: 
Solve the equation x? —9х +28 = 0 


Solution: 
This is the standard form 
Put x = u +y 


х? 


(и + vy 


и? + v? + 3uv(u + v) 


u + v? + 3 uvx 


x? — 3uvx — (иЗ + v3) = 0 
Comparing the given equation, 
We get — 3uv = — 9; — (uà? + v?) = 28 

uv = З иЗ + vy? = 28 

form an equation whose roots are u? & v? 

t? +281 +27 = 0 

(t+ 27) (1+ 1) = 0 

і = – 27, - 1 


One of the roots аге и, & v4 
152, vi =-1 


u,7—3, уз-1 
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Hence the roots of the equation 


uy + V4 и о + V4 о2, Uo? t Vi © 
и! = — З, м = – 1 
-3-1, Бэ e [25] 


= 14 э-э ыз” Бына 
2 | 2 


214 (21268 2:253. 
| 2 3 


Hence the three roots are 
жай, D V. 2+ 1/3 
Ехатріе: 
Solve the equation x? — 27x +54 =0 
Solution: 


This is standard form 
Put x-u-tv 


х 
ll 


(u + v)? = u? + v? + 3uv (u + v) 
u? + v? + 3uv x 


— x? — 3uvx — (u? + v3) = 0 
Comparing the given equation, we get 


— 3uv = — 27; — (u? + v?) = 54 
uv=9 u? + v? = — 54 
form an equation whose roots are u? & v? 
t? + 541 + 729 = 0 


-54 + 4/2916 - 2916 - 
— t= LB Ey A = --27 


= — 27 (twice) 
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One of the roots аге u, & v, 
u? --27,у2 --27 


u,7—3; ү; = – 3 
Hence the roots of the equation аге и; + Ул, и; о + V1 œ, Uo? + Vio 


Ш = – 3, м = – 3 


ЕГЕН 
egeat] 


T EJ 6 


2 2 


=> ~ 6, 3, 3. 


Ехегсіѕе: 
1. Solve the equation 
i) хз = 6x? – 6x + 63 = 0 
ii) x? = х2-16х%20-0 
iii) x? = 3х2 – 21x + 49 = 0 
ім) x? = 6х2 + 9х+ 4-0 
v) х? = 15x? — 33x +847 = 0 
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UNIT — IV 


NUMERICAL METHODS 
NUMERICAL SOLUTION OF ALGEBRAIC AND TRANSCENTAL EQUATIONS 


4.1 Introduction: 
The function f(x) of the form 
f(x) = аох" + a,x" + ах”? есл аах» а, ...... (1) 


where n is a positive integer and a, ,a; a2 ....a, are independent of x ((ie) are 
constants) with а, = 0 although some of aj, а........ a, may be zero in known as a 
polynomial of degree n. 


This may also be called as an integral function when x in f(x) occurs in an 
integral form only (ie) never in denominator or with negative power. The values of 
-X making f(x) zero are known as zeros or Roots of the polynomial f(x), and every 
polynomial of degree n has n roots. 


The Polynomial f(x) equated to zero gives the rational integral equation 
which is Algebraic or Transcendental according as f(x) is purely a polynomial in x 
as (1) or contains some other functions (transcendental) such as trigonometric, 
Logarithmic or exponential etc., 


Ех: х? + 2x* – 3x + x -9 = 0 is ап algebric equation, while 
Зх? + log(x+1) + e™+ cos x = 0 is a transcendental equation solution of an 
equation f(x) = О means to find its roots or zeros. 


The problem is to find an approximate value of x which satisfies the 
equation f(x) = 0. One way is to draw the graph of y = f(x) and find the 
approximate values of the abscissa of the points where the graph crosses the 
x — axis. It is not always easy to draw the graph of y = f(x). In some cases the 
equation can be written as 14(х) = f2(x) 


Then the abscissa of the intersecting points of the two graphs у = Ғ.(х) and 
у = Ё(х) will give the real roots of the equation Қх)-0. These two methods will 
give at the most an approximate values of the real roots correct to one place of 
decimal. 


Before finding an approximate value of the root by drawing graphs, it is 
better to find the limits between which a real root lies. "If f(x) is a continuous 
functions function in the range (a,b) and if f(a) and f(b) have different signs, then 
there is at least one real root between a and b". 
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1. Find the positive root of the equation 
Х--Х-1-0 


Solution: 
Given f(x) = x? -х– 1 = 0 


We shall find the values of f(x) when х-0,1,2,3,...... 


х-0: Қо) = (0) —0 —1 = -1 

x21; f(1) = (1p -1 -1 = -1 

х-2; 42) = (25 -2-128-2-1- 5 
х=З f(3) = (3) -3 -1 = 27-3-1= 23 
Е 14) = (4)? -4 -1 = 64-4-1- 59 


Неге f(1) is (-ve) and f(2) is (+ve) 
~ Hence a root lies between 1 and 2 
To find a still closer approximation find the values of f(x) for intermediate values 


between 1 and 2. 
Let x be 1.5 xt? 3-15| 





f(1.5) = (1.5)? — 1.5 — 1 
= 0.815 
Here f(1) is (- ve) and f(1.5) is (*ve) 
Hence the root lies between 1 and 1.5 


To find still closer limits find f(x) for x 21.1,1.2,1.3,1.4 . 
‚ Х=1.1 
f(x) = (1.1)? — 1.1 - 12 1.331 — 1.1 — 1 = –0.769 
х= 1.2; f(x) = (1.2)? -1.2 -1 = 1.728 — 1.2— 1 = —0.372 
х= 1.3; f(x) (13) —1.3 —1 = 2.197 — 1.3 — 1 = —0.103 
х= 1.4; f(x) (1.4? —1.4 —1 = 2.744 - 1.4 — 1 = —0.344 


n 


Here f(1.3) is (-ve) and f(1.4) are (*ve) 


"Тһе root lies between 1.3 and 1.4. 
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To find still closer limits, find f(x) - 1.35 
f(1.35) = (1.35)? — 1.35 - 1 = 2.460375 - 1.35 — 1 
= 0.1104 & is (+ve) 
2. The root lies between 1.3 and 1.35. 
To find still closer limits find f(x) for 
х = 1.31 , 1.32, 1.33, 1.34. 


= 1.31 ; Қ1.31) 


(1.31): -1.31-1 = 2.248091 - 1.31 — 1 
= — 0.619 


х= 1.32 ; f(1.32) = (1.32)? —1.32 —1 = 2.299968 — 1.32 — 1 
= —0.02 


х= 1.33 ; f(1.33) = (1.33)? —1.33 —1 = 2.352637 — 1.33 – 1 
= +0.0226 - 


х = 1.34 ; (1.34) 


(1.34)? —1.34 —1 = 2.406104 —1- 1.34 — 1 
= +0.0661. 


Неге f(1.32) is (—ve) and f(1.33) is (+ve) 


Hence the root lies between 1.32 and 1.33. 


х_1-32+1.33 _ 265 142 
2 2 


To find still closer limits, find f(x) for x = 1.325 

f(1.325) = (1.325)? — 1.325 —1 
- 0.0012. 
Here f(1.32) is (-ve) & f(1.325) is (+ve). 
Hence the root lies between. 1.32 & 1.325 
Find f(x) for x = 1.321, 1.322,1.323,1324. 
х= 1.321 ; f(1.321) = (1.321)? —1.321 -1 = 2.305199161 — 1.321 — 1 
= — 0.0158 
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(1.322)? -1.322 -1 = 2.310438248 – 1.322 – 1 
-0.01156 


х= 1.322 ; f(1.322) 


(1.323)? —1.323 -1 = 2.315685267 - 1.323 - 1 
—0.0073 


x = 1.323 ; f(1.323) 


(1.324)? —1.324 -1 - 2.320940224 - 1.324 - 1 
= —0.031. 


х = 1.324 ; f(1.324) 


Here f(1.324) is (-ме) and f(1.325) is (+ve) 


Hence the root lies between 1.324 and 1.325. 
| 2 1.324 -1.325 2.649 
х 7752 


- 1.3245 
2 


To find still closer limits, find f(x) for x = 1.3245 


f(1.3245) = (1.3245)? - 1.3245 - 1= 2.323570681 - 1.3245 - 1 
= —0.0009 


Неге f(1.3245) is (-уе) апа f(1.325) is (+ve) 
г. The roots lies between 1.3245 & 1.325 
To a third place of decimals. 

We can take the value as 1.325. 


Aliter: 
The equation x? — x —1 =0 сап be written in the ferm x? = x +1. 


ә 
oY 


a 
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Draw the graphs of the equation 
Y = х? and у =x+1 


And find the x coordinates of the points of intersection from the graphs it in 
seen that the two curves intersect at only one point an its abscissa lies between 1 
and 2. 


If we take a bigger scale, it can be shown that the root lies between 1.3 
and 1.4. 


4.2 INTERATION METHOD 
Suppose f(x) 50 can be written in the form 


х- F(x) (1) 
Let х be an approximation to the root a 
Then х; F(xo) (2) 
X2 = F(x1) 


, 


gives a future approximation. 


іп general х = F(X), where К = 0,1,2,...... (3) will give further 
approximations. 


This formula (3) is known as the Iteration formula. 


This is valid if f 
Х1,Х2....Хк, Хк+1...... converge to ‘a’ 
subtracting (2) from (1) 


we get 
x — жи = F(x) — Ғ(хо) 


but F(x) — F(xo) = (x - хо) F' (sj) where x < ғу < x, 
By mean value theorem. 


" X= X4 = (x - xj) Ғ (со). 
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Similarly 
X — X2 = (x х.) F' (.). 


X — Xs = (x — xz) Е’ (e2). 


X — Xn = (X — ха!) F’ (e, 4). 


Multiplying all these equation & concelling the common factor on both sides. 


(x — X1) (X — X2) (X — хз)..... (X — Xn) 
= [(X — Xo) (x — хи) (X — X2) .....(X — Xn-1)] F' (£0) F' (e,) F' (e5).....F' (e, 4) 


We get 
X — Xn = (X — Xo) F’ (ео) ЕС (е) жаз F' (=) 


If the maximum value of | F' (х) | < |. then each of the quantities 


| F' (eo) |. | F’ (Е,) | dor | F’ (=...) | «| 


(ie) less than a proper fraction à, then 
| F' (ey) | | F' (s) J....... | Ё (=...) |< А 
Hence |х ~ х. | <|x—x,| л 

Since A is a proper fraction 


Lim |x - xo| 2750 
no a 
г, The condition for the convergence of the errors in Хо,Хч,Хо ....... is | F’ (x)| «|. 


Ехатріе: 1 
Find the positive root of the equation 
x! -x—1 =0. 
Solution: 
Given f(x) = х? - x – 1 =0. 


The curve y = x? and y = x*1 
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We shall find the values of f(x), when x = 0,1,2...... 
х-0; ҚО) = (0)9-0-1--41 
x=1; ИО (1)9-1-1--1 
х-2; 402) (2)8 —2 -1 = 8-2-1 = 5 


Here f(1) is '-ve' and f(2) is “уе: 
Hence a root lies between 1 and 2. 


To find a still closer approximation find the values of f(x) for intermediate 
values between 1 and 2. 


х = 1.5 [x= 123-15] 
f(1.5) = (1.5) — 1.5 — 1 = 0.815 2 2 


Hence the root lies between 1 and 1.5 


To find still closer limits find f(x) for x = 1.1, 1.2 1.3, 1.4. 
х=1.1 ; f(x) = (1.1) -1.1-12 1.331— 1.1-1 

= — 0.769 

(1.2)? —1.2 -1 = 1.728 -1.2 — 1. 

= —0.472 


х= 1.2 ; f(1.2) 


х = 1.3 ; f(1.3) 


(1.3)? —1.3 —1 -2.197-1.3- 1 
= —0.103 


х=1.4 ; f(1.4) = (1.4) —1.4 -1= 2.744 —1.4 - 1 


--0.344 
2. The root lies between 1.3 and 1.4 


This equation can be put in the form 


х-х%-1 
Hence Е (х) -х-х?- 1 
Е” (x) = 3x? 


Е’ (1.3) = 3(1.3)2 
= 5.07 


Hence | F’ (1.3) | is not less than one. 


Hence this way of writing f(x), will not give any valid iteration process. 
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Another way of writing the equation to apply the process is 
х= 1 +x => х?.х = 1+х 


1-х 


(ie) x = x 








іп this case F(x) = Jo x => 
х 


REN 
(1.3)? (1.3)? 


Неге | Е’ (1.3) | «| 
Hence this iteration process is not valid. 


A third way of writing the equation is 
хз = 1+х 


Хос (1 4- х)/8 
In this case F(x) = (1+ х); 
Е’ (х) = 5 (1- x) 28 


x = 1.3 


Hence F'(1.3) = EN кемен 
3(14- 1.35 


- 0.1913 
s TESTE 


Hence this process can start with 1.3 
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іп general Хү. = F(X). 


x, = Е(хоу-(141.3) = (2.3) 5 
x, = 1.3200 


Е(х+) = (144.32) “= (2.32)/5 
= 1.3238 


X2 


хз = F(x2) = (1+1.3238)/ = (2.3238)/5 
- 1.3245 


x, = F(xs) = (1+1.3245)/ = (2.3245) 4 
- 1.3247 


E "E A. A 
Xs = F(x4) = (1%1.3247)/3- (2.3247) 
= 1.3247 


Since x, & xs give the same value. 
г. Hence the root is 1.3247 (correct to 4 places of decimals). 
Example: 2 
Find the positive root of the equation x - cos x correct to 4 places of 


decimals. 


Solution: 
In this case x = cos x. 


2. F(x) = cos x 
.Ғ.(х)--сіп x 

x=0 
F(O) = сов 0-0 

х= 0 
Е(1) = соз 1 = 0.54030 


Hence the roots аге 0 and 1 
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This equation сап be put in the form 
F(x) = cos x 


F’ (x) = sin x 
х-0.5->|Ғ(0.5)-|0.5|-|віп(0.5)4 


Hence this process сап be start with 0.5 Formula: Хүч = Ғ(хқ). 
К =0, X= 5 => x4 = F(Xo) = COS xo = cos(0.5) = 0.8776 


K=1, x47 0.8776; x2 = F(x;) = cos x; = cos(0.8776) = 0.6390 


К = 2, X2= 0.6390 => х; 


F(x2) = cos x2 = cos(0.639) = 0.8027 


К = 3, x57 0.8027 => x, cos(0.8027) = 0.6948 


F(x3) = COS X3 


K=4, х.= 0.6948 => х; 


F(x4) = cos х = cos(0.6948) = 0.7682 


К =5, х= 0.7682 => Xe 


F(x4) = cos xs = cos(0.7682) = 0.7192 


К =6, х= 0.7192 => х; 


F(Xe) = cos хе = со5(0.7192) = 0.7523 


K= 7, X7= 0.7523 => ха 


F(x7) = cos x7 = cos(0.7523) = 0.7301 


K= 8, X= 0.7301 > хо 


Е(ха) = COS хз = cos(0.7301) = 0.7451 


К = 9, хәл 0.7451 => ху = Р(х») = cos хо = СО5(0.7451) = 0.7350 
К = 10, X19 = 0.7350 ; x1 = F(X1o0) = COS X10 = cos(0.7350) = 0.7418 


K = 11, X41 — 0.7418 ; X12 = F(x41) = COS X41 COS(0.7418) - 0.7373 


К = 12 хі- 0.7373; х+з = F(x12) = cos X12 = cos(0.7373) = 0.7403 


К = 13, x13 = 0.7403; X14 = F(X13) = COS X13 = СО5(10.7403) = 0.7383 


K = 14, X44 — 0.7383 ; X45 


F(X14) = cos X14 = cos(0.7383) = 0.7396 


K = 15, X15 = 0.7396; X46 


F(X15) = cos xis = СО5(0.7396) = 0.7387 


К = 16, х= 0.7387; x1; = F(X1e) = COS Xig = cos(0.7387) = 0.7393 
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К-17, хуу 0.7393; xag = Ғ(хі?) = cos X17 = cos(0.7393) = 0.7389 
К = 18, х.з = 0.7389 ; xig = Ғ(хіз) = COS X1s = СО5(0.7389) = 0.7392 
К = 19, X19 = 0.7392 ; х»о = F(X19) = COS X19 = cos(0.7392) = 0.7390 
К = 20, X29 = 0.7390; x2, = F(x20) = cos(0.7390) = 0.7391 
К = 21, X21 = 0.7391 ; X22 = F(x24) = cos(0.7391) = 0.7391 


Since Хо, and X22 give the same value we take the root as 0.7391. 
Correct to 4 places of decimals. 


Example: 3 
The equation 4x ze* has two roots one near 0.3 and the other near 2.1 


Find them. 


Solution: 
Given the equation can be written in the form 


Formula: хк = F(x,) 


F (x) -ү9 
Hence F'(x) = тех 
Сімеп хо = 0.3 
Е 54 - ze" = 1349058808 =0.3375 
|F'(0.3)- 0.3375 < 
Given x = 2.1 
Е’ (2.1) = те?! = ae = 2.0415 
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[Е (2.1) = 2.0415 « 1 


Hence this process can start with 0.3 


1 оз _ 1.34986 


X1 = F(X) => х; = = 0.3375 
1 (хо) 1574 477. 
X2 F(xi) > X: = 1 0.3375 = 1.40144 = 0.3504 
4 > 4 
Хз = F(X?) > хз = 1 40.3804 ed саа 0.3549 
4 4 
Хү, = Е(хз) = Хал Лео EE. 1.42604 z 0.3565 
4 | 4 
X5 7 F(x4) => ХБ = 103565 = соз? = 0.3571 
4 4 
Xe = F(Xs) > Xe = 1 олон = 1.42918 = 0.3573 
4 | 4 
ху = Ғ(ж) => х; = ларе 109949 = 0.3574 
4 4 
Хв = Ғ(ха) — Xs = em a ев 0.3574 


Here X; = Ха 


Hence the root is 0.3574 correct to 4 places of decimals. 


Here 2.1 can not be the starting point for this form x = те" 


Since Е’ (2.1) « 1. 
The equation іѕ ех = 4 x 


Taking log on both side. 
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x = 104.4х 
Here, F(x) = 10g«(4x) = 1094 + logx. 


F’ (x) = 


ГЕ (2.1) = = 0.47619 < 


B 
2.1 
^ [F'.1) 4. 

Hence we can start with 2.1 in this — iteration process. 
Let Xp = 2.1. 

ху = F(xo) = X = 1094 (2.1) = 109.(8.4) = 2.1282 

хр = F(xi) => x; = 1094 (2.1282) = 109.(8.5128) = 2.1416 

хз = F(x;) > хз = 1094 (2.1416) = 100,(8.5664) = 2.1478 

ха = Е(хз) => ха = log4 (2.1478) = 109,(8.5912) = 2.1507 

Xs = F(x4) > Xs = 1094 (2.1507) = 109.(8.6028) = 2.1521 

Xs = Ё(Х5) => " = |004 (2.1521) = 109-(8.6084) = 2.1527 

X; = Е(х) => x; = 1094 (2.1527) = 104-(8.6108) = 2.1530 

Ха = F(x7) => Ха log4 (2.1530) = 109е(8.6120) = 2.1532 

Хо = Ғ(ха) — Xə = log4 (2.1532) = 100.(8.6128) = 2.1532 

Неге ха = Хо. 

Hence we take 2.1532 as the root correct four places of decimals. 
Example:4 


Find a real root of the equation cos x - 3x — 1 correct to 4 decimal places 
by iteration method. 
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Solution: 
Let f(x) = cos x — 3x+1=0 


КО) = cos о — 3(0) +1 = 0 = +ve 


(54) = COS 72 — З %-%1 -0 - 8в-2) = —уе 


i т 
a root lies between О and УА 
Тһе given equation тау be written as 


х = 6 (1+соѕ х) = ф (х) 
ФО - 4 эт х 


| sin х<1 V x & in particular т (0.55) (іе) (0,1,5,708) 


3 


le'(x) = 








Hence the iteration method may be applied. 


Let us take хо = 0.6. 


х= 5 (1+соз X1) = = (1*605(0.6); 
x, = 0.60845 
1 

ха = = [1+(0.60845)] 

х, = 0.60684 

Хз = ан жсо5(0.60684)| = 0.60715 
Хат = [1+с05(0.6071 5)] = 0.60709 
хь = 20 *cos(0.60709)] = 0.60710 
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Xs = = [1+c0s(0.60710)} = 0.60710 
Due to repetition of xs and xc, we step our work here. 


Hence the roots 0.6071 correct to 4 decimal places. 


Example: 5 
Solve the equation хз +x2 — 1 = 0 for the positive by iteration method. 


Solution: 
Let f(x} = хз *x2—170. 


-1 = —е: f(1) = 1 = +ме 


li 


f(o) 
The root lies between 1 and 1 


The given equation as x?**? = 4. 





(ie) lp (О) -5<1 and |4’ (1) [<] 


(ie) |9 (х) |<| Ухе(0,1) 
Hence, the iterative method can be applied. 
Take xo = 0.75 as starting value. 


: : - = 0.75593 


1 
X4 7 — E FO 
14 Жо 412 0.75 41.75 
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хз ———— m. = 0.75493 


41-0.75465 41.75465 


1 1 
= = 0.75487 
47 0.75493 4478493 


Xs = JO ae = Қамал МЕ) = 0.75488 


41-- 0.75487 41.75487 


1 


414 0.75488 


X6 = 0.75488 


Due to repetition of xs and xs. We stop out work here. 


Hence the root is 0.75488. 
Exercise 
1. Solve the following by iteration method 

i) 3Х-со5х-2-0 

it) 3x = 6 + logiox 

iii) xX +x+1=0 

iv) 2x — log10x =7 

v) Зх + sin x = ех. 

vi) x? + x? = 100 


4.3 Newton — Raphson Method 
When an approximate value of a root of an equation is known, a closer 


approximation may be obtained by the following method commonly known as 
“Newton Raphson Method”. 


Let a bea root of the equation f(x) =0 & 


Let х, be an approximation to a. 


а= х, +h where h is small, positive or negative. 


f(x, + ћ)=о 


(ie) (хо) + h f (x,) + z (хо) + --. =о [By Taylor's Theorm]. 


Neglecting higher powers of h. 
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We get, 
(хо) + hf'(x,)- о approximately 


jue 1050 approximately 


Ро) 


la=x, +h f(x) 
А-о- x, | (Хо) 





п a = Хо- approximately 


Let this approximation be x4 
(Хо) 

f (x,) 

Repeating this process, We get 


Then х; = х, — 








This formula is known as Newton's Raphson formula. 


Geometrical Interpretation 
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Let the curve y = f(x) cuts the x — axis atx- a. 
Then а is a root of f(x) = 0 
Let x; be an approximate root of f(x) = 0 


Then x = x, is a point near to x = а. 


If the ordinate at x = хо, meets the curve y = f(x) at P, then the tangent PT, 
to the curve y = f(x) will in general meet the x— axis at the point x4, which is 
nearer to the root о than the first approximation. 








(хо) _. Ff 

б o 

. Хо — х = (хь) 
ЕТСЕ 
Хүрэх 2 06) 
. 1 о f'(x) 


Repeating this process, 


f(x) 
fo) 


X2 = X4 — 
Then Т; is the point x = x; continuing the process, 
We get points 

T3(X.= X3), Ta (x = X4) РРР T(x = Xk) Ts 


Which will approach the point which is X = a. 


Error in Newton — Raphson Method: 
By the Newton — Raphson Method 


f(x.) 
f'(x,) 





Xk+1 = X — 


This is really an Iteration Method, where 


141 


f(x, ) 
f'(x,) 





Хүүд = F(X,)&F(x,)- x, - 


Hence the equation is of the form 





x = F(x) where F(x) = x — нэ) 
(ху) 
Хо, X4, X2 ....... X k+1 CONVerges to the true root 
if | F’ (x) | <1 
. , 2 _ ” 
(ie) 1 - ООР -109017 (ху, 








ЇГ оор 





ғо =x o 109 руса ОО f'09 - Қо) ын 
Р(х) f'(x)? 


<1 


Н. СОР - [рәр + Қо) ғ"(х) 
ғор 





f'(x) f(x) 
[oo] 


< 








(ie) |х) f") < (хр 
This is the desired creteriam for convergence. 


Order of Convergence of the error 
Let Ek = x, — о wher Е, is the error in the К" stage. 


If the sequence (xx) converges to a. Then the sequence (Е,) converges to O. 
If the error E, is related to the error E... 


(ie) хк. - о by the formula 


Ekan] <à |E] where 2,р are constants and л> 0, P 5 0 
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then we say that the convergence is of order р. 
If P = 1, the convergence is said to be linear. 
if P = 2, the convergence is said to be quadratic and so on. 


Obviously the convergence is faster if p is larger & X is smaller. 
Case i) Let a is a root of the equation f(x) 50 of order one. 


If the equation is expressed in the form 
X = F(x), then xx, = Ғ(хк) 
But F(x,) = F(a +Е,) where E, is the error іп the K^ stage. (-E, = Xx, 


7. Xka = Е(с-Е,) 


= F(a) + Ч зүс ) + шэн у Е” (a) + ....... By Taylor's Theorem. 
2 
=o + ғасы (a) deis | хР(х)] «. -Ғ(а) 
жы м = Зєв (a) + E9- 24 F(a) + ........ 


бе) Ex = SE Ра) + or 


In the Newton — Raphson formula 


шаг 
F(x) = x F(x) 


F(x) = 1 — Ё ООР - foo 00) 


[оор 
Fog ООЁ - reor +19 ГОО 
42 
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f(x) ҒО) 





Е'(х) = 
(х Ir GoF 
: Fia) e TEL хи since f(a) = 0 
a 
Again кб [ГОО] FOO f"69 + f'69 0901-1009 f") 2809 Р(х) 
[roo] 
M ЇГ (сэ (Ко) Ғ(о)»ҒҚа)ғ (0)] - Қа) fa) 2f" (a) f" (о) 


[f (o 


, FoF fa) _ fa) 
2 Е == ҒА лей Айнала SS 2уд222 
(a) Ро) f?(a) 


(EL) f(a) 


Omitting higher powers of Ex. 
2! {' (о) g hig p k 


Hence Ек = 








г. The convergence is quadratic. 
Case ii) Га is a multiple root of order p of f(x) = 0, then 
f(x) = (x о)? Q(x) where Q(a) 0 


f(x) = P(x— о)?” Q(x) + (x- a)" Q(x) 


Д) (х-аудб 2 
f(x) Р(х а)? С(х)-(х-о)” Q'(x) 


(x-a) Q(x) 
(x-a)? IP (x - a)! + Q(x) 





PQ (x) + (x - a) Q'(x) 
Let us take F(x) = x ~ Tur 


"- À (X — a) Q(x) 
РО (x) + (x - а) Q'(x) 
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Finding F' (x) & than substituting a. for x, we get 


IPQ69 + (x ~ а) Q(x) [AQ(x) + Мх = a) О' 09] + их — а) Q(x)] 
[PQ'(x) + Q'(x) + (x - a) Ох) 


D CENE COUR а 


: PQ(a) Q(x) 
haat 

үш [Pa (a) 
Pa Q? (о) , 3 


E astu = 
б) P?Q? (а) р 


As proved т case (i) 


2 
Ek, -F'(a) E, + Е" (а) =, 729 where E, = хк — а. 


When 2-1. 


We get the Newton — Raphson formula. 


In that case 


F'(a)-1- с and Ек, = í = 2) omitting higher powers of E,. 
p Ek 


/. The convergence is linear. 


Hence if f(x) = 0 has a multiple root, the convergence of the errors is linear. On 
the otherland if л =P 


Е(о)-0 


2 
Hence Ep = Е” юу EL neglecting higher order terms. 


This shows that the convergence is quadratic. 


Hence in the case of multiple root of order X of an equation, it is better to 
take the modified formula of Newton — Raphson. 
А f(x) 


Е(Х) =х- F(x) 


and tabulate the iteration. 
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Example: 1 
Find the positive root of x? — x — 1 = 0 correct to 4 places of decimals. 


Solution: 
Let f(x) 2x х – 1 
fx) = 3х2 7 
Таке х = 1, 2 ....... 
1) = (1-1-1 = 1-1-1= -1 
(2) = (2 – 1 — 1 = 8-2-1-5 


2. hence а root lies between 1 and 2. 


1-2 
2 





-3415 
2 


Xo = 


f(1.5)2(1.5?—1.5—12 3.375 - 1.5— 1 
= 0.875 

г. Hence the root lies between 1 and 1.5 x = 1.3 

f(1.3) = (1.3? —1.3-12 2.197 — 1.3 – 1 

= — 0.103 
f(1.4) = (1.4)9-—-1.4— 1 = 2.744 — 1.4- 1 
= 0.344 

Hence the first approximation to the root 1.3 & 1.4 


Newton Raphson Formula: 





f(x 
Xk44 = Хк ~ ( к) 
f(x.) 
3 
Xka 1 = Xk — Xk Хк - 1 


3x? -1 
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_ Хү(3х,-1)-хү-х, +1 
3x? -1 








3x? -1 
ig 2x? +1 
3x? —1 
К = 0, хо = 1.3 
_ 2х0 +1 _ 2(1.3)* +1_ 2(2.197)+1 
"7 3х2 -1 3(4.3)2-1  3(4.69)-1 
= 5.3944 = 1.3253 
ksi, хі = 1.3253 
ез 2x} +1  2(1.3253) «1 _ 2(2.32778) +1 


3x? -1 3(1.3253)?-1 3(1.7564)-1 


_ 5.65556 


= ------- 1.3247 
4.26926 


k = 2, х = 1.3247, 
хє 252 +1_ 2(1.3247)3 «1 (2.3246)2-1 
3х3-1 3(1.3247)2 -1 3(1.7548)-1 
5.6492 


7 4.26449 
since X2 = хз 


= 1.3247 


The root correct їо 4 r'aces of decimals 1.3247 


The varies approximations converge to the true value if |f(x) #"(х)| < ГО 


This can be verified by putting x = 1.3 in the formula. f'(x)-3x 


(- 0.10 3) (3.9) < [14.21] 
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Ехатріе: 2 
Find the positive root of the equation x = cos x. Correct to 4 places of 
decimals. 


Solution: 
Let f(x) = x - Cos x 


x30, Қ0)-0-Сов0 --1 
x21, 41) = 1- Cos 1 = 1 – 5403 = “4597 


Hence the root lies between o and 1 
0-1 





Newton — Raphson Formula: 
f(x, ) 
Хк = Xk — L——— 
k+1 k F) 
Here f(x) = x - Cos x 
f'(x) = 1+ Sin x 


Xy — COS X, 
Xk+1 = Xk — ----- 
1+ sin x, 
- (1+ sin x,)—x, + cos x, 
<= ааа 
1+ sin x, 


Хк Sin X, + COS X, 
Хк+1 = о 
1-4 біп x, 


К =0,х = 0.5 


0.5 sin (0.5) + cos (0.5) 
1- sin (0.5) 

- 0.5 (47943) + 0.87758 

1-0.47943 


Hence x, = 


- 9.239172 + 0.87758 


-0.7 
1.47943 шин 
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Ж 


- 0.7552, k=1 


0.7552 sin (0.7552) + cos (0.7552) 


Xo = - 
1+ sin (0.7552) 


1+ 0.68543 


_ 0.51764 + 0.72813 — 0.7391 
1.68543 
X2 = 0.7391, k=2 


к, = 2.7391 sin (0.7391) + cos (0.7391) 
: 1+ sin (0.7391) 


_ 0.7391 (0.67362) + 0.73908 _ 0.49787 + 0.73908 
1+ 0.67362 i 1.67362 


Хз = 0.7391, “Xp = X3. 

Further continuation is not necessary. 

Hence the root is 0.7391 correct to 4 places of decimals. 
Example: 3 


The equation 4x = е” has two roots one near 0.3 and the other near 2.1. 
Find them correct to 4 places of decimals. 


Solution: 
Let f(x) 24x- е; f(x) =4-e" 
Given X = 0.3 


Newton' Raphson Formula is 


Xk+1 = Xk — Eius 
(хк) 
4x, — е“ 

= Xk — k : 
4-е* 
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_ X,(4- e*)- 4x, +e% 
р 4 ех 


4x, ж- хұех -4х, кез 


4-ех 
ез —x, ех ех (1-x,) 

= : 

4-e 4-е* 

К = О, Xo = 0.3 
TN е°3 (1-0.3) _ 1.349859 (0.7) 0.9449012 
UU ^ 4—e93 | 4-1.349850 2.650141 
- 0.35655 


К =1, x = 0. 35655 


е°35655 (4. 0.35655) 1.4284 (0.64345) 





xo Se -------------- 
: 4 — e 035655 4 — 1.4284 
2100199 arenas 
2.5716 


К-2, X2 = 0.3574 


е°357* (4. 0,3574) _ 1.42961 (0.6426) 
4 — 03574 2.57039 


Xa — 


- 0.3574 
"2. X2 = Xa 


Hence the root near 0.3 is 0.3574 


Given xg = 2.1 


е?' (1- 2.1) _ 8.1662 (-1.1) 


х = 
4 е2) - 4.1662 
-8.98282 
о 
17 24.1662 296 
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k=1, x; = 2.1562 
е? 1562 (| 2.1562) _ 8.6375 (-1.1562) 
4 — е21562 -4.6375 
X» = 2.1535 
k =2, x= 2.1535 
e?1935 (4 — 2.1535) . 8.61496 (—1.1535) 
4 — e? 1535 — 4.61496 


X3 = 2.1533 
К 23, хз = 2.1533 


Xo = 


Хат 


е?"533 (1- 2.1533) 8.6132(-1.1533) 
4 — е2:1535 — 4.6132 


X4 = 2.1533, хз = X4 


X4 = 


Hence the root near 2.1 it is 2.1533 


Example: 4 
Find the double root of x? — 5.4x? + 9.24х — 5.096 = 0. Correct to first 


decimal place given that it is near 1.5. 


Solution: 
Let f(x) = х? — 5.4x? + 9.24x — 5.096 
f'(x) = 3x? – 10.8x + 9.24 


Formula: 
A. f(x) 
(х) 
2f(x) 
Р(х) 
_ 2 (x? – 5.4 x? + 9.24 x – 5.096) 
g 3x? —10.8x + 9.24 


F(x)= x 





. F(x) =x 





X 


3x? —10.8 x? + 9.24 x - 2x? + 10.8 x? — 18.48 x + 10.192 
3x? —10.8 x 4 9.24 


x? — 9.24 x + 10.192 


F(x) - 
09 Зх? — 10.8 x + 9.24 


x, = Xk 79.24 x, + 10.192 
"*! 3х2 210.8 x, + 9.24 
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Hence К = 0, х = 1.5 


-(1.5) – 9.24 (1.5) + 10.192 
' — 3(1.5)? – 10.8 (1.5) + 9.24 


_ 3.375 - 13.86 + 10.192 _ —0.293 


ы у ч шыс у кутыш = 1.3952 
6.75 — 16.2 + 9.24 - 0.21 


k=1, ху = 1.3952 


х... (1.3952)? 9.24(1.3952) + 10.192 
? 3(1.3952)2 — 10.8 (1.3952) + 9.24 


- 2.7159 - 12.8916 + 10.192 - 0.0163 
5.8399 - 15.06816 + 9.24 —— 0.01154 


= 1.4125 
К-2, x27 1.4125 


X 
3(1.4125)? - 10.8 (1.4125) + 9.24 


о 


_ 2.81803 - 13.0515 410.192 -0.04147 
5.98547 — 15.255 + 9.24  —0.02953 


Ха = 1.4043 
k = 3, x3 = 1.404 


З (1 4043) – 10.8 (1.4043) + 9.24 


4 


_ 2.76936 - 12.9757 + 10.192 _ -0.01434 _ 1 4603 


5.91618 — 15.166 + 9.24 – 0.00982 


Example: 5 
Find an iterative formula to find JN (where N is a positive number) and 


hence find 45 
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Solution: 





Let x = JN 
Х-М-0 
2 
Let f(x) = x -N = f(x):2x;a,,7 а - шань 
о 


2 Qi N 1 N 
0,45 Q -—+——=—]0,+— 
2 2a, 2 | x) 


To find V5, putN=5 


Also x = J5 lies between 2 and 3. 
Take a, =2 


1 5 1 5 
ve per 2 
Q4 ы, - [2+ ]-2 5 


Q, = 3(225 22] = 2.23611111 


оз = 2 (223 1111- 2 | = 2.23606798 


2.3611111 


ӨЛЕН ауе РЕ а а. (223606798 + 2223 
opea Jac 2.23606798 


a, 2.23606798 
Hence the approximate value of 45 is 2.23606798 


Exercise: 


1. Find the positive root of f(x) = 2х? — 3x — 6 = 0 by Newton - Raphson method 
correct to five decimal places. 

2. Using Newton Raphson method find the root between 0 and 1 of x? - 6x — 4 
correct to 5 decimal places. | 

3. Find an iterative formula to find the reciprocal of a given number М and hence 


find the value of ES 
19 


4. Using Newton’s method, find the root of the equation х? - Зх – 5 = 0 
5. Find a real root of х? + 2х? + 50x + 7 = 0. 
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4.4 Method of False Position or REGULA FALSI 
Suppose we have to solve the equation 
f(x) = 0 


Let f(a) and f(b) have different signs. Let M and N be respectively, the 
points x= a х = b. 


y 







= 
— 

o 
— 






2Ї---- 


Let c be the point (x = а) where the graph y = f(x) crosses the axis. 
Then a is the true value of the root of the equation f(x) 50. 

Let P, О be respectively the points whose abscissa аге х = a апа x = b 

Let РО intersect the x — axis at С.(х- xi) А? PMC, and c, МО are similar. 


РМ MC, 
МО CN 
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ҚЫ)-|Ғ(а)) b-a 
|f (а) "Ma 


(b - a) |f (a)| 
е0) + | F(a)] 


Hence the first approximation to the root is х; 


(ie) х= а + 


| (а) р-а| 
|f (a)| + |f (5) 


where х, = а + һ & һ = 


Find the sign of f(x1) and if has a sign different from f(b) continue the process. 


Then x2 = Хү + h, where h; = [f Ge) {fb - x 
|f (x,)| + |f (b)| 
By continuing this process, 


We get хз, X4 ........ which will converge to a. 


This method ís known as method of Regula Falsi or false position. 


Example: 1 
Solve the equation x3 — x — 1 = 0 correct to 4 places of decimals 


Solution: 


БЭ ЭРСЭН 
Let f(x) = x х-1 ІҚа)--1Ң2)-5 





Takex=1, = f(1) = (-1)3 - (-1)-1=-1 тор. тала 
_ 1+2 3 
ыг аў 

у 15 = {(1.5) (1.5? — (1.5) - 1 2 2 
Xg =1.5 

- 0.875 f (1.5) = 0.815 

“1&15 | 


Hence the root lies between 1 and 1.5 


Formula: 
— (b - a) |f (а) 
| f(b)| + | f(a)| 


X2 
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(1.5-1)(-1)| "m (1.5 — 1) (1) 


x2 = 1 = 
|1|+ 10.875 | 1+ 0.875 
= 1.2667 
f(x2) = (1 .2667)? - 1.2667 —1 


= — 0.2142 


1.5, х2 = 1.2667 


X1 


0.2142 (1.5 — 0.2142) 


- xa = 1.2667 + 
ыг Ser 0.2142 + 0.875 


= 1.3229 


f (хз) = (1.3229)? — 1.3229 — 1 


— 0.0077 
Hence the root lies between 1.3229 & 1.5 


0.0077 (1.5 — 1.3229) 


X4 = 1.3229 + 
0.0077 + 0.875 


- 1.3245 
f (ха) = (1.3245)? — 1.3245 —1 


—0.0009 


ху = 1.5 = b, x, = 1.3245 


0.0009 (1.5 — 1.3229) 


1.3245 + 
1.3245 + 0.875 


х 
a 
! 


1.3247 


f (xs) = (1.3247)? — 1.3247 — 1 


= 2.32462342 - 1.3247 — 1 
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= — 0.00007657978 


The root lies between 1.3247 & 1.5 
.00007657978 (1.5 —1.3247) 


Хв = 1.3247 + 
.00007657978 + 0.875 


Xs = 1.3247 + 0000134242987 


= 1.324715 
0.875076579 dc 


Hence the root is 1.3247 correct to 4 places of decimals. 
Example: 2 
Find the positive root of the equation x = cos x correct to 4 places of 


decimals. 


Solution: 
Let f (x) = x - cos x 


Take x = 0 


f (0) = 0-сос0--41 


x= 1, #(1) = 1- соз 1 = 1 – 0.54030 = 0.4597 
Xp = 041 = 0.5 
2 


Hence the root lies between 0.5 and 1 
f (0.5) = + (0.5) — cos (0.5) 
= — 0.3776 
f (1) - 0.4597 
X97a-0.5,x-bz1 


0.3776 (1-0.5) 


= 5 uui Nae he О 
Хос 0.9 3776 5 0.4597 


= 0.7255 
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f (x2) = f (0.7255) = (0.7255) - cos (0.7255) 


= — 0.0227 
X: = а = 0.7255, х= Ь = 1 


! -0.7255 
хз = 0.7255 + 0.0227 (1-0.7255) 
0.0227 + 0.4597 
= 0.738945 


f (0.738945) 20.738945 - cos (0.738945) 
- 0.000235 


The root lies between 0.738945 and 1. 


.. 0.738945 x 0.459698 + 1x 0.000235 


Ae 0.459698 + 0.000235 
= 0939927 Z 0,739079 
0.459933 


The root is 0.7391 correct to 4 decimal places. 


Example: 3 
Solve for a positive root of x? — 4x + 1 = 0 by regular Falsi method. 


Solution: 
Let f (x) = х? – 4х + 1 = 0 


+ (1) = -2 = – ve, f (2) = 1 = + ме, f (0) = 1 = + ve 
г. А root lies between О апа 1. 
Another root lies between 1 and 2. 
We shall find the root that lies between O and 1. 
Herea-0,b- 1. 


_ af(a)-b(f)(a) _ 9х! (9-1 xf(0) хо 


MEET T Sv TU Е 7 = 0.333333 
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1 1 4 
-4(11-4.. 3 +1=- 0.2963 
OG) (3) = 27 3 


Now f (0) and f (14) are opposite in sign. 


Hence the root lies between 0 and №. 


0(04)-25 100 | -/8 = 0.25714 


халаг эд f 14 -f (0) —1.2963 


Now f (x2) = f (0.25714) = — 0.011558 = -ve. 
The root lies between O and 0.25714 


з _ 0х f(0.25714)- 0.25714 f(0) -0.25714 


= 0.25420 
f (0.25714) - f (0) С -1.011558 


f (хз) = f (0.25420) = (0.25420)? - 4 (0.25420) * 1 - 0.0003742 
The root lies between O and 0.25420 


_ Oxf (0.25420) – 0.25420 x f (0) 
f(0.25420) — f (0) 


_ -0.25420 
-1.0003742 


-0.25410 
f (x4) = f (0.25410) = (0.25410)? - 4 (0.25410) * 1 
= — 0.000012936. 
- The root lies between 0 and 0.25410 


_ 0x f (0.25410) -0.25410 x f (0) 
f (0.25410) — f (0) 


-0.25410 


Ве: 222 00254 
-1.000012936 еи 


2. Hence root is 0.25410 
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Example: 4 
Find an approximate root of х 1004,0 х — 1.2 = 0 by regula — False method 


Solution: 
Let f (x) = x 109, x — 1.2 
f(1)2110g1—1.22-1.2-- ve. 


f (2) = 2 x 0.30103 — 1.22 — 0.597940 
f (3) = З x 0.47712 - 1.2 = 0.231364 = «үе. 
Hence a root lies between 2 and 3. 


_ 2(f(3)-3f(2) 2х0.23136-3х(-0.59794) 


1 5 —— = 


f(3)- f (2) 0.23136 + 0.59794 


- 2.721014 
f 64) = f (2.72104) = (2.721014) log (2.721014) 
= — 0.017104 


The гоо! lies between 2.721014 & 3 
_ X, Xf (3). -3xf (x) _ 2.721014 x 0.231364 —3 х(-0.017104) 


27 


F(3)- f(x) 0.23136 + 0.017104 
тш 08006 52740254 
0.24846 


f (x^) = f (2.7402) = 2.7402 x log (2.7402) -1.2 
= —0.00038905 
г. The root lies between 2.740211 and 3. 
_ 2.7402xf (3) -3 x f (2.7402) _ 2.7402 x 0.23136 + 3 x (0.00038905) 


"S f (3) - f (2.7402) 0.23136 + 0.00038905 


_ 0.63514 


= ------- = 2.740627 
0.23175 
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f (2.740627) = (2.740627) log 2.740627 - 1.2 


0.00011998. 
The root lies between 2.740211 & 2.740627 


_ 2.7402 x f (2.7406) - 2.7406 x f (2.7402) 


Ха = 
3 f (2.7406) – f (2.7402) 
_ 2.7402 x 0.00011998 + 2.7406 x 0.00038905 
0.00011998 + 0.00038905 
= 99001 3950: oce 
0.00050903 


Hence the root is 2.7405. 


4.5 BISECTION METHOD 
To solve the equation f (x) = 0, 


First, we find two numbers a x b such that f (a) and f (b) have opposite 
signs. 


Then the root lies between a and b. 


a+b a+b 


First, we shall take as the first approximation, let х; = 2 








Find f (хі) and if it is not equal to zero. Then the root lies either between а 
and x4 or between x4 or between x4 and b. 


From the sign of f (x4), 
We can locate the position of the root. 
Suppose f (x1) and f (a) have different signs then the root lies between x4 and a. 


х,-а 





Hence the second approximation is 


Repeating the process, approximations xi, Xo, Xa . . . . . are obtained. 
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After к bisections, the length of the sub-interval which contains хк is 


b-a 


Hence | хх-о | < => 


Ask > о,хұ-> о 


If the error is о be made less than а small quantity (say) 5, then 





ie os 4 


Taking logarithms k > 


This formula is useful in the determination of the number of Bisectors required to 


achieve a desired accuracy. 


Example: 1 

Find the positive root of the equation x? — x - 1 = 0. Correct to 4 places of 
decimals. 
Solution: 

Letf (x)= x°-x-1 


Take x= 1 > #(1) = (1)3 -1-1=-1 
ха2->Ғ(2)-(2)3 -2-1= 8-2-1=5 


Hence the root lies between 1 and 2. 


+ (1.5) = (1.5) = 1.5 – 1 


= 0.875 
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9k 


Hence the root lies between 1 and 1.5 
1-1.5 
2 


-1.25 





X4 = 


f(1.25) = (1.25)? — 1.25 — 1 = — 0.2969 


Hence the root lies between 1.25 & 1.5 
€ 1.25 + 1.5 B 2.75 21.375 
2 2 


f(1.375) = (1.375)? — 1.375 — 1 
- 0.2246 


Hence the root lies between 1.25 and 1.375 
1.25 + 1.375 
2 


X3 = = 1.3125 


(1.3125) = (1.3125)? — 1.3125 — 1 


— 0.515 


Hence the root lies between 1.3125 and 1.375 
ыг шигээ 2 2.6875 —1.3438 
(1.3438)? — 1.3438 - 1 





f (1.3438) 


0.1838 


Hence the root lies between 1.3125 and 1.3438 
ыг шанг ын _ 2.6564 —1 3282 





f (1.3287) = (1.3287)? — (1.3287) – 1 
= 0.0170 


Hence the root lies between 1.3125 & 1.3287 
_ 1.3125 + 1.3282 2.6412 





в = 5 =1.3204 
f (1.3204) = (1.3206)? — 1.3206 - 1 = — 0.018340 — 1.3206 — 1 
- 1.3206 
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Ғ(4)- 43 -9(4)%1-64-36%1-28 


A гоо! lies between 2 % 4. 
2-4. -3 





Let xo = 


Now, f (3) = 33 —9 (3) + 1 = 27 – 27 + 1 = 1 


Hence the root lies between 2 апа 3. 


Хат 2%3 = 2.5 





f (2.5) =(2.5)? - 9 (2.5) + 1 
= — Ve., 


The root lies between 2.5 and 3. 





f (2.75) = (2.75 — 9 (2.75) 41 
= — ме. 
The root lies between 2.75 & 3 


Ха = P (2.75 + 3) = эе = 2.875 


f (x3) = f (2.875) = (2.875)? — 9 (2.875) + 1 
= – ve. 
„. The root lies between 2.875 and 3 


X4 = a, (2.875 + 3) = 5.875 = 2.9375 
2 2 
f (2.9375) = (2.9375)? - 9 (2.9375) + 1 


= — VO. 
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The roots lies between 2.9375 and 3 


5.9375 
2 


Xs — 5 (2.9375 + 3) = = 2.9688 


f (2.9688) = (2.9688)? — 9 (2.9688) + 1 
= + ve. 


The roots lies between 2.9688 and 2.9375 


= 2.9532 





Xe = = (2.9375 + 2.9688) = TL 


f (2.9532) = (2.9532)? - 9 (2.9532) + 1 
= + ve. 


Hence the root lies between 1.3206 and 1.3287 


f (1.3243) = (1.3243)? — 1.3243 + 1 
= — ме. 


Hence the root 1.3243 % 1.3282 


f (1.3263) = (1.3263)? — 1.3263 + 1 


+ уе. 


хат Mo (1.3243 + 1.3263) = 1.3253) 


f (1.3253) = + ve. 
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The root lies between 1.3243 & 1.3253 


2.6496 


(1.3243 % 1.3263) - -1.3248 





ois 


Хо = 


f (1.3248) = (1.3248)? — 1.3248 + 1 
= + ve 


The root lies between 1.3243 & 1.3248 








x, - 5 (1.3243 % 1.3248) - 29! -1.32455 
f (1.32455) = (1.32455)? — 1.32455 + 1 
= — ve, 
The root lies between 1.3248 & 1.32455 
Хы — 20. 3248- 1.32455) - 202031. 3247 
кы = (1.3247)? — 1.3247 + 1 
= — уе. 
The root Нез between 1.3247 & 1.3248 
ЕЛ Е 5 (1.3247 + 1.3248) = 25295 =1.32475 


"Тһе approximate root is 1.32475 
Example: 2 
Assuming that a root of х? — 9x + 1 = 0 lies in the interval (2,4), find that 


root by bisection method. 


Solution: 
Let f (x)=x°-9x+1 


f(2)=2°-9(2)+1=8-18+1=-11 
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The гоо! lies between 2.9735 and 2.9532 


_ 2.9375 + 2.9532 5.8907 


А = 2.9454 
2 





f (2.9454) = (2.9454)? - 9 (2.9454) + 1 


= + уе. 
Тһе гоо! lies between 2.9375 and 2.9454 


_ 2.9375 + 2.0454 5.8829 


8 = 2.9415 
2 





f (2.9415) = (2.9415)3 — 9 (2.9415) + 1 


= — ve. 
The root lies between 2.9415 and 2.9454 


_ 2.9415 + 2.90454 5.8869 


хо = 5 -2.9435 





f (2.9435) = (2.9435)? — 9 (2.9435) + 1 
= + ve. 
The root lies between 2.9415 % 2.9435 


_ 2.9415 + 2.9435 5.8850 


х < = 2.9425 
10 2 2 





f (2.9425) = (2.9425)? — 9 (2.9425) + 1 
= — ve. 


The root lies between 2.9425 & 2.9435 





_ 2.9425 + 2.9435 5.8860 


X41 > - 2.9430 


f (2.9430) = (2.9430)? - 9 (2.9430) + 1 
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= + ve. 
The root Нез between 2.9425 & 2.9430 


22 2.9425 5 2.9430 = 5.8855 — 294275 


f (2.94275) = (2.94275)3 — 9 (2.94275) + 1 
= 25.48356042 — 26.48475 + 1 
= .00118958 
Approximate root is 2.9429 


Example: 3 
Find the positive root of x — cos x = О by bisection method. 


Solution: 
Let f (x) = х – cos х 
f (0) = О - соѕ 0 = – 1 
f (0.5) = 0.5 — cos (0.5) 
f (0.5) = — 0.37758 
Е (1) = 1- сов 1 
1(1) - 0.45970 


Hence, the root lies between 0.5 and 1. 





f (0.75) = 0.75 - cos (0.75) 
f (0.75) - 0.018311 
Тһе root lies between 0.5 and 0.75 


х: = BOUM. 0.625 


f (0.625) 20.625 - cos (0.625) 
= 0.18596 
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г. The root lies between 0.625 and 0.750 


1 1.375 


X2 = (0.625 + 0.750) = Жэн - 0.6875 


N | 


f (0.6875) = 0.6875 — cos (0.6875) 
= — ve. 
The root lies between 0.6875 and 0.75 


- 0.6875+0.75 1.4375 
те NE 


— 0.71875 





3 


f (0.71875) = 0.71875 - cos (0.71875) 
= — 0.033879 
The root lies between 0.71875 and 0.75 


_ 0.71875 +0.75 _ 1.46875 
Е M 


=0.73438 


4 


f (0.73438) = 0.734338 - cos (0.73438) 
= — 0.0078664 = - ve. 


2. The root lies between 0.73438 and 0.75 


ks 0.73438 + 0.75 _ EM —0.742190 


2 


f (0.742190) - 0.742190 - cos (0.742190) 
- 0.0051999 


= + ve. 


The root lies between 0.73438 & 0.742190 


Xe = 5 (0.73438 + 0.742190) 
= 0.73829 


+ (0.73829) = 0.73829 - cos (0.73829) 
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= — 0.0013305 


The root lies between 0.73829 and 0.74219 


vere 5 (0.73829 * 0.74219) - 0.7402 


f (0.7402) - 0.7402 - cos (0.7402) 
- 0.0018663 


The root lies between 0.73829 & 0.7402 


xs КА 0.7402 0.73925 


f (0.73925) = 0.00027593 
The roots lies between 0.73829 & 0.73925 
_ 0.73829 + 0.73925 
цэгц ч 
2 

- 0.7388 
`. Хз = Хо 

Тһе гоо! 1$ 0.739. 
Example: 

Using bisection method, find the negative root of xs – 4х + 9 = 0 by 

bisection method. 


Solution: 


Let f (х) = хз – 4x + 9 
f (-x) = х + 4x + 9 


The negative root of f (x) 2 O is the positive root of f (-x) 50. 
We will find, the positive root of f (-x) 50 


(ie. p (х) -х7”-4х49 -0 
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ф (2) = – ve and ф (3) = + ve 


2. The root lies between 2 and 3 





Hence хо = = = 2.5 


b (2.5) = (2.5): – 4 (2.5) – 9 
= — уе 


The гоо! lies between 2.5 and 3 
Hence х; = 5 (2.5 + 3) = 2.75 


ф (2.75) 


(2.75)3 — 4 (2.75) +9 
+ уе. 


The root lies between 2.5 & 2.75 


X27 2 (2.5 + 2.75) 


2.625 


- $ (2.625) = (2.625)? - 4 (2.625) - 9 


1.4121 = - ve. 


The root lies between 2.625 and 2.75 
1 
2 
ф (2.6875) = (2.6875)% - 4 (2.6875) 


хал — (2.625 + 2.75) = 2.6875 


= — Ne. 


The root lies between 2.6875 & 2.71875 


Xs = р (2.6875 + 2.71875) 
= 2.703125 
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(2.703125)? — 4 (2.703125) - 9 


ф (2.703125) 


= — ve. 


The root lies between 2.703125 & 2.71875 


1 (2.703125 + 2.71875) 


Хё = 2 
- 2.710938 
ф (2.703125 = (2.703125)? — 4 (2.703125) - 9 


19.92318445 — 10.8437529 
0.07943245 


The root lies between 2.703125 and 2.710938 


2 2091495210958 ОЕ 


ф (2.7070315) = (2.7070315)? - 4 (2.7070315) – 9 


= 19.83717973 - 10.828126 - 9 


= 0.00905373. 
The гоо! lies between 2.703125 and 2.7070315 


цув 2.703125 244970419 = 2.70507825 


ф (2.70507825) = (2.70507825)3 — (2.70507825) - 9 
= 19.79427035 - 10.820313 + 9 
= — 0.02604265 
The root lies between 2.70507825 8 2.7070315 
_ 2.70507825 + 2.7070315 = 2.706054875 


Хо = 5 
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ф (2.706054875) = (2.706054875) — 4 (2.706054875) — 9 


19.8157173 — 10.8242195 - 9 = .0085022 


The root lies between 2.7070315 and 2.706054875 


- 2.707031 2.706054 


- 2.70654 
2 


10 


ф (2.70654) - (2.70654)? - 4 (2.70654) - 9 


19.82637653 - 10.826169 


.00021653 


The root lies between 2.706054 and 2.70654 


к= 2706054 + 2.70654 _ 5 706297 


2 


ф (2.706297) = (2.706297)? — 4 (2.706297) - 9 


= 19.82103682 - 10.825188 — 9 = — .00415118 
The root lies between 2.706297 and 2.70654 


_ 2.706297 + 2.70654 
A12 EE ин 


= 2.7064185 


+ (2.1064185) = (2.7064185)3 — 4 (2.70654) - 9 


= 19.82370656 - 10.82616 – 9 
= — .00245344 
The root lies between 2.7064185 and 2.70654 


_ 2.7064185 + 2.70654 
13 7 сес =-- 


= 2.70647925 
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ф (2.70647925) = (2.70647925) -4(2.70647925-09) 


= 19.82504151 — 10.825917 - 9 
= .0008755 
The root lies between 2.70647925 & 2.70654 


уре 220027323 + 2.70654 . 2706509625 


Hence the negative root of the given equation is — 2.7065 


Exercise: 
1. Find a positive root of the following equation by bisection method. 


i) e* = 3x 
ii) x?-x?—120 
iii) Зх = J1-- sin x 


іу) x? + 3х -1=0 
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UNIT — V 


SOLUTIONS OF SIMULTANEOUS LINEAR EQUATIONS 


5.1 Let the system of n simultaneous linear equations be 


а, ХА t ai2X2 t... .. + Ain Xn = Б; 

821 ХА + a22 Xo t... .. + Aon Xn = b2 

зала шалы siete E EEE a a t (1) 
anı X4 + an2 X2 БАЛ UEM EE ee + Ann Xn = b, 


This system of equations can be put in the form 
A X= B (2) where A is matrix 





and X is the column matrix (хі х2.... Xn} 
and В is the column matrix (04 bz... . Dy} 


If A is a non-singular matrix, its inverse А”! can be found. 
Multiplying equation (2) by А"! 


We getA'AX=A'B 
(ie) X=A'B 


A^! B is a column matrix containing n elements. Equating the elements of A 
with that of A`’ B. We get the solution of the system. 


Another method of solving the system of equations (1) of article 1 is by that 
is known as Cramer's Rule. 
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а 842...... by..... ain where the km column of ДА) is 
.....ш:«.ч.!. 4 replaced by the column 


Хк т фор ржач D оТ Бр b 
А (р, Da, п} 
ам An2 Ы, Ann 
b4 а... ain 
Do БЕРЕГЕН Aan 
ТИЙЗ... "Jut e аны: 
х : ын 
(TB |Н 
А р, an2 аһ 
1 11 bı аз ..... Ain 
х.=- = (82 ба az esse es Ban 
IA] ЧЕНИ 
БОЛ Дахин апа 
ni Dh а Ann 
50 on. 


In practice these methods are useful when the number of equations in the 
system is at the most four. 


For larger number of equations is practice these methods are laborious. 


We shall give below some methods which are useful solutions of linear 
simultaneous equations with larger number of equations. 
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5.2 GAUSS' METHOD 
Let the system of n simultaneous linear equations be 


а X4 Ға х2+..... + Ain Xn = 01 (1) 
ал Xi + a22 X2 + ..... + а Xn = b2 (2) 
Ав X4 + an2 X2 Е ал Ха - ba | (5.) 


. a 
Retain the first equation as it is Multiply equation (1) by + = and subtract 
11 


its from equation (2) 
a a a ас, 

a, X—L х,--25 ха, XQ +....... +a,, х—2 x, =b, x -2 (A) 
11 а, , 84 an 


Subtract (A) from (2) 


82 a a 
(a4,-a4)x,*|| "ха. |-а | Xa *..... + |an x -an| -bx—--b,; 
О.х. + Doo Xo + Dog Хз+...... + Don Xn = C4 
a a 
where b22 = — x 812—322, ....... Don = Ain X ac ee 82n 
a11 24 
a 
С, =b, x Ee s р: 
84 


Then the equation (2) will reduce to an equation with no x, term. 


Similarly reduce equation (3), (4) ..... (n) with no x, term. 
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These equation will reduce to 


ау; X1 Ға х2+..... + ain Xn = р, (a1) 
О + Doz х2 + ......... + Don Xn = Cy (a2) 

О + baz х2+...... + Ыза Xn = C2 (аз) 

0 + bnz X2 Nolo dus Dan Xn = 21 (an) 


Retaining the first two equations and Eliminating хг from the remaining 


equations, Multiply equation az by 222 and substract it from equation аз. 
22 


b 
0:55:2х Фа E ах + ы it ax ес (B) 
22 bo» b; Doo 


Substract (B) from (аз) 


b b 
(baz — Әз) X2 + [ba x Pde | Сл (bs. «р-н, |x, фе хы -е, | 
Dao Doo 22 
0. X2 + Cas Хз + E are ae ee + Can Xn 6, 
bs. = Оз» 
where Cas ын Бәз x -2-Їү,..... Can = Don X — - Бэл 
Doo Doo 
а; = СІ X б» xx 
Da2 
Similarly 
0+C,, Xs + PPP + C X47 d2 
0 + Соз Хз + .Ҙ..... + Can Xn = е 


These equations will reduce to 
али X1 + а12 Хә +..... + Ain Xn = Di 


O + р х2+......... + Don Xn = С, 


0% 0 + Сіз Xa +.. + Can Xn = d; 


зө or eeee eee ааа. .т Цэ йга аз эе тэ бат во со с зь ава ч 


ооо оо в га. з са. ыьбсоазиззулааалеа ачаан 


О + 0 + Суз Хз +..+ Can Xn =e 
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By continuing this process 


а X14 + Aya X2 t... .. + Ain Xn = Б 
Doo X2 + ......... + Don Xn = С. 
Cas Хз +....+ Can, Хи = d; 


From the last equation x, can be found. Substituting the value of x, is the 
last but one equation. 


We get Xn-1 


Similarly by means of back substations xi, X2, хз . . . . . Xn-2 can be 
determined. 


This method is known as Gauss’ Elimination Method. 


Example: 1 
Solve the equations 


4х – Зу = 11 
Зх + 2у = 4 
Solution: 


Eliminating x from the 2"? equation by subtracting 1 of the equation (1) 


Multiply equation (1) by 1 





3 3 3 
4х — х- Зх — у=11х — 
952% хл У а . (A) 
$49 
Subtract (A) from (2) 4 
8-9 -17 
3 3 %. са 
(3x - Зх) + (2 – (-3) х —)y=4-11x = 
4 4 
16-33 17 
0 sys- 4 4 
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Hence the system of equations become 


4х ~ Зу = 
4 4 
17 4 
H Se ды ade 
ence y 2 P. 
у--1 


Substituting this value in equation (1) 
we get 
4x - 3 (-1) = 11 
4x +3 = 11 


4x 211-3 
8 
4х = 8 х = — 
I» 4 


CX mz 


Another Method, 


4 -3 111 
3 2 4 
4 -3 11 
0 LUE NA 
4 4 
Hence y = — 1, +207 


Ехатріе: 2 
Soive the equations. 
3x + 4y + 5z = 18 
2х — y + 82 = 13 


5х — 2y + 72 = 20 
Solution: 
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3 
R2 — Е:- 2 К, 


The working can be exhibited as follows: 


2 4 5| 18 
=> |2 Л 8| 13 
5 2 7| 20 
а” а Rp 2-2 850 
ЖЫ 65 5 4 S 3 
2 --11 
NU E 4 1 Ro > Ra- Әң, um d d Ee 
i j ? аз--8- 2 85810 
25 45130 Rs > Rs- S Ri C, 21 
> : Бове c uw 
3 
5 —26 
=-2 — — 4 = —— 
аз> a 3 
5 4 
Bcc AES 
5 
а; =20 - — х 18 = – 10 
3 
> 13 
-> -11 14 3 RS ass > 2+ 1 (14) 
Шаа есті 204 
204 | 204 11 E 
11 11 11 
204 ,. 204 _ „_ 204 11 
11 11 11 204 
zz1 
„=н (у 011 24 
—11 221 


-= 18-50-40 _ 18-9 


23 га 
3 3 3 


г. Hence the solution: х = З, у = 1, 2 = 1. 
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Example: 3 
Solve the equations 


Xtytztwz2 
2Х-У%22-м--5 
Зх +2у + 3z + 4w=7 


x- 2у – 32 + 2w=5 


Solution: | 
Тһе working is given below. 
1 1 1 1 2 
ра 1 2 -1 -5 


1 1 1 1 2 
R2-2R, >В, 8n7*2-2(1)-0 
eec Өз 010039 2221251 228 
ВБ.-38,-В, a23 = 2—2(1)= 0 
о -1 0 1 1 ам = -1 -2 (1) = -3 
В. - К, > В, С. = -5 - 2 (2) = -9 
0 -3 -4 1 3 аз =3-3 (1) = 0 
аз: = 2 – 3 (1) = 1 
азз =3-—3 (1) = 0 
аз. = 4 ~ З (1) = 1 
Ч: = 7-3 (2) = 1 
a4 = 1-1 = 0, а =-2-1=-3 
к ЖЖ Eq a43 = -3 — 1= -4, аы = 2-171 
-— | 0 1 0 1 3 i 
R: > — R, 
0 -1 0 1 1 3 
0 -3 -4 1 3 
1 1 1 1 2 
834 =0 
>10 1 0 1 3 a32 = -1+1=0 
Rs > Rs t R2 азз =0, аз. = 1*1 =2 
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interchanging Кз and Б, 


о 
о 
| 
A 
| 
№ 
o 


о 
о 
e 
м 
IA 


г. The solution is x = 0, у = 1, 2 = –1, w= 2. 


Ехатріе: 4 
Solve the system by Gauss - Elimination method 2х + 3y- 2 = 5; 4х +4у – 32 = 3 
and 2x - 3y + 2z = 2. 


Solution: 
The system is equivalent to 


2 3 -1 х 5 
4 4 -3 у = 3 
2 -3 2 2 2 
А x = B 
7. (A,B) = 2 3 -1 5 


Taking a1; = 2 as the Pivot reduce all elements below that to zero. 


БЭ К > R-2R 
(А, В) - 2 3 1 2 2 2 1 


0 -2 -1 -7 Кз > Кз - Ri 
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Taking the element -- 2 in the position (2, 2) as pivot, reduce all elements 


below that to zero. 


2 3 -1 5 
(А, B) ~ Вз > Вз - 3 R2 


Hence 2x + Зу – 2 = 5 
-2y -z = -7 
62 = 18 >z=3 
-2у-3 =-7 
-2y = -7 +3 > -2у=-4 
y=2 
г’. 2x+3y -z=5 
2х + 3 (2)-3=5 
2x=5-6+3 => 2x=2 


x =1 


! 
N 
N 
I 

оз 


The solution x = 1, у = 


Example: 5 
Using Gauss — Elimination method, solve the system 


3.15x - 1.96y + 3.852 = 12.95 
2.13x + 5.12y - 2.892 = 8.61 
5.92х + 3.05y + 2.15z = 6.68 


Solution: | 
3.15 -1.96 3.85 х 12.95 
5.92 3.05 2.15 2 6.68 


А 
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(A, B) 5 


3.15 —1.96 
243 5.12 
5.92 3.05 
3.15 -1.96 
7 0 6.4453 
0 6.7335 
3.15 -1.96 
z 0 6.4453 
0 0 


3.15 x - 1.96 + 3.85 2 = 12.95 


3.85 


-2.89 


2.15 


3.85 


-5.4933 


—5.0855 


3.85 


—5.4933 


0.6534 


12.95 
-8.61 


6.88 


12.95 


-17.3666 


- 17.4578 


12.95 
-17.3666 


0.6853 


6.4453 y — 5.4933 2 = - 17.3666 


0.6534 2 - 0.6853 


0.6853 


- 1.0488 
0.6534 





6.4453 


3.15 
x = 1.7089 


“ The solution is 


х = 1.7089, у = 1.8005 


_ 5.4933 (1.0488) — 17.3666 


=1.8005 


12.95 +1.96 (1.8005) + 3.85 (1.0488) 


z= 1.0488 
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Ro — R2 (- 


К. > R3 (- 


a в. 
3.15 


5.92 
3:19 


| 


Ехегсізе 
1. Solve the following simultaneous equation using Gauss - Elimination method. 
i) x + 2y + 52 = 23 

Зх * y + 42 = 26 

6x+y+7z= 47 


ii) X+ y + 3z = -6 
2x+4y+z=7 
Зх + 2y + 92 = 14 


Ш) x + 2y-z = -1 
Зх - у – 22 = – 5 
х-у- 32 = 0 


іу) 2х у + 32 + № = 9 
—х + 2у +2 – 2% = 2 
Зх + y – 42 + Зу = З 
5x – 4y + 32 – 6w = 2 


у) 4.12 х – 9.68 у + 2.01 z = 4.93 
1.88 х - 4.62 y + 5.50 z = 3.11 
1.10 x – 0.96 у + 2.722 = 4.02 


Answer: 

i) x-4, у-2, 2-3 

ii) х= 1, y=1, 2-1 
Ш)х-2, у = -1, 2-1 

iv) x = 2, у = 2, 2= 2, № = 1. 
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5.3 Gauss Jordan Methods 

This method is a modification of the above Gauss elimination method. In 
this method, the coefficient matrix А of the system A x - B in brought to a 
diagonal matrix or unit matrix by making the matrix A not only upper triangular but 
also lower triangular by making all elements above the leading diagonal of A also 
as zeros. By this way, the system Ах = B will reduce to the form. 





(1) 
"E Ч: 
0 0 0 0 ad, 
From (1) 
хат A ы X2 = e: y mon 
Aan Doo а,; 
Note: 
By this method, the values of Ху, Xa,...... x, are got immediately without 


using the process of back substitutions. 


Example:1 
Solve the equations 
4x — 3y = 11 
Зх + 2у = 4 
Solution: 
The working in given below 
а; = 2 х4-1 
-} Ж | 
4 = — -- = -3 
з 24 a= 4 XC3) 57 
11 
с. = У 
= 1 4 
1 хэр К, > — В, 1 
= 4 4 82347 – х3 = 1 
1 E R UR | 2 
313 2 > 7 M2 15555 аға — 
: ug 3 


> 
Т 
ох 
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2-3 17 
E NET =2+ł= 
1 | а mee 3 4 12 
=> R2 > КВ, 
p. 2021 _ 4 11_ 17 
12| 12 c= ЛА 12 
ao, = 0 
12 17 
-3| 11 8227 --х---1 
її. 22 
= 414 Re >15 Re 17 12 
0 p за 12 -17 
цагг: 
аг: 1405:1 
3 3 
1 0 2 3 8412 = —— + —(1)=0 
-р de IU rU. цаг 
11.3 
Cı = —+—(-1 
pu. 10 ) 
= 18 258 
4 


"xz22,yz—1 
Hence the solution: x = 2, y = — 1. 


Example: 2 
Solve the equation 


3x + 4у +52 = 18 
2х — у + 82 =13 
5х — 2y + 72 = 20 


Solution: 
3 4 5| 18 
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3 4 5| 18 


2 
в, > RR 
11. 14 З a ee 


=> (0 ----- --- 1 
3 3 | 
5 z% -4| 40 Бы е7 Р, 
3 3 3 
з 4 5/18 В, +-3R, 
— |0 11 -14|-3 3 
5 13 215 Кз > 2 Rs 
3 0 E 210 
114, 11. ES B 
2| 11 -14| _3 1 


204| 204 
0 0 | Se 13 
R Ба---К 
11 11 з > 3 11 2 


зз 0 111210 Б, >11, 
= |0 11 -14|-3 

0 0 111 Кз > eR 

577 204 7 

| 

= 9 099 R4 — В|-111Б; 
= |0 11 011 

0 0 111 R2 > В, +14 R3 
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2 
82172 ^3 (3)-0 


2 +14 
853 = 8- rix 


5 
31 = 5— 3 0 


— 26 
3 


К 5 -4 
= 7— —(5)= — 
433 - 3 (5) 3 


5 
a32 = -2- au 


azı = 0, аг = TU 853714 
a31 = 0, a32 = +13, азз=2 
ai, = 3 – — (0)=3 
11 4 (o)- 


4 
= 4 5 (11)= 0 
822 117 ) 


4 —111 
= 5— — (-14)= —— 
ees q C1 
: 13 
= 0— — (0)= 0 
a31 TA ) 
же, (1)= 0 
204 
а -2- = 2145 — 
3x т 11 


a4 = 11(3) = 33, a12 = 11(0) = 0 
111 

ага 11 = 111 

z iul 


аз. = = 41 (9) =0, ase = 557 (0) = 0 
Е „261. 
33 204 | 1 


aq = 33 — 11(0) = 33 
ал: = 0 — 111 (0) = 0 
Bos a 
azı = 0 + 14(0) = 
2. 
азз = —14+14(1) = 0 


1 
anı = — (33) = 1 
11 33 


1 0 б8| Бу Ср. _ 26 
=lo 1 0|1 = БОЛ 
0 0 111 R2 > TR aar = артады ы 
823 -0 
7. The solution x = 3, y=1,z= 1. 
Example :3 
Х+у+2+м=2 
2х -y +22 -м=-5 
Зх + 2у +32 +4w = 7 
x ~ 2y – 32 + 2м = 5 
Solution: 
The working is given below: 
1 1 1 112 
эй -1 2 -1|-5 
3 2 3 4| 7 
1 -2 -3 2|5 azı = 2 – 2(1) = 0 
a22 = — 1 ~ 2(1) = – 
8237 2— 2(1) = 0 
аз4 = — 1 ~ 2(1) = -3 
1 1 1 112 В, > R2-2R; аз: = 3-3(1)-0 
0 23 о -3lg 832 = 2-3(1)- —1 
— Кз — Ба +3 R4 a33 = 3—3(1)= 0 
0 =] 0 111 К, > В. +В, аз. = 4-3(1)-1 
0 -3 -4 113 44171-1720 
842 = —2—1= —3 
ааз = —3—1- — 
844 = 2—1- To 
аз: = 0 
1 1 1 12 = 1 
20 -3 о -3-0 Нь ә Ra- IR; a3; = —1 = (-3)= 0 
0 0 0 2 4 33357 0 
V. ч её MIO. Қ жамы ады 
3 
841470 
8427 —3 + З= 0 
843 = —4—0= —4, 
а.. = 1+3 = 4 
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1 1 1 12 в, >- IR; 
0 1 0 113 
=> 
0 0 0 119 Río LR 
0 0 1 -113 
К. > — — R4 
1 1 1 1 2 
0 1 0 1 3 | 
interchanging К. апа К 
о о 1 -1-3 ясыг 
0 0 0 1 2 
1 
| : ! У 4 81171, ai2=0 
= 0 | А : Re ә Ri Re 81571, a14=0 
0 0 1 -1-3 
0 0 0 12 
: г ч : 2 84171, 81270, а:з=0, а,4-1 
=> ? ! M NES D шз. 82170, 82271, a23=0, аг, =0 
9 9 | Өе К > R2- К. 83170, азг =0, азз=1, аз. =0 
0 0 0 112 В,» В. + Ry 
1 0 0 0 0 
0 1 0 0|1 Ri ә К К 
=> 
0 с 1 ом 
0 9 0 112 


The solution: x = 0, y = 1, x = —1, w -2. 


Example: 4 
Solve the following system by Gauss - Jordan method. 


5х4 +Х2 + Хз + X4 = 4; Ху +7X2 + Х + X; = 12. 
X4 + X2 + бхз X4 5-5, X4 + X2 + Хз + 4x4 = —6 
Solution: 


Interchange the first and last equation, So that the coefficient of x1 in the 
first equation is,1. Then we have 
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cU Or 


vc ve ov 


-0.5 


Raz > Бас (4) 


| R4 — R43(14) 


0.2 


-9.2 
3 
46.8 


5.1 
~ 0.5 
-0.6 
- 23.4 


О 
0 
1 
0 


23.4 


-9.2 


-0.5 
- 23.4 
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1 0 0 0101 Ra 2R[-3] 

2510 — d o 012 
0 0 1 -1 R2 эму) 
о о 0 


SE 2 В, > R4(5.1) 


. Тһе solution is 
X4 = 1, X2 = 2, X3 = —1, X4 = —2. 


Example: 5 
Apply Gauss — Jordan method to find the solution of the following system 
10x + y + z = 12, 2x + 10у +z = 13, х+у + 52 = 7. 


Solution: 
Since the coefficient of x in the last equation is unity, we rewrite the 
equations interchanging the first and last. Hence the argument matrix is 


1 1 5 7 
(A,B) = | 2 10 1 13 
10 1 1 12 


1 1 5 7 В. > В, + (-2)R, 
0 8 -9 -1 Ra -> Кз. (—10)R, 





1 1 5 7 
1 1 E “Ж| R > Rz 
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1 o 2| 57 
8 8 В, > Ri- Б; 
“го ғ 23201025 
8 8 
0 0 1 1 
9 
R2 — Rs ын 8 К, 
1 0 0 1 -49 
-10 1 о 1 ынаны | JR: 
0 0 1 1 
2. The solution is 
х= 1,у= 1,2 = 1. 
Ехегсїзе 
1. Solve the following simultaneous equations using Gauss — Jordan method. 
i) х + 2y + 52 = 23 


Зх + у + 4z = 26 
бх + у + 72 = 47 


ii) х + 2у + 32 = 6 
2X + 4у + 1-7 
Зх + 2у + 92 = 14 


ШІ) х + 2y— 2 = –1 
Зх – у – 22 = 5 
х- у – 32 = 0 


iv) 2Х- у+ 32+ м=9 
—X + 2у + 2 – 2% = 2 
Зх + у- 42 + Зу = З 
5х — 4y + 32 — 6w = 2 


v) бх-у+2 = 13 


хХ+у+2 = 9 
10х + у-– 2 = 19 
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5.4 Iteration methods 
Suppose we have to solve the system of equations 


aiXt*tbyytcz-d, —  .... (1) 
ах + бу + с2 = а). .... (2) 
a3x + b3y + с32 = аурп .... (3) 


Express х from equation (1), іп terms of the other two variables 
84X + Бу + cz = d, 
ах = diy -- Б,2 - 0412 


x = 2 (di -by AZ) 222222 (Ax) 
1 


Express y from equation (2), in terms of the other two variables 
ах + boy + coz = do 
boy = do — aoX — Coz 
y= 22: (4:-022-4аАаХ) ........... (A2) 
b; 
Express z form equation (3), in terms of the other two variables 
азх + bsy + сз2 = dg 
Сз2 = аз — азх — bay 


1 
z= — (йз – азх- Бау)  ........... (Аз) 
C3 


№ x?, у), 20 are the initial values of x,y,z respectively then 


es lI - b У” - ez? y" = — (oz - a X? - cz"), 
1 2 


2175 > (ds — аз x? — bs y9). We take the iteration scheme as [Xk = F(x)] 
3 


proceeding in this some way, If the г" iterates x, y, 20) the iteration scheme 
reduces to 


1 
Хк+1= — (91 — bi ук — с12к) 
84 


1 
Уст — (42 - C2 Zk — аху) -8 
b, 


(аз — C3 Xk — bay.) 





2к+1 
3 
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To start with, assume К = 0 & хо = 0, yo = 0, zo = О substituting these 
values in the equations of (B). We get хі, уі, 2. the first approximations. Then 
put К = 1 and the values of x4, yi, zi in the system of equations (B). And get x2, yo. 
22 the second approximations continuing this process. 


We can get subsequent approximations of x , y , 2. 
This method is known as Jacobi method. 


Convergence of the iteration: 
System of the equations (A) are 
X = Е; (y, z) where Е, = 2 (а; — biy — сл2) 
1 
y = F2 (2, X) where F, = (d2 — CoZ — ах) 
2 
> = Fs (x, y) where Ез = = (аз — азх- һзу) 


3 


The conditions of convergence are 









































ЭР: +|9Е2| (ӘР, <| 
дх 

OF, + (Fe М OF, <| 
ду 
oz 














These in equalities are satisfied if 
ӨВ, , [28| а | 
д2 


+ 




















ОР, 
Ох 


+ |e 


дЕ, а 
ду 


02 


+ 

















СЕ 4 Са 4 [ffs 
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Неге oF, - 0, ӘР, Ша Bis OF; = се 

ax ду а, |22 а, 

Озі шы б. ЧОБ | ы гн 

дх Ы.” | dy "lez b, 

2Е, аз ||. bs |aFs| _ 
дх сз’ | dy C. 0272 | 

_ bal + Ci «| 
а, а, 














(ie) |b, | + |c, [<[а, | 


























(ie) |as | + | bs |<] c. | 


This condition is satisfied if the absolute values of the diagonal elements of 
a, 5, с, 
the matrix а, Ы, с, are greater than the sum of the absolute values of the 
a, Б; с. 
other two elements in the row. Since we сап arrange the equations in such a way 
that the elements along the diagonal are dominant, we can take the rule as if in 
each equation the absolute value of the largest coefficient is greater than the sum 
of the absolute values of all the remaining coefficients in that equation, the 


approximations converge to the true values. This condition is sufficient but not 
necessary. 


Example:1 
Solve the equation 14x — 5y = 5.5; 2x + 7y = 19.3 by Jacobi method. 
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Solution: 
14x — 5у = 5.5 
14x = 5.5 + Бу 


1 
х = — (5.5 +5 
Jg í y) 


2x + 7y = 19.3 
7y = 19.3 — 2x 


у= 1 (19.3 — 2x). 
7 
Hence we shall take the iteration scheme as 
1 
4147 — (5.5 + 5 
Хк+1 14 ( Ук) 


Ук = = (19.3 + 2x) 


First Iteration: 
Let the initial values be (0, 0) 


x=0,y=0 


1 1 
= —(5.5+5 = — (5.5 
X4 144 yo) 44 | ) 


x, = 0.3929, y1 = 7 (19.3 — 2X0) = 7 (19.3) = 2.7571 


Second iteration: 
Using these values in х; = 0.3929, у; = 2.7571 


хә = + (5-5 + 5(2.7571)) 


1.3758 


Уг „(19.3 — 2(0.3929)) 


2.6449 


Third iteration: 
Using the value of x2 = 1.3758, у; = 2.6449 


Е + (5-5 + 5(2.6449)) 
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1.3374 
уз = 2 (19.3 — 2(1.3758)) 
- 2.3641 


Fourth iteration: 
Using the value of x3 = 1.3374, y3 = 2.3641 


Xa + 5-5 + 5(2.3641)) = 1.2372. 


ya = (19.3 — 2(1.3374)) 


2.3750 


Fifth iteration: 
Using the value of хц = 1.2372, у. = 2.3750 - 


X5 = 14(5-5 + 5(2.3750)) . 


= 1.2410. 


ys 7 (19.3 — 2(1.2372)) 


2.4037 


Sixth iteration: 
Using the value of xs = 1.2410, ys = 2.4037 


xe + (5-5 + 5(2.4037)) 


= 1.2513 


ув „(19.3 — 2(1.2410)) 


2.4026 
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The iteration is shown below 


х: 0.3929 1.3758 1.3374 1.2372 
у: 2.7571 2.6449 2.3641 2.3750 
х: 1.2513 
у: 2.4026. 


2. The actual value are x = 1.25, у = 2.4 


Example: 2 
Using the Jacobi method solve the equation. 
3x+ yr 2=9.3, 2x + бу – 2 = 10.5 
X — 2у + 102 = 30.6. 


Solution: 
Зх +y + z= 9.3 
1 
x= — (9.3—-y-z 
5 ( y — 2) 
2х + бу -z = 10.5 
уз = (10.5 + z — 2x) 
x — 2у + 102 = 30.6 
1 
z= — (30.6 -х+2 
10 < y) 


Hence the iteration scheme is 


1 
Хк+1 = 3 (9.3 — ук — 2к) 


(10.5 + Zk — 2x&) 


Ук+1 = 


| -= 


1 
ел 16 (30.6 — Xk — 2yx) 
Starting the process with x = 0, y=0,z=0, 


1 
ха = 3 (9.3) 2 3.1 
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1.2410 


2.4037 


y 2 (10.5) = 2.1 


1 
— (30.6) - 3. 
zı = зб (30.6) = 3.06 


Hence x2 = 2 (9.3 — 2.1 — 3.06) - 1.38 


1 


уг = = (10.5 + 3.06 -2(3.1)) = 1.472 

2.5 A (30.6 — 3.1 + 2(2.1)) = 3.17 

хат 3 (9.3 — 1.472 — 3.17) = 1.5227 

уз == (10.5 + 3.17 – 2(1.38)) = 2.182 

23 = 45 (30.6 - 1.38 + 2(1.472) = 3.2168 
хат 3 (9.3 — 2.182 — 3.2164) - 1.3005 

уул 5 (10.5 + 3.2164 — 2(1.5227)) = 2.1342 
2, = = (30.6 — 1.3005 + 2(2.182)) = 3.3441 
х5 = 1 (9.3 — 2.1342 — 3.3441) - 1.2739 

Ys = = (10.5 + 3.3441 — 2(1.3005) = 2.2486 
25 = = (30.6 -.1.3005 + 2(2.1342) = 3.3568 
Хе = E (9.3 — 2.2486 — 3.356) - 1.2315 

ye = 5 (10.5 + 3.3568 — 2(1.2739)) = 2.2618 
z= -L 


= 10 (30.6 - 1.2739 -2(2.486)) - 3.3823. 


The iteration is given below: 


X: 3.1 1.38 1.5227 1.3005 1.2739 1.2315 
y: 2.1 1.472 2.182 2.1342 2.2486 2.2618 
2: 3.06 3.17 3.2164 3.3441 3.3568 3.3823 
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Hence x = 1.2315, y = 2.2618, z= 3.3823 
г. The Actual values aer x = 1.2, = 2.3, = 3.4 


Example: 3 
Solve the following system by Gauss — Jacobi methods. 


10x + 5y — 22 = 3; 4x — 10у + 3z = -3, x + бу +102 = -3 


Solution: 
Here, we see that the diagonal elements are dominant. 


Hence, the iteration process can be applied (ie) the coefficient matrix 
10 -5 -2 
4 -10 3 | is diagonally dominant, since 
1 6 10 


10| < S| + I-2.]-10] > |4] + [3] & |10] > |1] + [6] 


Solving for x, y, Z, 


We have 
1 
x= — (3 + бу + 22 1 
10 ‘ y ) (1) 
1 
= — (3 + 4x + 32 2 
y 10 Х ) (2) 
1 


та | (3) 


First iteration: 
Let the initial values be (0, 0, 0) using these initial values in (1) (2) (3) 


x) = 40 [3*5(0) * 2(0)] - 0.3 
у) = 40 [3+4(0) + 3(0)] = 0.3 


1 
(1) = = 
2 шта 


Second Iteration: 
Using these values in (1), (2),(3) We get 
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х?) = E [3+5(0.3) + 2(-0.3)| = 0.39 
= — [3+4(0.3) + 3(-0.3)] = 0.33 


22) = — {—3 — (0.3) — 6(0.3)] = 0.51. 


Third iteration: 
Using the values of х0), y? z in (1), (2), (3) we get 


x) = = [3 + 5(0.33) + 2(-0.51)] = 0.363 
y? = E [3 + 4(0.39) + 3(—0.51)] = 0.303 


20) = 10 [-3 - 4(0.39) -6(-0.33)| = -0.537 


Fourth iteration: 


x = x (3 + 5(0.303) + 2(—0.537)] = 0.3441 
y? = 10 ІЗ + 4(0.363) + 3(-0.537)| = 0.2841 


2) = 2 [-3 — 0.363) —6(0.303)] = —0.5181 
Fifth iteration: 
Хх) = 10 [3 + 5(0.2841) + 2(-0.5181)| = 0.33843 


y? = = [3 + 4(0.3441) + 3(- 0.5181)] = 0.2822 


20) = 10 (-3-(0.3441)- 6(0.2841)|--0.50487 


Sixth iteration: 


x® = Tm [3 + 5(0.2822) + 2(- 0.50487 )| = 0.340126 
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ye) = 5 [з + 4 (0.33843) + 3(- 0.50487 )| = 0.283911 


29) = = І-2-(0.33843)- 6(0.2822)] =-0.503163 
Seventh iteration: 


x) = = [з + 5(0.283911) + 2(- 0.503163)] = 0.3413229 


y” = = [3 + 4(0.340126) + 3(- 0.503163)] = 0.2851015 


z” = +; (-3-(0.340126)- 6(0.283911)|=-0.5043592 


Eighth iteration: 


x® = 4 [3 + 5(0.2851015) + 2(-0.5043592)] = 0.34167891 
x9 = = [3 + 5(0.2852214)  2(- 0.50519319)] = 0.341572062 
y = 2 [3 + 4(0.34167891) + 3(-0.50519319)] =0.285113607 


29 = = [- 3 — (0.34167891) — 6(0.2852214)] = —0.505300731 


Hence correct to 3 decimal places, the values are 


x = 0.342, у= 0.285, 2--0.505 


х: | 0.3 0.39 0.363 0.3441 0.33843 0.340126 
y: 0.3 0.33 0.303 0.2841 0.2822 0.283911 
z:-03 ~ 0.51 -0.537 -0.5181 - 0.50487 . — 0.503163 
x : 0.3413229 0.34167891 0.341572062 
y : 0.2851015 0.2852214 0.2811360 7 
2 : - 0.5043592 - 0.50519319 - 0.505300731 
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The solution is 
X = 0.342, y = 0.285, z= — 0.505 


Examples: 

Solve the following system of equations by 
Using Gauss Jacobi Method 

8х – Зу + 22 = 20 

4х + 11у - 2 = 33 

бх + Зу + 122 = 35 


Solution: 

Since the diagonal elements are dominant; the coefficient matrix, 

x= = [20 + 3y - 2z] (1) 
1 

y= 4:183 - 4x + z] (2) 
1 

z= — |35 – 6х – З 3 
aa! y] (3) 


First iteration: 
Let the initial values be x = 0, у= 0, 2 = 0 


Using the values, x = 0, y = 0, 2 = 0 in (1), (2), (3) 


We get 
xz 3 [20 + 3(0) - 2(0)] = 2.5 
у) = = [33 + 4(0)-0)-3.0 


20) = 45 [35 -6(0)-3(0)|- 2.916666 
Second iteration: 
Using these values x, у), 20) again in (1), (2), (3) 


We get 
xz 5 [20 + 3(3.0) — 2(2.916666)] = 2.895833 


| 


YO? = — [33 - 4(2.5) + (2.916666)] = 2.356060 


— 
- 


Zes 5 [35 - 6(2.5) - 3(3.0)] = 0.916666 
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Third iteration: 
x® = = [20 + 3(2.356060) – 2(0.916666)| = 3.154356 


y® = E [33 — 4(2.895833) -- 0.916666] - 2.030303 


z= 5 [35 — 6(2.895833) – 3 (2.356060)] = 0.879735 


Fourth iteration: 
x? = = [20 + 3 (2.030303) – 2 (0.879735)] = 3.041430 


y^ = = [33 — 4 (3.154356) + (0.879735)] = 1.932937 


2% = 5 [35 - 6 (3.154356) - 3 (2.030303)] = 0.831913 
Fifth iteration: 
хб) = 5 [20 + 3 (1.932937) - 2 (0.831913)] = 3.016873 


y? = — [33 — 4 (3.041430) + (0.831913)] = 1.969654 


11 
29) = 45 [35 — 6 (3.041430 + 3 (1.932937)] = 0.912717 


Sixth iteration: 
x9 = : [20 + 3 (1.969654) - 2 (0.912717)] = 3.010441 


y? = =. [33 - 4 (3.016873 + (0.912717)] = 1.985930 


29 = 5 [35 - 6 (3.016873 - 3 (1.969654)] = 0.915817 


Seventh iteration: 
x" = 5 [20 -- 3 (1.985930) - 2 (0.915817)]- 3.015770 


y? = = [33 – 4 (3.010441) + (0.915817)]- 1.988550 


29 = 45 [35 — 6 (3.010441) – 3(1.985930)] = 0.914964 
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Eighth iteration: 


Ninth 


Tenth 


N < X Nx х 


x® = = [20 - 3 (1.988550) -- 2 (0.914964)] = 3.016946 


y = E [33 — 4 (3.015770 + (0.914964)] = 1.986535 


à 


zu e ES [35 - 6 (3.015770 - З (1 .988550)] — 0.911644 


12 
iteration: 
x9? = 2 (20 + 3 (1.986535) — 2 (0.911644)] = 3.017039 


y? = [33 — 4 (3.016946 + (0.911644)] = 1.985805 


29 = 5 [35 - 6 (3.016946) — 3 (1.986535)] = 0.911560 


iteration: 


x 9s 5 [20 + 3 (1.985805) — 2 (0.911560)] = 3.016786 


уо = = 83 - 4 (3.017039) + (0.911560)| 1.985764 


20915 = [35 - 6 (3.017039) — 3 (1.985805)] = 0.911696 
2.5 2.895833 3.154356 3.041436 
3.0 2.356060 2.030303 1.932937 
2.916666 0.916666 0.879735 0.831913 
3.010441 3.015770 3.016946 3.017039 
1.985930 1.988550 1.986535 1.985805 
0.915817 0.914964 0.911644 0.911560 
The actual values are 
х = 3.0168, у= 1.9858, 2-0.9117 


207 


3.016873 
1.969654 
0.912717 
3.016786 
1.985764 
0.911696 


Exercise: 
1. Solve the following system of equation by Jacobi. 


i) 8x — бу + z= 13.67 
Зх + 11у —2z = 17.59 
2х - бу + 92 = 29.29 


ii) 9х + 2y —z = 21.1 
4х + бу + z = 33.4 


5х - Зу + 112 = 50.9 
iii) 7.6x — 2.4y + 1.32 = 20.396 


3.7x — 7.9y — 2.52 = 35. 866 
1.9x — 4.3у + 8.22 = 32.514 


iv) 9.862x - 5.821y + 1.2312 = 4.3135 
2.431x — 6.375y — 3.0422 = 24.8298 
3.754x — 4.872y + 9.635z = 3.9959 


5.5 GAUSS - SEIDAL METHOD OF ITERATION 
This is only a refinement of Jacobi Method as before, 


1 
x = — (d, - b, y - c, 2) 
84 


(1) 


1 
y= 5_ (d2 -аҙх-с; z) 
2 


2- a: —- 84 X - b, z) 
Сз 


We start with the initial values yo, zo for y апа 2 and get x, from the first 
equation. 


; 1 
(ie) x1 = 2 — b; yo — €4 Zo) 
1 


While using the second equation, we use 20 for 2 and x, for x instead of хо 
as in the Jacobi's Method. 


1 
We get y, EM -а; X, — C2 Zo) 
2 
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Now, having known x, and у; 
Use хі for x and y, for y in the third equation. 
We get 


1 
21---((4; — a3 х; — bs y4) 
Сз 


In finding the values of the unknowns, we use the latest available values 
on the R.H.S. 


If ху, Ус, zi are the iterates, then the iteration scheme will be 


1 
Хк+1 — (d; - bi Yk — C4 Zk) 
а, 


1 
Ук = — (4 -а; X4,4— C2 Zk) 
b, 


1 
2к+1 = — (d; – аз Xk41 – 0з Yk41) 
C3 


This process of iteration is continued until the convergence is assured. As 
the current values of the unknowns at each stage of iteration are used in getting 
the values of unknowns, the convergence in Gauss — Seidel method is very fast 
when compared to Gauss-Jacobi method. The rate of convergence is Gauss- 
Seidel method is roughly two times than that of Gauss-Jacobi method. As we saw 
the sufficient conditions already, the sufficient condition for the convergence of 
this method is also the same as we stated earlier. That is the method of iteration 
will converge if in each equation of the given system, the absolute values of all 


the remaining co-efficients. (The largest coefficients must be the coefficients for 
different unknowns). 


Note: 


1. For all systems of equation, this method will not work. (Since convergence is 
not assured). It converges only for special systems of equations. 


2. iteration method is self-correcting method that is any error made іп 
computation is corrected in the subsequent iterations. 


3. The iteration is stopped when the values of x, y, z start repeating with the 
required degree of accuracy. 
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Example: 


Solve the equations. 
14x – 5у = 5.5 
2х + 7y = 19.3 by Gauss Seidel method 


Solution: 
14x = 5.5 + Бу 


1 
= —(5.5+5 
етіс Py) 
Ту = 19.3 — 2x 
1 
ш —(19.3—2x 
y = ( ) 


Put y = 0, we get x = E = 0.3929 


Putting x = 0.3929 in equation(2) 


y- = {19.3 — 2(0.3929)} = 2.6445 


The iteration scheme is 


1 
Хк+1 = 14 (5,5 T бук) 


Ук+1 = 7 (19.3 - 2x,4) 


Starting the iteration with the base 
X1 = 0.3929, у, = 2.6445 


We get x; = — (5.5 + 5 (2.6445)] = 1.3373 


уг = 3 {19.3 — 2 (1.3373)} = 2.3751 
хз = un {5.5 + 5 (2.3751)] = 1.2411 


{19.3 – 2 (1.2411} = 2.4025 


Я | > 


Уз = 
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X4 = M (5.5 + 5 (2.4025)} = 1.2509 


уз = — {19.3 - 2 (1.2509) = 2.3997 


чә 


2: 


X- = 
57 44 


(5.5 + 5 (2.3997)] = 1.2499 


уз = 5 {19.3 — 2 (1.2499)} = 2.4000 


The iteration is shown below. 
x: 0.3929 1.3373 1.2411 1.2509 
y: 2.6445 2.3751 2.4025 2.3997 
Hence = = 1.2499, у = 2.4000. 
The actual values are х = 1.25, y=2.4. 


Example: 2 


1.2499 


2.4000 


Using the Gauss— Seidel Method Solve the equation 3x + y+z=9.3 
2х + бу -z= 10.5 
X — 2у + 102 = 30.6 


Solution: 
Зх + у +2 = 9.3 


3x = 9.3 -у-2 


х 
It 


3 @3-у-2) 


2х + Sy +2 = 10.5 


oy = 10.5 – 2х + 2 
1 
у = = (10.5 - 2x +z) 


X — 2y + 10z = 30.6 


10z 2 30.6 — x * 2y 


1 
= — (30.6 — 2 
2 10“ X 2y) 


211 


First iteration: 
Put y = 0, 2-0 


1 
х= 3 cy — Zo) 

1 9.3 
X4 = ее аг HE 
X4 = 3.1 


У.т 2 (10.5 – 2(3.1) + 0) = 0.86 


21 = u (30.6 + 2(0.86) - 3.1 


= 2.922 
Hence the starting points for the iteration are 
Xı = 3.1, У; = 0.86, 2. = 2.922 


The iteration scheme is 


1 
Хк+ = 20995 Ук — 2) 
1 
Yk«1 = 5 (10.5 -2x4 -2,) 


1 
жалы 10 (30.6  2y,., — хи) 


In computing the successive approximation. 
We use the latest approximate values. 


Second iteration: 
X, = = (9.3 - 0.86 – 2.922)- 1.8159 


y2 = = (10.5 – 2(1.8159) + 2.922) 1.9580 


22 = 5 (30.6 - 2(1.9580) — 1.8159) = 3.2694 
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Third iteration: 
Хз = = (9.3 - 1.9580 — 3.2694) = 1.3575 


уз = = (10.5 — 2(1.3575) + 3.2694) = 2.2109 


z = (30.6 - 2(2.2109) — 1.3575) = 3.3664 


Fourth Iteration 
х, = 5 (9.3 - 2.2109 — 3.3664) = 1.2409 


y4 = 5 (10.5 — 2(1.2409) 3.3664) - 2.2769 


24 = 5 (30.6 - 2(2.2769)-1.2409)- 3.3913 


Fifth Iteration: 
Xs = 3 (9.3 — 2.2769 - 3.3913) - 1.2106 


ys = (10.5 - 201.2106) + 3.3913) - 2.2940 


25 m (30.6 + 2(2.2940) + 1.2409) = 3.3977 


Sixth Iteration: 
X, = 3 — 2.2040 — 1.2106) 1.2028 


Ye = 2005 -2(1.2028) + 3.3977)- 2.2984 


Za = E (30.6 + 2(2.2984) — 1.2028) = 3.3994 


The iteration is shown below. 


X: 3.1 1.8159 1.3575 1.2409 
y: 0.86 1.9580 2.2109 2.2769 
2: 2.022 3.2694 3.3664 3.3913 


Hence the sixth approximation is 
X = 1.2028, у = 2.2984, z= 3.399 


.. The actual value are x = 1.2, у = 2.3, 2 = 3.4 
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1.2106 
2.2940 
3.3977 


1.2028 
2.2984 


3.3994 


Ехатріе: 3 
Solve, by Gauss-Seidal method, the following system 


28x + 4y – 2 = 32 
x + Зу + 102 = 24 
2х + 17у + 42 = 35 


Solution: | : 
Since the diagonal elements іп the coefficient matrix are not dominant, we 


rearrange the equation as follows, such that the elements in the coefficient matrix 
are dominant. 
28х-4у-2-32 
2х + 17у + 42 = 35 
х + Зу + 102 = 24 


Непсе, х = 58 (32 — 4y +z) 


< 
| 


x (35 — 2x - 42) 


=. — 
25-46 (24 х-3у) 


Setting y = 0, 2-0, we get 


First iteration: 


x” = 58 |З2-4(0)-01-1.1429 


уб = т [35 — 2(1.1429) – 4( 0)|- 1.9244 
zv 40 [24 – 1.1429 - 3(1.9244)|- 1.8084 


Second iteration: 


хә = = [32 — 4(1.9244) + 1.8084] = 0.9325 
y? = = [35 — 2(0.9325) – 4(1.8084)] = 1.5236 


202) = 5 [24 — 0.9325 - 3(1.5236)] = 1.8497 


Third iteration: 
xe = = [32 — 4(1.5236) + 1.8497] = 0.9913 


y9 = = [35 - 2(0.9913)- 4(1.8497)] = 1.5070 


29) = E [24 — 0.9913 — 3(1.5070)] - 1.8488 
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Fourth iteration: 


x? = x [32 — 4(1.5070) + 1.8488] = 0.9936 


уб = E [35 — 2(0.9936) - 4(1.8488)|- 1.5069 


20) - ст [24 - 0.9936 - 3(1.5069)|- 1.8486 


Fifth iteration: 


x5) = = [32 - 4(1.5069) + 1.8486] = 0.9936 


y? = = [35 - 2(0.9936) — 4(1.8486)] = 1.5069 


29) = E [24 — 0.9936 - 3(1.5069)] = 1.8486 


since the values of х, y, z in the 4" & 5" iterations are same, we stop the 
process here 
2. х= 0.9936, у = 1.5069, z= 1.8486 


Example: 
Solve the following system of equations by using Gauss Seidel methods 
Вх — Зу + 22 220; 4x + 11y — 2 = 33; бх + Зу + 122 = 35 


Solutions: 
Since the diagonal elements are dominant in the coefficient matrix. 
х= = [20 + 3y - 22] (1) 
4 
у = 21133 - 4х +2] (2) 
z= 4 [55 — ex - 3y] (3) 
12 


Take the initial values as y 0, 2 = 0 & use 


First iteration: 


х= 1 [20 + 3(0) — 2(0)]= 2.5 
(1) = _ a 
y [33 - 4(2.5) + 0] = 2.090909 


zs 


mss 


(85 - 6(2.5) — 3(2.090909)] = 1.143939 
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Second iteration: 
x? = 2 [20 + 3(2.090909) – 2(1.143939)] = 2.998106 
y? = 2: [33 — 4(2.998106) + (1.143939)] = 2.013774 
zz > [35 - 6(2.998106) — 3(2.013774)|= 0.914170 


Third iteration: 
x2) = = [20 + 3(2.013774) – 2(0.914170)] = 3.026623 
y? = x [33 — 4(3.026623) + 0.914170] = 1.982516 
29 = 5 [35 - 6(3.026623) - 3(1.982516)] = 0.907726 
Fourth iteration: 
x = 5 [20 + 3(1.982516) — 2(0.907726)| = 3.041430 
y? = 2 [33 — 4(3.016512) + 0.907726] = 1.985607 
29-11 [35 - 6(3.016512) — 3(1.985607)] - 0.912009 


12 


Fifth iteration: 


x) = z [20 + 3(1.985607) — 2(0.912009)] = 3.01660 
у) = E [33 - 4(3.016600) + 0.912009] = 1.985964 


Zz) = a [35 - 6(3.016600) - 3(1.985964)] = 0.911876 


Sixth iteration: 


x) = 2 [20 + 3(1.985964) - 2(0.911876)] = 3.016767 


y? = — [33 - 4(3.016767) + 0.911876] 1.985892 


£ 
11 
29 = > [35 - 6(3.016767)- 3(1.985892)] - 0.911810 
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Seventh iteration: 


x? = = [20 + 3(1.985892) – 2(0.911810)|- 3.016751 


y"? = - [33 — 4(3.016757) + 0.911810] = 1.985889 
zz 5 [35 — 6(3.016757) — 3(1.985889)] = 0.911816 


Since the sixth and seventh iterations give the same values for x, y, z 


correct to 4 decimal places. 
х= 3.0168, у = 1.9859, z = 0.9118 


x 2.5 2.998106 3.026623 3.016512 3.016600 
y 2.090909 2.013774 1.982516 1.985607 1.985964 
2 1.143939 0.914170 0.907726 0.912009 0.911876 
x 3.016767 3.016757 
y 1.985892 1.985889 
2 0.911810 0.911816 
Exercise: 
Solve the following systems of equation Gauss-Seidal method. 

i) 8x— бу + z= 13.67 


3x + 11y — 2z = 17.59 
2x — бу + 92 = 29.29 


ii) Эх + 2y — z = 21.1 
4х + бу + 2 = 33.4 
5х — Зу + 112 = 50.9 


iii) 7.6x — 2.4у + 1.32 = 20.396 
3.7x + 7.9y — 2.52 = 35.866 
1.9x — 4.3y + 8.22 = 32.514 


iv) 9.862x — 5.821y + 1.2312 = 4.3135 
2.431х + 6.375у - 3.0422 = 24.8298 
3.754x — 4.812y *9.635z = 3.9959 


у) 8.7x — 2.3y + 4.12 + 1.7w = 18.23 
3.4x + 12.4y — 4.52 — 3.6w = — 0.34 
4.3x — 3.2y + 5.62 – 13.4w = - 22 
2.8х — 4.7у + 20.42 – 7.8w = 34.33 
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UNIT — VI 
INTERPOLATION 


6.1 Introduction: 

Interpolation has been described as the of reading between the line of a 
table and in elementary mathematics, it mean the process of computing 
intermediate value of a function from a given set of tabulator value of the function. 
Suppose the following table represents a set of corresponding value of x and y 


X: Хо X4 X2 мам Xa 


Y:yo ys У? ТЕТІ ‚Уп 
Now, we require the value of y = y; corresponding to a value x =x, where Xo < Xi < Xn. 


Extrapolation is used to denote the process of finding the values out side 
the interval (Хо, ха. Ви, in general the word interpolation is used in both 
processes. 


Let y = F (x) be the function taking the values yo, yi, ...... Yn corresponding 
tO X Хо, Xi ...... Ха. In other words, уі = F(x1),1 = 0, 1,2,..... n. If f(x) is known the 
value of y can be calculated for any x. But in many cases we have to find y = f(x) 
such that y, = Е(х;) from the given table. This is not easy because there are 
infinity of function y = ф(х) such that y, = ф(х). Hence, from the table we cannot 


find a unique ф(х) such that y - ф(х) satisfier the set of table we cannot find а 
unique ф(х) such that y = ф(х) satisfies the set of values given in the table above 
of the sequences of function (6(x)), there is a unique n" degree polynomial p,(x) 
such that у; = р(х), | = 0, 1, 2,..... n (Ref fig.1) 


The function $(x) is called interpolating function or smoothing function or 


interpolating formula. 


The polynomial function рд(х) may be taken as an interpolating polynomial 
or collocation polynomial where. 


yi = F(x) = pa(xi), i = 0,1,2,...... ‚п. 
Other types or approximating function тау be taken suitable for different 


purpose. In this chapter, we will be mostly concerned with the polynomial 
interpolation only. 


218 





Polynomial interpolation is mostly function preferred because of the 
following reasons: 


1. They are simple forms of functions which can be easily manipulated. 

2. Computations for define values of the argument, integration and 
differentiation of such function, are easy. 

3. Polynomials are free feam singularities whereas rational functions or other 
types, do have singularities | 


The basis of finding such collocation polynomial is the fact that there is 
exactly only one collocation polynomial p,(x)of degree n such that the values of 
р(х) at Xo,X1,X2,.....X. coincide with the given functionnal values Уо,У1,У2,...... Уһ. 
Неге, p,(x) is called polynomial approximation to f(x). We shall see below a few 
of the method of finding such interpolating polynomials. The simplest of all 
interpolations in which the interpolating polynomial is linear. Let us assume that 
the set of values of x & y are given below. Linear interpolation or methods of 
proportional parts. 


X: Xo X4 X2 XS ev dA Xn 
Y: Yo У! Y2 Уз........... Yn 


Now we require the value of y corresponding to x, which lies between x, 
and хы. 


We will assume the polynomial to be linear (ie.st.line) 


У-У, - Yra 7 Yr 
X—X, X = Хх, 


The line equation is 


г+1 


Уа = У; 


л Ук = у; + Е | (Xk — Xr) gives the value of y at x, Xk, х, Xk € Хаа, 


r1 r 
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This methods may be successful in the difference between succeeding 
pairs of value of the variable are small and regular. But, if the intervals between 
the two pairs of value are large, and irregular, this method of simple proportion 
cannot be used without large error. 





Xp Xt Xp+1 


Example: 

The following are the measurements t made on a curve recorded by an 
oscillograph representing a change of current | due to a change in the condition of 
an electric current: 

T: 1.2 2.0 2.5 3.0 


I: 1.36 0.58 0.34 0.20. 
Find the value of i and t = 1.6. 


Solution: 
Let іс. в) be the required value 


Then yy = yp + ——— (Уры — Ур) 
Xo 7 Хр 
1.6-1.2 
[1 6) = 1.36 + ——— —— (0.58 — 1.36 
08) 20-1.2 ( ) 


= 1.36 — 24 (0.78) 
0.8 
=0.97 


Example: 

Using the method of proportional parts, find. y at x =0.5, x = 0.75, given 
the following table 

x: 0 1 2 5 


у: 2 3 12 147 
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Solution: 


Уг. = У, 


г+1 7 Xr 


v | e 


(3 - 2) 


(1-0) 





Ую5=2 + (0.5- 0) 


= 2.5 





уют = 2 9-2) (0.75.0) 


(1-0) 
- 2.75 

6.2 Newton's Interpolation Formula 

Let y Қх) denote a function which takes a set of corresponding values of 
two quantities x and y. 

X: Хо X4 X2 Хз...... Xn 

У: Yo Ул Уг Уз...... ‚Уп 

Let us suppose that the values of x viz . Хо, X1.... ,Xn are equidistant. 

(ie) X х1 = h fori= 1, 2,....n 

7. Xk = Xo + kh, x1 = Xo + 1h etc. 


2; X2 = Хо + 2h, ce і = 1,2 ..... n. 


^k 25 Х, 


h 


n= 





Let us assume that P,(x) be a polynomial of the n" degree in x, such that 
yi 7 f(xi) = Р(х) i 2 0,1,....n. 


Let us assume Р, (х) in the form given below P,(x) =ао+а.х+ алх? + ...... аһх" 
satisfies the (n+1) pairs of tabulated values (Хо,уо), (X1,Y1),(X2,Y2).....- (Xn, yn). 
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Then Ау; where (i = 0,1....n)are constants and the subsequent differences 


are zero. Finite Differences 
We have А ук = Yk+1 — Ук 
А “ук = А yk — Дук 
E k 
yk = (1+ A) Yo A'y, = A “Iyk — AT yx 
А yo = Yı — Уо 


=: k(k-1) ,» к y: = уо+ Ayo = (1* )уо 
= yo + КЛуо + А Yot... +A Уо Yo = Yo * 2A yo = А 2уо 

: = (1+ A Y)yo 
ук = (1+ А Уус 





Substituting the value of k in the above equation. 


We have 





....... 


S Багны! 
Xk — Xo n n 2 к 
Ук = Yo + Н Ayo bee A уул +А Уо 


If ме assume that the value of y corresponding to an arbitrary х сап be 
obtained from the above formula by replacing х, by x, then 











We һауе 

ES EUN 1) 

-Х h h 
у = уо + 2 Ayo + 7 А 2уо+ ....... 
Put Хо = x 
Then we get 
x(x —1 хХ(хХ-1МХ-2)..4Х-10-1) n 

у = yo + xay, ©) зу, + өөө Xt 21 eens) д yo. 


This is known as Newton's forward differences Interpolation formula. 


In this formula for the computation of y, we have to take (P+1) terms if the 
Р" order of differences are constant or the Р" order of differences become very 


small. 
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Aliter: 
Let the polynomial 


у = ао +а.х + а2х? + ...... a,x" satisfies the (n+1) pairs of tabulated values 
(Xo, Yo), (ха,у1). (X2,y2) ...... (Xn, Ул). 


Let us assume that the polynomial can be put in the form. 


у = Ao + А(Х-хо) + Az (X — хо) (x — x1) + Аз (X — Xo) (x — x1) (х- Х2)+ ...... 
+ An(X — Xo)(X — X1) ...... (X — Xn-1) 


We have to determine the constants Ao , Aj, ...... А, 


When X 7 Хо, y 7 yo. 


When x= х; , y= у; 
/. У: = Ao + А; (X1 — Xo) 
= уо + А, h since x; — Xo = h 


‘A= Ул – Yo 


——— 


_ Ayo 
h 





(2) 


When х = Xa, y = у. 
л у; = Ao + А; (X2 — Xo) A2(X2 - Xo) (X2 — X1) 


А 
= yo + To (2h) + Az (2h) (h) 
-. 2h? А» = уг — yo - 2A yo 


but we have shown that 


Y2 = Yo + 2A yo + А%у, 





^. 2h? A2 = Ayo : 
2 A^ yo 
Hence А» = 2n? 


Continuing the calculation of the coefficients in this manner we shall find 


223 














эп? nth? 
Hence 
y = yo + (х - хо) ын + (x= xo) (cx) хи 
+ (x — Xo) (х- x1) (х- x2) AY E 
+ (х — Xo) (x — x1) ...... (х= Xn-1) ҮЕ 


Х-Х 
НХ = ——*., then x = Xo tX 


(x — X1) = (x – хо) — (хі- Xo) 
-Xh-h 
= (X- 1)h 


(x — x2) = (X — Xo) — (Xz- Xo) 
= Xh — 2h 


НЕЕ (ХХ) 
= (X- n*1)h. 


nS XA xp ог хэ. hod (X +) ду, 


Newton's Back ward Differences Interpolation 
Formula: 


Newton's forward interpolation formula cannot be used for interpolating a 
value of y nearer to the end of the table of values. 


For this purpose, we get another backward interpolation formula, 


Suppose у = f(x) takes the values yo, y:...... y, corresponding to the values 
Хо, Х1...... Xn of x. 


Let x, — хк_ 1 = h fork = 1,2....n (equal intervals) 


i Xk = Xo + kh, i = 0,1,2 


Now, we want to find a collocation polynomial Р, (х) of degree in x such that 


Tm n 
Let 
Р(х) = ао + a4 (X — Xn) жа; (X — X9)(X — Xn-1) +..... 
+a, (X — Xy)(X — Xya)...... (X — Хаха) +..... 
+ an (X — Xn) (X — Xn-1) .....(Х — X1) 
Since хі =X,—h 
Xn-2 Бэр Xn тт 2һ 4.... Xn-r*1 = Ха- (г 55 1) 
X= X,—(n—1)h 
We һауе 


We shall find ас a4 


Р(х) = yi | =0,1,2 


(X) = ао + а; (X — Xn) жа; (x — Xn)(X — Xn +h) 
жаз (X — х,)(х — Xnth) (х – xy*2h) +...... 
+ а, (X — Xn) (х — Xn+h) 


(x — Хаж (n —1)h) 


БЭ: а, such that p,(x;) = у; 
Since V = EA. 


Үһк-(1- У)У, 


Xn-k = Ха- kh 


= У, — КУул + к х 


Substituting this values k іп (10) 


Yn-k = Yn — б, 


Gores 


v? 
2 Yn 


Уу, = Ух- Ух -h 


У "ук = Vy. E 
Уп-1 = (1- У Уул 
Ул-2 = (1- V ys 


Ул-к = (1— V Уул 
Xn are equally spaced, then 


»......... 


У "ук! 


If we assume that the value of y corresponding to ап arbitrary x can be 
obtained from the above formula by replacing х, by x, then we have 


Х,-Х 
уз yn — —— 
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Putting =X 
We have 
узуусх, Уу„+ SED yay “ЛЭЭ 


This is known as Backward differences Newton's Interpolation formula. 


The number of terms taken on the left side is P + 1 if the p' order 
differences are constants they are very small. 


Note 1: 
Newton's formulae with forward and backward differences are most 


appropriate for calculation near the beginning and end respectively of a tabulation 
and their use is mainly restricted to such situations. 


Note 2: 

The process of computing the value of a function outside the range of 
given values is called extrapolation. It should be used with caution, but if the 
function is known to run smoothly near the ends of the range of given values and 
if h is taken as small as it should be, we are usually safe in extrapolating for a 
distance h outside the range of given values. 


Aliter: - 
Let the polynomial be expressed as 


Y = Bo *B4(x — Xn) + B2(X — Xn) (X — Xq4.4) + ....... + В.(х — Xn) (X — Хл—1)....... (X — Xn) 


When x=x,,Y=Yyn, 
©. Yn = Bo. 
When х = Xy4 , y = Yn 
Yn-1 = Bo + В, (Xn-1— Xn) 
= yn + В,(-һ) 
В, _ Уп — Yn = Ау, 
һ h 


When х = Хо, у = Yn2, 
Yn-2 = Bo + В.(ха-2-х, ) +В: (ха 2-Ха ) (Ха-2-Ха-1) 
= Bo + В; (-2h) + Ba(—2h) (-h) 
= Ул-2(Ул яа Yn-1) + 2Һ7.В; 
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„. 2һ°В› = ya-2 (Yn) - 2y n-1) + Y n-2 
= ya-2y n-1 + Y n2 
= (ya-y n-1) — (Y n1 — Y n-2) 














= A yn үн: A Yn-1 
= А? у, 
в2= у?2у 
2Һ2 
i 1 ы уЗу, эж Уу 
Similarly, we get Вз = “75 рийг В, = en 
V v?y улу, 
ушу, + (х- Xn) Za +(X - ХА ХХ - Xia) 2112 “ҮЛ +(х-Хл)....... (x — x1) 07 


Put X = 223 





(ie) X = x, + hx 


X-X _ (x-x,)-(, -x,4) _ hX«h _ h(X+1) ad 
h h h h 

X-X.3 2 (х-х„)+(х„-х„,) _ һХ+2һ _ h(X+2) EX 
h h h h 


х-х. _ (x —x, )+(x, –х,) 2 WX+(n-1h _ һ(Х + (п —1) и 
һ h h h 


. У=У+х. Уу + Xen) Vy, + ..... “хаха Vy, 
n! 


Example: 1 


The following data given the melting point of an alloy of lead and zinc; 9 is 
the temperature is degrees centigrade; x is percent of lead:- 


Find Ө when x 543 and when x = 84. 
Solution: 


Since x = 43 is nearer to the beginning of the table. We use Newton's 
forward formula. | 
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We from the difference table. 


Also h = constant 510. 


The topmost diagonal gives the forward differences of yo while the 
lowermost diagonal gives the backward differences of yp. 


By Newton’s Forward interpolation formula 


у=уо+Х. Ayo + ХХ-1У2 A? yo %......% XX 99-20-10 дуу, 


. 0 = 09* X. Ayo + хо 4200 


Here 09 = 184, A 00= 20, А”0о< 2 
Let 643) be the value of x and x 43 


43-40 «3 
Хэ:ї----тэ57-- = +0. 
10 10 us 


(0.3)(0.3-1) > 
2! 
184 +6 + (— 0.105) (2) = 184 + 6 — 0.21 


Ө (43) = 184+ (0.3) 20 + 


8 (43) = 189.79 
Ө 4з can also be calculated from the value of Ө = 204. 


43-50 
10 


--0.7 





іп that case X = 
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(-9.7)(-0.7-1) 


Ө (43) = 204 + (- 0.7) 22 + 21 


(2) 
= 204 - 15.4 + 1.19 
= 189.79 


Since x - 84 is near the end of the table. We have to use Newton's 
Backwards Interpolation. 


Formula: 
-1 
у= yo * X. лу, AO) v? сайыша) v^ v, 
х 1 5 

іп that case Ө 50, +х V0, + шэн ) у20, 

-X = Х,-Х - 90-84 -06 

h 10 
ш -0.6 


. @s4 = 304 + (-0.6) 28 + 1-5) 80:85:15 


= 304 — 16.8 — 0.24 
- 286.96 


054 can also be calculated from Ө = 276. 


80-84 4 
10 10 
- Х=0.4 


п this case -Х = 





Өз = 276 + (0.4) (26) + 6410451 2 


= 276 + 10.4 + 0.56 
0534 = 286.96, 


Suppose we have to determine the relation between x and 0. 
X(X- 1) 


We have 0 = 0, +X A0, + у 


А? Ө, 
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184, AO, = 20, 420, 22, x= —— 


EE -1) 
x-40 2 10 10 

+ —_—_ Е 
10 (20) 


Неге 0, 








„0, = 184 + 


(x - 40x - 50) 
100 


184 * 2x - 80 * 


(x - 40Xx - 50) 


- 184 *2x — 80 * 
100 





2484 45x Во SS y 
10 


= 124 + 0.01x* — 0.9х + 2x 
= 124 + 1.1x + 0.01x? 
Ехатріе:2 . 
Calculate the value of y when x = 0.47 from following data:- 
x: 0 0.1 0.2 0.3 0.4 0.5 
y: 1.0000 1.1103 1.2428 1.3997 1.5836 1.7974 
Solution: 
Since we have to find the value of y corresponding to a value near the end 
of the table. 


Using Newton's Backward formula. 


The backward differences are calculated and tabulated below:- 


x y Ау А%у ду д “у 
0 1.0000 edd - 
a 103 0.1325 | 0.0022 
0.2 1.2428 0.1560 0.0244 0.0004 
| 0.0270 9.0003 
me SOS — 101838 20.0029.” 
0.4 1.5836 790299 
70.2138 
0.5 1.7974 
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X,-x _ 0.03 


In this case h = 0.1 and -X = 04 





“ Х=-0.3. 
Newton's Backward difference formula is 


EAUX Vd ххэ 1) угу, + XQc oc 2) узу, + XO toc 2)(X + 3) Viy, 


We shall take 5 terms in the left side. 


(-0.3)(- 0.3 + 1X- 0.3 + 2) 


y =1 7974*(—.3)(0.2138) 4 9:3) C 0:3 +) (o одоо = 
(0.0099) 293) 03+ KE 0.3 +2} 0:3+3) (0.0003) 
= 1.7974 — 0.06414 - .0031395 - .00058905 — 00001204875 
y. = 1.7295 
Example:3 
From the following table find the value of tab 45°15'. 
x9 45 46 47 48 49 90 


tan x° : 1.00000 1.03553 1.07237 1.11061 1.5037 1.19175 


Solution: 
We can use forward interpolation formula: 


Also h = 1 
х= XoXo . 45°15' ~ 45° 
h T? 
x y = tan x? ^y А?у A3y лу А 5у 


469 1.03553 


: | 0.00040 ` 779 0.00003 
47° 1.07237 0.03824 0.00012 “ж 0.00005 
Abs ТЭЭР 0.00152 —0.00002 
0.03976 0.00010 
49° 1.15037 ашан. Oise 


50? 1.19175 


X(X — 1 
7 у= уо + Дуо + XXD ал + 
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(25(0:25-110:25 -2) (0.00009) 
,025)0.25- 1/0.25-2/0,25- 3) 6 09003) 
, 025/0.25- 1(0.26--2)025- 2025 -4) 0.00005) 


=1.0000+(0.25)(0.03553)+ E) 2280 (0.00131) 


1.0000 + .0088825 — .0001228125 + .000004921875 — 0.037597656 
%0.000001409912109 


y. = 1.00876. 

Example: 4 
The population of a town is as follows. 
Year x: 1941 1951 1961 1971 1981 1991 
Population 
in lakhs : 20 24 29 36 46 51 
Estimate the population increase during the period 1946 to 1976. 

Solution: 


Let us find the population at x = 1946 and x = 1976. 


Since, six data are given p(x) is of degree 5. 


1951 24 (M a 
1961 29 р 1 S 
1971 36 3 
1981 46 pozo o 
1991 51 
xc EX NO O a 
h 10 10 2 


Using forward Formula:- 


UE =. Ary, + XE = 2) 
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хул 2 « 1 шу+ E ) ву. 2202 02-2 Wa- 2) oy. 
еси, QE 
саға 9, В Wak II 2k 94 КІРГЕН 





= 20+2- 0.125 + 0.0625 - 0.24609375 


у = 21.69. 


Using Backward Formula: 


к х(х +1) х(х + Ын -2) 


у = у. х Уу, + V?y, + 


л S. — бэйэ) 





co, (9220509) 


= 51 - 7.5 - 1.875 — 0.5 0.2109375 - 0.10546875 


(-9) 


y = 40.8085938 


-. Increase in population during the period. 
= 41.809 - 21.69 


- 20.119 lakhs 
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Exercise 
1. Find an approximate value of Ө when t = 3.5 given 
t 0 1 2 3 4 5 6 7 8 


0: 50 41.66 34.46 28.28 22.04 18.32 14.42 11.06 8.06 


2: х: 1.0 1.1 1.2 1.3 1.4 
Қх): 0.84147 0.89121 0.93204 0.96356 0.98545 
х: 1.5 1.6 1.7 1.8 


f(x): 0.99749 0.999567 0.99166 0.97358 


Calculate f(1.02) and /f(1.75) correct to five decimal places. 


3) From the following data determine an approximate value for y corresponding 
to х- 2.2 correct to 3 places of decimals: 
x: 1 2 3 4 5 6 7 8 


y: 1.105 1.808 2.614 3.604 4.857 6.451 8.467 10.985 


4. Given the data 

х: 19 20 21 22 23 24 25 

у: 91.00 100.25 110.00 120.25 131.00 142.25 154.00 
find ап approximate value of y when x 23.6 & = 25.5 


5. The following table gives the value of the elliptic integral Е(ф) = 


$ 

90. certain in equidistant values of ф. Find the value Е (23.5°). 
0 Л z өп? ф 

ф: 219 229 239 249 259 269 

Еф: 0.3706 0.3887 0.4068 0.4250 0.4433 0.4616 


6.3 Divided Differences 
Let the function y = f(x) 


Assume the values f(xo), f(xi).....f(x.) corresponding to the arguments 
Xo, Xi, X2. . . . X, respectively where the intervals х; — Xo, X2 — Хі,.... Ха- Xn-1 need 


not be equal. 


The divided differences of y are defined as follows: 
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First order divided difference: 


f(x,)- f(x, ) У; — Yo 
A remm Emo Ab а 1 z f 
х.х; X, — X, y (хі, Xo) 4 (Xo) 


In the same notation 


f(x1,X2) = À f(x) ‚риш У(Хо, x1) 
Х, Х,-Х, 


(хах) = А foo) = 79—72 = y(xs, хэ) 
X; Xa —X 


3 2 


(хл, Xn) = 4 хал) = Yo Эн (хи, хүл) 


n 7 Хал 
Second divided Difference: 


The second divided difference of f(x) for three arguments хо, x4 ,X2 is 
defined as 


(хо, X1 4X2) = AP fo) = Уба) Уба) . y(X2,X1,X0) 


1. 


f(x, X2 ,X3) = А? f(x1) = у(бхз.х,)- У(хә,х,) _ y(Xa,X2,X1) 
X2,X, Хз — X 


Third order Differences: 


(хо x хаха) = AP fog) Убу, Хэ Х1)- у(х, ху, хь) 


= y(Xs,X2,X1,Xo) 
4X2:X4 Хз — Xo 


f(Xo, X1 ,X2,Xs ,X4) = 4 f(x,) = Убе) - Ys Ханх) - y(Xs,X2,X1,Xo) 
хх, X4 —X 
And so on. 


“A Yk = Ука Д Yk- 5 
1. Properties of Divided Differences: 


The value of any divided difference is independent of the order of the 
arguments. (ie) the divided differences are 
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It is seen that y(x1,X%0) = 21-20 = 22-21 = y(Xo, X1) 
Also y(X1,Xo) = EE | sm Е ш E Е + ME .- 
Y (X2,X4,Xo) = y(x2.x4)- У(ха, хо) 


| 
х 
№ 

| | -ь 
X 
o 
== 
х 
№ 
< 
| [v 
X 
+ 
22207 75 
27 
Кес 
х 
№ 
X 
ER 
x 
Ф 
Х.22-297 
х 

о 

< 
1 lo 
X 
ae | 








— Уу. (К-ж), Yo | 


+ + 
Х,-Х, (х,-х;)(х,-х) Х,-х 


У: 2 yi 4 Yo 
(x; - Хо Хх, - x4) (х, — Xo Xx; = Xo) (x, - X4 ДХ, - X2) 


Similarly 


М er c m 
Уха, ха, Хи, Хо) (x4 — хо (x4 х, хз 7 x2) й (x2 — xo xa -ХДХ, - x3) 


Жылы ee es + Bee OE a RR 
(x, — Хо Xx, - X, - Хз) (х, = x, Xx, - xi ХХо - x2) 
Continuing this process, 


We get 


Yn І Уп-1 
У(Хи,Хи-ч».....Хо) = р рр 
Қ” ° (х,-хУХ4-х)...(-ха) Ga = Хо MK ner = X1 sa — Xn) 


y 


Y: + 0 
(x. — xo xs — Х2).....(а — Xn) (хо = X4)... (Xxo - x.) 


This is symmetrical w.r. to any two arguments. 


Жомарт 


.. The divided differences are symmetrical w.r.t апу two argument. 
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2. The operator Ais linear 


If f(x) and g(x) are two function and о and В are constant. Then 


A [o f(x) + 8969 = 8 х)» Balx,)— of хо)» Во(хо)] 


Х,- Хо 
= о), B 9(X1) - (хо) 
X4 — Xo X4 — Xo 
= ah f(x) + ВА g(x). 


Remark: 
i) Setting a = В = 1 


А [ (х) + 969 J=4 f(x) +A g(x) 


ii) Setting B = 0 
^ fof (xJ=a А Қо) 


3. The п" divided difference of a polynomial of degree n are constants. 


Proof: 
Taking f(x) = x" where n is a positive integer 


f(x,)-—f(x,) х-х 4 
f(Xo, X1) = ——— ——— = —1— 9. «ix? хо (х, - x 
(Хо, X1) "XE m («t — х1), - x.) 


- (xr - xt) + X77 Xp Хү х... хо! | 
2 ,n-3 п-1 


= 4,1-1 п-2 
=X + Хо X4 + Хо X1 Ts t Xo 


= a polynomial function of degree (n — 1) and symmetrical in xo, x; 
with leading coefficient 1. 


Again, 
f(X,X2) — f(Xo,X1) 
f(Xo, X«,X2) = ---------- 
Х2- Xg 
1 (х Va wo лод + wij- (ха KRG ^ qoas + xt) 
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= 2 = 5 -2 
xU ох (0° - x87) XI"? (x2 - Xo) 
x? — Xo X3 — Хо X5 — Хо 
= 22 = = -4 n-3 
tox MO cxt?) x, kt? «x, x? +..... + XQ | 
бы анны ext? 


- a polynomial of degree (n — 2) and symmetrical xo, x1, X2 with 
leading coefficient 1. 


Proceeding in this way, the r" divided differences of x^ will be a polynomial 
of degree (n — г) and symmetrical in Xo, X, X2 ........ x, with leading coefficient 1. 


Hence n order divided differences of x" will be a polynomial of degree 
п-п-0, 


(ie) A^ x^ =1 
АТ! x^ =0 Рог | = 1,2 ...... 
AY lao х" +a, х" + ads +a, | 


! 
Ф 
о 
> 
x 
2 
+ 
D 
> 
2 
x 
2 
4 
+ 
+ 
t 
2 


1 
0) 
о 

— 
+ 
о 
+ 
о 
+ 


The converse is also true. (ie) if the п" divided difference of а polynomial 
is constant, the polynomial is of degree n. 














Example: 1 
Find the divided differences of y given the following table:- 
x 2 3 5 8 13 
у: 24 32 84 108 208 
х у Ду 
2 3 4 
2 24 ХУ АУ Ny 
3 32 32 - 34 _ 8 
3-2 26-8 . 
84-32. 352 -36- 
5 84 = 26 soi ДӘ 1.6 
5-3 CNET 8-2 
108-84 , “8-3 ший 231115 220102 
9 108 "4-5 ` 18*36 o5 ie 
208 - 108 MEI gs 
13 208 ------20 13-5 — 
13-8 
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Example: 2 
Find the divided differences of y given the following table:- 

















X : 1 2 7 8 
f(x) : 1 5 5 4 
Solution: 
X f(x) Af(x) A f(x) À f(x) 
5-1 
1 1 — ecd 
2-1 0-4 _ 2 
5-5 (pom Be, 2 
2 5 ты" 0 6773 2 1 
n -1-0___1 8-1 14 
4-5 : 8-2 9 
7 5 8.7 777 "Y 
8 4 = 
Example: 3 
Find the differences of y given the following table: 
x i: 4 5 7 10 11 13 
f(x) : 48 100 294 900 1210 2028 
Solution: 
х Ққ) Ах) А2) 4 f(x) А“Қх) 
100 - 48 
4 48 —— — 92 
5-4 
97-52 
294 - 100 = = 15 
5 100 тэгс 97 id 27-21 
202 - 97 11-5 — 
= — 21 0 
7 294 шэн - 202 10-5 
10-7 44 280 21-15 , 
1210 — 900 2------27 10-4 ^ 
10 900 ———— = 310 11-7 0 
Pun 33-27 
409 - 310 = 
2028 - 1210 ------- = 33 13-7 
------- = 409 z 
11 1210 13-11 13-10 
13 2028 
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Exercise: 
1. Find the divided differences of y given 1| following table. 


i) х: 3 4 6 9 10 
y : 50 102 296 902 1212 
H)x : - 2 -1 1 2 5:5 
f(x) : -83 -3 -5 -15 351 


6.4 NEWTONS DIVIDED DIFFERENCES FORMULA 


Let y - f(x) take values Қхо), f(x), ГОС) f(x.) corresponding to the 
arguments хо, Ха, ....... Xa. 


Y — Yo 
X — Xo 


y(X, Xo) (X — Xo) = y — yo 





f(x, Xo) = y(x, Xo) = 


y = yo + y(X1 Xo) (X — Xo) (1) 


у(х, Xo) — У(Хо, X4) 
X — X4 


у(х, Xo, X1) (x — хі) = у(х, Xo) — У(Хо, X1) 


Similarly у(х, Xo, X1) = 


2. у(х, Xo) = У(Хо, X1) + (x — Ха) у(х, Xo, X1) (2) 


Similarly 


у(х, Хо, X1) – У(Хо, X4, X2) 


У(Х, Xo, X4, Хо) = 


у(х, Xo, X1, X2) (X — X2) = Y(X, Xo, X1) — У(Хо, X1, X2) 


2. Y(X, Xo, Xi) = у(х, X1, X2) + (x — X2) У(Х, Xo, X1, X2) (3) 


ооо вте э э = ж ө өп и е э ө = е эз з= = э некое очно чер 


У(Хч, Хо, Хч, ......... Хол = Y(Xo, X1, алгана Xn) + (X — Xn) У(Х, Хо, ...... Xn) 


Multiplying the equation (2) by х- Xo 
у(х, Xo) (X — Xo) = У(Хо, Ху) (X — Хо) + (X — X1) (X — Хо) У(Х, Xo, X1) 
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Multiplying equation (3) by (x — Xo) (x — X1) 
(X — Xo) (х — X1) у(х{, Xo, X1) = (X — Xo) (x - ха) У(Хо, Ху, X2) + (X — Xo) (X — x1) 


(X ~ X2) y(x, Xo, X1, X2) 
and so on an 


Adding, we get 


y = yo + (X — Xo) у(хо, X1) + (X — Хо) (X — хі) Y(Xo, X1, Х2)........- * (x — хо) 
(х- 9G) icons (х- Ха-а) V(Xo, X4, ...... Xn) + К, 
Where R, = (х – Xo) (X — X1) ..... ЦЭРЭГ (X - ха) У(Х, Xo, X1, ..... Xn) 


If y is a polynomial of degree n is x, 
We get y(X, Xo, X1 ...... ха) = О. 


“Y= уо + (X — Xo) Y(Xo, X1) + (X — Xo) (х- Xo) (х- X1) У(Хо, Ха, X2) ....... 
ИТР + (x — Хо) (X — X1) .:..... ( X — X54) У(Хо, Ха, ...... Xn) 


This equation is known as Newtons divided differences formula. 


This can be written as 


y = Yo + (x — хо) Ayo + (x — хо) (x – х1) Å? Yo + ......... + (X — Xo) (X – X1) 
зше е (X = X)n-1 A" Yo 
If y is polynomial of degree higher than n, 
R,(x) = 0 
Hence the error term is 


В„(х) = (x — Xo) (X — X1) .......... (X — Xn) У(Х, Xo, X1, ...... Xn). 


Relation between Divided Differences and forward Differences: 


If the arguments Хо, X4, Хо ........ are equalty spaced then 
We have 
X — Хо = X2 — X4 7 ........ = Хи — Ха =h 
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У. — Уо 1 
yo = =— Ау 
à : y,-yo R 1 
Агу = И (ду, - Ayo) 
Xo -- х, 2h 2h 
А? у 
2л а 0 
A Yo 21h? DEREN 


ЭМЭ Ny 
d'en мш 0 
Similarly А Ус Жү. 





АЗ Уо 


In general А" y, = қ 
n!h 





Substituting these values in the divided difference formula, we get 


А Х-Х Х-Х 
y - yo * (X - Xp) Yo, | о) ( 1) үг 


2112 A Уа ЕТ 


UL Xo) (x - x4) iuc (X= Ха) Any 
n!h^ 


If X= Xo+ xh & x(—Xo = X2 — X1 = Хз — X27 = 
Where n need not be an integer. 


Ayo , Xh(Xh-h) 


= Yo ХН 
1377.99 h 21h? 





төлө... 


If x is not ап integer, it is an infinite series, whereas if x is an integer, it is a 
finite series. 


Example: 


The value of f(x) for values of x are given as Қ1) - 1, Қ2) - 5, f(7) - 5, 
f(B) - 4, Find f(x). 
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Solution: 


The divided difference table is given below: 


X f(x) 
1 1 
2 5 
7 5 
8 4 


А f(x) 
Setu 
2-1 
9-5-0 


~ 
| 
м 


Newton Divided Formula is 


у = yo + (х — Xo) Ayo + (x — xo) (x — X1) Дуо + (x — xo) (x — хі) (х- хо) Ay, + 
In this case хо = 1,x172,x2- 7 


Уо = 1, 


г. Кх) = 1+ (х- 1) (4) + (х- 1) (х- 2) (- 2%) + (x ~ 1) (x= 2) (x -7) a 


1 
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Example: 2 


Ay, =4, 


1 
а 2/ у? _ 4 >y? 
1%4х-4 3 X + 2x 38 + тах 


A? f(x) 


0 


-1-0 


асое 


2 
2 aci 
A Yo 3’ 


2414 


— (8x? - 58x? + 321x — 224) 


zd co 
71 2-46 


10 2 


Азу, = 1 


714 


23 


14 


х ~ 1 


А certain biquadratic polynomial passes through the points (2,3) (4,43) 
(5, 138) (7, 778) and (8, 1515). Find its equation. 


Solution: 


The given points are at unequal intervals and the table of divided 


difference in 








X y АУ 
2 3 
43-3 40 
mos 
42-2 2 
4 43 
138-43 95 
5-4 1 
5 138 778-138 640 
Ша аара оТ | 
7-5 2 
7 778 
1515 – 778 
124787 
8 1515 c 22 


737 – 320 417 


Е ce 448 


8-5 3 
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ХУ 
75-25 50. 
7-2 5 
139-75 64. 
8-4 4 


Уу 





Newton's Formula for divided differences is : 

У = Yo + (X — Xo) Дуо + (X - Xo) (x - X1) Kyo * (x — хо) (х- Хи) (x — хг) Ayo 
+ (x = xo) (х- ха) (x хо) (x — ха) Ayo 

In this case хо = 2, х; = 4, х = 5, X3 = 7, X4 = 8. 


yo = 3, Ayo = 20, Myo = 25, Ку, = 10, Ду, = 1 


- Y 2 8 + (x- 2) (20) + (x — 2) (x - 4) (25) + (x - 2) (x - 4) (x - 5) (10) 
+ (x — 2) (x — 4) (х- 5) (x - 7) (1) 


= 3 + 20x — 40 + 25x? — 150x + 200 + 10x? — 10x? + 380x — 400 + x* - 18x? — 
39x? + 226x — 280 


= x^— 10x? + 36x? — 36x - 5. 


Example: 3 

By means of divided differences, find the value of yzo from the following 
table:- 
х: 12 18 22 24 32 


y : 146 836 1948 2796 .9236 


Solution: 
The divided difference table in this case 
х Уу, Ду, Ағу, Ағу, Ку, 
12 146 
18 836 115 16.3 
22 1948 278 24.33 цэг 02 
24 2796 424 5 0.98 
32 9236 805 


Ву Newton's Formula for dividend differences 

Ук= Yo + (X-Xo)Ào + (X -X9) (X -xi)&ygo +(X- Xo) (X -X X(x - x;)À yo 
+ (x-xo)(x-x)) (x-x2) (x -x3) Д yo 
In this case x = 20, xo = 12, х; = 18, x2 = 32, хз = 24 


yo = 146, Ду, = 115, Ду, = 16.3, Ху, - 0.59, ќу TO 
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У20=146+(20 —12)115+(20 -12)(20 — 18)(16.3)+(20 — 12)(20 — 18)(20 — 24) (0.59) 
+ (20 - 12) (20 — 18) (20 - 32) (20 - 24) (0.02) 


= 146 + 920 + 260.8 — 37.76 + 15.36 
Yoo = 1305.36 
Example: 4 


Find y, given 
Уо = —9, Ул! - 0, Уз - 0, ys = -124, ye = 0, yo = 6552 


Since уі = 0, уз = О, ye = 0, (x — 1) (x — 3) (x — 6) must be factor of yx. 


Solution: 
Since 6 entries are given, y, may be taken as a polynomial of second degree. 


Hence y, = (x — 1) (x — 3) (x — 6) f(x) 


Where f(x) is a polynomial of second degree. 


B Ух 
109 5 xx -9(x- 3) Xx - 6) 
Ус -9 
101) oues ШЕ 
9) = C9C3)08) 7218 
ys —124 
f(5) а 75-4585 
(9) = Gacy 7-8 
f(9) = ҮЭ 229592 авс 


© (8) (6) (3) 144 


We сап find f(x) from their divided differences. 


X f(x) A f(x) A? f(x) 
0 0.5 
3 
5 15:5 0.5 
7.5 
9 45.5 
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Hence f(x) = (0) + (x — 0) АҚх) + (x — 0) (х- 5) f(x) 
= 0.5 + x(3) + x(x — 5) (0.5) 
= 0.5 + Зх + 0.5x? — 2.5x 


х2-х-1 


f(x) = 0.5 + 0.5x + O. 5x? = 5 


Hence y, = 5 k= 1) (х-3) (x — 6) (x? * x + 1) 


Exercise: 
1. Using the method of divided differences calculate 
i) f(8) to the nearest integer from the following data: 


x : 4 2 4 7 12 

f(x) : 23 31 83 107 207 
ii) f(3.1) ӨВ following table: 

X : -2 -1 1 2 5 


f(x): -83 -3 -5 -15 351 
ii) yr and y44 from the following table: 


x : 3 4 6 9 10 12 
y : 50 102 296 902 1212 2030 
ім) log(1.45) from the following table: 
x : 143 147 148 150 
дах : 2.1553 2.1673 2.1703 2.1761 
2. Using the method of divided differences find f(x) from the following table. 
х : 0 1 4 9 


f(x): 9 12 69 124 
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3. Find the four the divided differences with arguments xo, хі, Хо, Xs, X4 of the 


function EN 
Х 


4. If f(x) = xt — x? + 1, find д“ f(x). [Divided Difference] 


Answer: 
1. i) 94 1)23.896 iii) y7 = 450, у: = 3152 iv) 2.1614 


2. х3 – х? + Зх + 9 


6.5 GAUSS'S FORMULA 


Central Difference Interpolation Formula: 

Newton's forward and backward formulae are best suited for interpolation 
near the beginning and end of a table of differences. For interpolation near the 
middle of a difference table, a centre difference interpolation is required. For this 
origin is shifted to some convenient point in the middle so that the arguments are 


Nn Xo — 3h, Xo — 2h, Xo — В, Xo + h, хо + 2h, xo + Bh, .........and their 
corresponding entires are 
У-з, Y-2) У-л. Уо, Ул, Уз, ..... 


Newton's Divided Differences Formula is 
У = yo + (X — Xo) y(Xo, хі) + (X — Xo) (X — X1) у(хо, X1,X2) + (X — Xo) (X — хі) 
(X — X2) У(Хо, X1, X2, Хз) + 
(X — Xo) (X — x1) (x — x2) (x — xa) y (хо, Ху, X2, Хз, ха) + ......... 


In this formula, 
Put ху = Xo + h, X2 = Xo — h, X3 = X + 2h, x4 = х- 2h, Xs = + 3h, Xs = x - ЗН 
and so on. 


We get 
у = Yo + (X — Xo) Y(Xo, Xo + h) + (x — Xo) (X — Xo — h) y(Xo, хо + hi Xo — h) + 
(X — Xo) (X — Xo — В) (x — Xo + h) y(Xo, Xo + h, Xo — h, xo + 2h) 
+ (X — Xo) (X — Xo — h) (x — xo + h) (x — xo — 2h) 
У(Хо, Xo + В, Xo — В, Xo + 2h, xo — 2h) + ......... 
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Since in the divided difference, the arguments may be interchanged 
provided their corresponding values of y are interchanged. 


Put X = LA (ie) x — Xo = xh. 


/. У = Yo + Xh у(хо, Xo + В) + Xh(xh — h) у(хо, хо + В, xo — h) + Xh (Xh — h) (Xh + h) 
y(Xo, Хо + h, хо — h, xo + 2h) + Xh (Kh — h) (Xh + h) (Xh — 2h) 
У(Хо, Хо + h, Xo — В, Хо + ZH, xo — 2h) + ........ 


У = yo + Xhy(Xo, Xo + h) + X(X — 1)h? у(х, хо + h, xo — h) + 

X(X — 1) (X + 1) h? у(жо, хо + h, xo — В, Xo + 2h) 

+ X(X — 1) (X +1) (X — 2)h* y(xo, хо + В, xo — В, хо + 2h, Xo — 2h)*........... 
We have show that 








уб, Xo + h) = 3% 
y (Xo, Xo + A, Xo — h) = y (Xo — В, Xo, Xo + h) 
2 д?у 4 
2!h? 


Since the order of arguments can be changed 
y(Xo, Хо + h, xo — h, Хо + 2h) = y(xo — h, Xo, хо + h, хо + 2h) 


A Y 


3! h? 
and y(Xo, Xo + n, Xo — h, Xo + 2h, Х2- 2h) - y(Xo — 2h, Xo — h, Xo, Xo + h, Xo + 2h) 





4 
zA ys and so on. 
4! b* 





Substituting these values in (1) 
The equation becomes 
ЕКІ, 2. 42 2 42 2 
у= A. X(X — 1) ET X(X* —1) То X (X* ~ 1°) (X-2) 
2! 3! 4) 
X(X? - 17) (X? - 2?) 


5i л Sy-2 Қуа амы дын 


+ А%у2% 


This is known as Gauss Forward Formula. 
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Gauss's Backward Formula: 
In the Newton's Divided differences formula 


Put х = Xo — h, X? = хо + В, хз = хо — Zh, X4 = Xo + ZH, Xs = Xo — 3h, xs = xo + 3h and 
SO on. 


It will become 


у = yo + (X — Xo) у(хо, Xo — h) + (x — Xo) (X — Xo + h) y(Xo, Xo — В, Xo + h) 
+ (X — хо) (X — Xo + h) (x — Xo — h) У(хо, Xo — В, Xo + h, xo — 2h) 
+ (x — хо) (x — Xo + h) (x — Xo — h) (x — xo *2h) 
y (Xo, Xo — В, Xo +h, Хо — 2h, Xo + 2h) t. es 
X — Хо 


ut X = 
3 h 





(ie) x = xo + Xh 


Then the equation reduces to 
y = yo + Xh(Xo, Xo — h) + Xh(Xh + h) У(Хо, Xo — h, Xo + 2h) + Xh(Xh + h) 
(Xh — h) y(Xo, Xo — h, Xo + В, xo — 2h) + Xh(Xh + h) (Xh – h) (Xh + 2h) 
y(Xo, Xo — h, Xo — 2h, xo + 2h) + ........... 


y = yo + Хһу(хо, Xo — h) + Х(х+1) Һу (хо, Хо — Н, Хо + h) + X (X + 1) (X - 1) 
Зу ( хо, Хо — h, Xo + h, Xo — 2h) + X(X + 1) (X - 1) (X +2) 





Һу (Xo, Xo — В, Xo + h, Xo — 2h, Хо + 2h) + .......... (1) 
We know that y(Xo, Xo — h) = y(xo — h, Xo) = Зул p 
У(Хо, Xo — h, Xo + h) = y(Xo — h, Xo, Xo + h) = Ау 
| Нэн 2! h? 
У(Хо, Xo — h, Xo — 2h, Xo — 2h) = у(х — 2h, Xo — h, Xo, Xo + h, Xo + 2h) 
4 
= ^ Y- and soon. 
41 h' 
Substituting these values in (1) 


We get 


у = уо + XAy. + 


Х 2 42 
EOS үд MESH хэнд 


3! 


X (X? - 1*) (X 4 2) A tya + X(X? —17)(X? -2°) |, 
4! 5! 


This is known as Gauss’s backwards formula. 
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Note: 1 

1. This formula is known as Gauss's forward interpolation formula. 

2. This formula involves odd differences below the central line (x - а) and even 
differences on the line. 

3. Taking the central line and the next line from the table, we have the 
differences occurring in the formula. 


х y лу А?у АЗу А “у Ау 
а- 3h У-з | 
а-2һ y2 n A*y_3 
3 

a-h Va A У-2 А 2 А У-з 4 

А y y-2 ^ 3 ^ У-з 5 
аі Menu 4 АЗУ. dM ғу A*y-s 

Ay А Зу. 2 5 
a*h Уз 2 " А “ус E : A îy А`У_2 
a*2h y M Ay; A “ус 
a*3h уҙ Уг | 


| 
4. Тһе formula сап be written easily with the help of the following table: 


Coefficients 1 ^ ^ pow xus И 

1 2 2 4 5 
Differences yo Луо A*yy A3y.4 А%у.; АЗУ аса 
5. The formula is useful when u lies between 0 and 1. 


Gauss's Backward Formula 

Note: 

1: Gauss's Backward formula involves odd differences above the central line 
and even differences on the central line. 


2. Taking the central line and the previous line of the Table 1, we have the 
difference occurring in the formula. 
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| 
Previous line : ....... AY siii BOY ER A9y. 3 


Central line : ...yo NEWS oe A yide A9y. 3 
3. This backward formula is useful when u lies between —1 and 0 


4. The formula can be easily written with the help of the following table: 


пана NM, 


Differences yo | Aya A?*y4 A*y2 A ^us: uibus 


Coefficients 1 И 


Ехатріе: 1 


Apply Gauss's forward central difference formula and estimate f(32) from 
the following table. 


x: 25 30 do 40 
у- f(x) 0.2707 0.3027 0.3386 0.3794 
Solution: 


Given x - 32 lies between 30 and 35 


Let us take 30 as the origin; here h = 5 


х-х 32-30 2. 








х= > 2---<-04 
| X y Ay А?у A*y 
Mop PO ОШОО о 
Уул 30 0.3027 [0039] 
% 
YA 35 0.3386 .0049 
1 0408 
yj 40 02794 
2 


Since we apply forward formula of Gauss, we enclose differences 
occurring in the terms by rectangle. 
By Gauss's Forward Formula, 
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We have 
- Хх (X? – 12 
Ү(х) = у(х + xh) = Yo +t X A yo + eed) A?y.4 + x(x Ay 4 + 


4(0.4-1 
y(x = 32) = y(x = 0.4) = 0.3027 + 0.4(0.0359) + 0402-9 (0.0039) 


2 2 
,94(04 -7) ^ -1) (0.0010) 


= 0.3027 + (0.4) (0.0359) + оа) сов) (0.0039) 
+ 54) 901-09) o )(-0:8) (0.0010) 


= 0.3027 + 0.01436 — 0.000468 — 0.00006 
у = 0.31653 
Example: 2 


Using Gauss’s backward interpolation formula, find the population for the year 
1936 given that 


Year x: 1901 1911 1921 1931 1941 1951 
Population 
In thousand y: 12 15 20 27 39 52 
Solution: 


Since we require at x = 1936 


Take 1941 are the origin h - 10, 
x-X- 1941 _ 1936 - 1941 “05 
10 10 


X y ^y А?у A*y A*y А Зу 
3 2 

5 0 

| : а 

7 - 3 -10 

1931 ул 27 12) 
s © 


1941 ус a 
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We enclose those values required іп the formula by rectangles. 


By Gauss's backward formula, 
We have 


2 42 
x(x + 1) Ay, + x (x 1^) 


уоту кожи) = VOCE DIS ege ет 3i 


х(х2-125(х-2) з 
4! 


у=зв+(0-.5) (12) + 090519 о (4), 2081-0581), у 


+ 


= 39 — в + (05)C0.5) , (0.5) -0.5) C-1.5) 
2 


6 (4) 


г у = 32.625 
Ехатрїе: 3 
The following table gives the value of the probability integral 


f(x) = zen a vd dx for certain equidistant values of x. Using a) Gauss's forward 


formua b Gauss's backward formula. Find the value of the integral when x = 

x : 0.50 0.55 0.60 0.65 0.70 0.75 0.80 
f(x) : 0.1915 0.2088 0.2258 0.24422 0.2580 0.2734 0.2881 
Solution: 
Since x = 0.68 lies between 0.65 and 0.70. 
We shall take the origin (ie) x = xo at 0.65. 


Х-Х, _ 0.68 -0.65 .03 06 


We have X= ЗЭЭ oe Se E 
ши h 0.05 05 
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The difference table is given below: 


x y f(x) (10°) лу A?y АЗу А у Абу 
0.50 2 1915 
иь 173 
0.55 y2 2088 -3 
170 -3 
0.60 ya 2258 -6 3 24 
0.65 2422 ЫН 6 : 2 
. 0 
d 158 2 3 
0.70 y 2580 -4 5 
154 -3 
0.75 ys 2734 -7 
147 
080 уз 2881 


а) Ву Gauss's forward formula: 


X(X? -1*) ХОР” X(X* -T)(x-2) да 


2 
x d 3! 41 


у = уо +Х Дуо + 


X(X —1) 
21 ж 


2 XO? APY (X? -22) 4 
5! 


= 2422 + (0.6) (158) + eI (-6) + 86 1) (0) 


6.6? - 2)(6 - 2) 666? — 1) (6? — 4) 
E 24 (2) + 120 (3) 


- 2422 * 94.8 — 0.72 * 0 * 0.0448 * 0.034944 


y = 2517.598 


л f(x) - 0.25176 Б Қх)10% = 2517.598 => f(x) = 2517.598 
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b) By Gauss’s Backward formula: 


2 42 2 42 
ХОЗ” aa, + ХОХ 12) nay, ХОС-ТЭ(Х-2) д. 


Y 2 yo * X Aya 27 J " У-2 


: X (X? - 17) (X? - 2?) 


E А уз + ..... 
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= 2422 + (0.6) (164) + E (— 6) + 6(6- — (oy 


4:966 -1 (6+2) у 6 (6* —1)067-4) (. 
| 24 120 


=2422 + 98.4 — 2.88 + 0 — 0.0832 — 0.011648 


y -2517.7 _ 2517.7 
f(x) 2 0.25177 
f(x) -.25177 | 

Exercise: 


512 Interpolate by Gauss's formula the value of y when x = 17 from the 
following table: | 


X- uw 5 10 15 20 25 30 
y : 0.3797 2.4622 4.0939 5.3725 6.3742 7.1591 
2. Apply Gauss's forward formula to get узо given that | 
Yo: = 18.4708, yos = 17.8144, yoo = 17.1070, узз = 16.3432, ya; = 15.5154 
3. Use Gauss’s backward formula to obtain sin 45° given the table below: 
X" ox 20 30 40 50 60 70 


sin x? : 0.34202 0.50200 0.64279 0.76604 0.86603 0.93969 


4. Use Gauss forward formula. The value of e™ for various values of x are given 
below. Find e ' 7229 


хо: 1.72 1.73 1.74 1.75 1.76 


e-x : 0.17907 0.17728 0.17552 0.17377 0.17204 


6.6 STIRLINGS FORMULA 
By Gauss's forward formula, 


We have 


XQ ede 18:23 X (X? - 1?) (X - 2) 


= yg + + 5 
у=уо+Х Ayo ий иж: 41 


Х(Х-41) 4 
oy A y-2 


А X (X? – 12) (X? - 2?) 


5i А?у_› + бан ы (1) 
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By Gauss's backward formula, 


We have ЭЭ 
Х(Х-1 X (X? - 17) X(X^ -1*) (X+ 4 
y= yo+ X Ay. + 2 22 (AOL aae Mg А2 
2 42\(y2_ 22 
p хоё муо ауа. д 
Adding (1) and (2) and finding the average, We де! - 
Ox 5 X (X^ -1 
2y = 2yo + X(AYo + Ау- +) + X XT A?y. 4 + xo 
хо 
(му. + ху X08 x- 2. Х- 21 А4у; 
EE EN 
5i 5 ЖЭ 
дан 2 42 
: X? -1 
у = уо + Х Ayo + Ау. + x Ay + X(X' -V) la*y_, + Азу | 
2 2! 3! 
i 8 A fyz + ав [£a Зан шоог 


Note: 
The formation of even terms 


x Ayo t Ay 4) XQC - 1?) (Азу, + Ny 
2 3! 2 


XQ - 17) (X? - 27) ( Ху. + Лу; 
5! 2 


From this the next even term n 
X (X? —12) (x? - 22) (X? - 3°) на SM 


7! 2 
2 2 (у2 42 
The odd terms are AY. ae ү 
From this the next odd term is 
x? x? _ 42 х? 292) 
х (X -1)(Х -2 A у.з. 


6! 
Similarly we сап form all the terms. 
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Ехатріе: 1 
Using Stirlings formula, find у(1.22) from the following table. 


X 1.0 1.1 1.2 1.3 1.4 1.5 1.6 


у 0.84147 0.89121 0.93204 0.96356 0.98545 0.99749 0.99957 


Х 1.7 1.8 
у 0.99385 0.97385 
Solution: 


Since we require y at x = 1.22 
Take the origin at x = 1.2 and h = 0.1 


y= ХХ. 1.22—1.2 0.02 202 
h 0.1 0.1 





We form the central difference table below. 
Since x= 1.2 is the origin, 
We take values on both sides of 1.2 to the required stage. 


By Stirlings formula 


We have 
Дуо t Aya |, X? , X(X? —1)| АЗУ Ayo |, X? (X? -17) 4 
: юэ 2 j^ ЕЕЕ 2 Аа 
Difference Table 
x y ^y А?у A*y Д “у 
1.0 y-2 0.84147 
0.04974 
1.1 У-1 0.89121 004083 -0.00891 
3 —0.00040 
1.2 Yo 0.93204 — —0.00931 (00085 — 0.00008 
13 y 0.96356 | -0.00963 ` 
0.02189 


14 у, 0.98545 


2 
Уі2 = 0.93204 + (0.2) | 205089 5 0.03152 (0.2) 


5 + S— (-0.00931) 
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" (0.2) (0.04 — 1) Е 0.00040 – 2.20032 
6 2 


+ (0.04) (0.04 -1) odis 
24 


= 0.93204 + 0.007235 - 0.0001862 + 0.00001152 — 0.000000128 
Yı2 = 0.939100192. 
Example: 2 
From the following table estimate ед? correct to five decimals using 
Stirling's formula 
X : 0.61 0.62 0.63 0.64 0.65 0.66 0.67 
e" : 1.840431 1.858928 1.877610 1.896481 1.915541 1.934792 1.95421 
Solution: 


Take x - 0.64 as the origin 


X—Xg .0.644 -0.64 





Х- 0.4 
h 0.01 
Formula: 
Ayo - Aya | X? , X (X? -Vð Aya АЗУ, 
ш РА RES саунаны Г св Ака алалық Ac 
du | 2 ЕЕ Уа +——а 2 
E x? (х? 17) s А 
4i Ma T dedu ee 
X y лу 4 2у А Зу А “у 
0.61 Уз 1.840431 
0.018497 
0.62 y-2 1.858928 0.000185 
0.018682 .000004 


0.000189 —0.000004 


063 у. 1.877610 
[0.018871 | 
0.64 у [1896481 0.000189 0.000002 


(0.019060 | |.000002 | 

0.65 у: 1.915541 0.000191 [.000002 | 0.000001 
0.019251 0.000003 

0.66 Уг 1.934792 0.000194 
0.019445 


0.67 Уз 1.954237 


49 (0.000189) 
2 2 


~. y = 1.896481 + (0.4) (201887 + 0.019060) , 016 


2 
‚ (0.4) eae -1) (23090002) 2 (94r 0192 (0.000002) 


= 1.896481 + 0.0075862 + 0.00001512 — 0.000000056 — 0.000000269 
y = 1.904081996 


Example: 3 
The following table gives the value of the probability integral 


о 
Find the value of the integral when x = 0.68 


f(x) = 21 2222 dx for certain equidistant values of x. Using Stirling's formula. 
Үл 


Х . 0.50 0.55 0.60 0.65 0.70 0.75 0.80 
f(x) : 0.1915 0.2088 0.2258 0.2422 0.2580 0.2734 0.2881 
Solution: 


Since x = 0.68 lies between 0.65 and 0.70, We shall take the origin. 
(ie) х = xo at 0.65. 





х. X-Xo 0.68 — 0.65 o6 
h 0.05 


The difference table is given below 


X f (x)(10^) Ay A*y АЗУ A* y A? y 
0.50 y-3 1915 
0.55 Y-2 2088 21/33 -8 4 , 
0.60 y-1 2258 D ME, җы Q9 1 
0.65 ус 04225522716 ы тышы, 

158 7-> 2 3 
0.70 y 2580 -4 os 5 
0.75 2734 154 3 
е 147 -7 

0.80 уз 2881 


Stirling's Formula: 


2 Ayo +АДУ.-1 X^ |2 X (xX? -T)( Nye ys 

y yo + X | ES d E qute NINE EE 
2 2 

Га NS X (X? -17)(X? – 2?) [My +л Ya 16 
4! 5! 2 
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= 2422 + 
: 2 


0.6 (158 +164) (0.6)?(-4)  (0.6)(0.6* - (2+0 
2 Ы "в | | 





2 


(0.6)? (0.62 — 1) 0.6 (0.6)? - (6? -2) (3-1 
E 24 (er 120 | 2 | 


= 2422 + 96.6 - 0.72 — 0.064 - 0.0192 - .005248 
у = 2517.8 
f (x) (10^) = 2517.8 
f(x) = 0.25178 


Example: 4 


Given the following table, find y (35), by using Stirling's formula. 
50 








х: 20 30 40 
у: 512 439 346 243 
Solution: 
We will take ж = 30 as the origin. 
6 10 
Х X* 5 X(X? -1) 
y (35) = yo + - (Луо + A ул) + не ce 


Difference Table 


х у лу А?у АЗУ 
20 512 
-73 
У-л ду ЖА 10 

30 439 Соз É a 
40 да 20 

V ME: ye 
50 243 


узв = 439 + > (-93 ~ 73) + 223 (20) + (00:5)0:25:-7) LT 7 


= 439 — 41.50 - 2.50 


Уз5 = 395. 
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2 


А АЗ: 
9-1 %-2 " 


(10) 


Exercise: 
1. Use Stirling's formula to find Y,, given 


х: 10 20 30 40 

Yx: © 51.2 43.9 34.6 24.3 

2. Use Stirling's formula, estimate f (1.22) from the following table: 
x 20 25 30 35 40 


f(x) 49225 : 48316 47236 45926 44306 


3. Estimate 41.12 using Stirling's formula from the following table. 
x 1.0 1.05 1.10 1.15 1.20 1.25 1.30 


f(x): 1.00000 1.02470 1.04881 1.07238 1.09544 1.11803 1.14017 


4. Use Stirling's formula to get tem 89? 26' from the table. 

X: 89? 21' 89? 23' 89? 25' 89? 27' 89? 29' 
tan х: 88.14 92.91 98.22 104.17 110.90 
5. Use Stirling formula to get the value of Y (45) given. 

x: 40 44 48 52 


y: 51.08 63.24 70.88 79.84 


6.7 BESSEL’S FORMULA 
In the Gauss’s Backward formula, instead of хо take x4 (ie.) we have to 
advance the subscripts of x and y by one unit. 


= X-X 


| _ X- 
бе) х= = 





(i.e.) X = -1 





я Hence X is to be replaced by - 1. 
Similarly (X — К) is to be replaced by (X - k - 1) 


Then the 
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Gauss's Backward Formula reduces to 


(X-0X yyy 


Х(Х-1)(Х-2) ,; 
21 0 3! Е 


у = уо + (Х - 1) Лу, + ‚ У 


x X (X? —1?)(X-2) А ya E X (X? — 12) (X - 2) (X - 3) АВ Л 
4! 4! 5! 
Gauss's forward formula is 
X (X — 1) X (X? – 12) ^ 
y2yotXA Yo ——— Aya + — Ау, 
2! 3! 
Х(Х5::153(Х-2 хо 
poU. T Moe )( ) (Eur ee а Х ) Ауы ж Ax 


4! 5! E 
Finding the mean of (1) and (2), we get 


2y _ Уоту, , (Х-1)Луу + X^yo | (X-XA yo + Х(Х-1)лу 
2 2 2 (21) 


, (X29 x (K=2) ду, Х(Х -12)дл?у, 2 
2 (31) 


х (x? – 12) (x-2) A у. + x (x? -12)(х-2) Af у, + 
ате анг 


- Уо У! “(х-2) Ау Cc 9x А? у. + Л? у, 
2 2 9 2! 2 


1 
X(X——)(X-1 
( 5) ( ) 8 X (X? - 17) (X-2) А у. + А“ У-2 
%----5--- А у E [Ll l 2—2 
3! 4! 2 


х(х- 30€ —1°) (X? —1°) (X? —1°) 
5! 


+ 


This is known as Bessel's formula of interpolation. 
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..... 


Example: 1 


1. Given the following table, find y (35) by using Bessel's formula. 


x: 20 30 40 50 
y: 512 439 346 243 
Solution: 


Take хо - 30 as the origin. 


xz ХХ, 35-30 055 
h 10 
The difference table is 

X y ^y Му Ny 
АУ А?у| 

20 y4 512 -73 | gus 

30 yo 439 ^ yo : 10 
22 А 

40 y, 346 9з - 40 

50 у, 243 -103 


Using Bessel's formula: 


. х(х-2) 1) 
2 2 2 
Yo t Y4 “(х- ау, +S 1) 3 M 2 Азу, x 


у= 2 2| 2 3! 
il «(0.5- %)(-93)+ 0505- 1) (=®—°) 
, (0.5) (0.5 Jis (0.5 — 1) @ 
= 499:346 + 0 + 0.25 (30 = 
2 2 
= 392.5 + 1.875 
y = 394.375 
Example: 2 


From the following table, estimate e?9^ correct to five decimals using 
Bessel’s formula. 


X 0.61 0.62 0.63 0.64 0.65 0.66 0.67 
ех 1.840431 1.858928 1.877610 1.896481 1.915541 1.934792 1.954237 
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Solution: 


Take х 0.64 as the origin. 


Difference Table 


X 


0.61 
0.62 
0.63 
0.64 
0.65 
0.66 
0.67 





Using Bessel's formula 


y= PAV) Ayo X (X= eon hid) 


1 
ЖА Us 


» 0.644 —0.64 _ 0.4 
0.01 
уше” Ау Ny Жу Ху 
1.840431 0.018497 
1.858928 0.000185 
0.018682 0.000004 
1.877610 0.000189 -0.000004 
0.018871 0.0 
1.896481 0.000189 0.000002 
| 0.019251 0.000191 0.000002 0-000001 
1.934792 0.000194 ў 
0.019445 
1.954237 


2 


+ АЗ y + X(X? -1°)(Х 2) A yo tM’ Уул У -2 ub Yalan 
3! 4! 2 
We get 
" 18964811121341, (04- 1) (0.019060) 
РА (0.4) (0.6) [2999199 0.200191! 
2 2 
- — 2 — — 
* (970-99) er) 5964 9) (0.000002) +. 404 (4-2) 
2 


1.906011 — 0.001906 - 0.0000228 


1.904082 
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Ехатріе: 3 


The following table gives the value of the probability integral f (x) 5 = 
n 


x _x2 
| е 2 d x for certain equidistant values of х. Using Bessel's formula. 
0 


Find the value of the integral when x = 0.68. 
x: 0.50 0.55 0.60 0.65 0.70 0.75 0.80 
f(x): 0.1915 0.2088 0.2258 0.2422 0.2580 0.2734 0.2881 
Solution: 


Since x 70.68 lies between 0.65 and 0.70. We shall take the origin, (i.e.) х 
- хо at 0.65. 


Х-Ху  0648-0.05 _ 


We have X- = 
h 0.05 


0.6 





By Bessel’s formula 


Х(Х-1) | Yo ан х(х- Jo)x- : 
3! 


y 7 Yo tX A yo t — 1 5 Му, 





1 2 2 2 2 
xot -myoca (vuoi) Ure „уре -2°) 


5 
4! 2 5! Ее 
х Қо) (104) Ау A? y A? y A* y A? y 
0.50 уз 1915 
ҮЭ 173 

0.55 у, 2088 7-38 

—— 170... 33 
0.60 y, 2258 -6 Ийн: 227 
0.70 у, 2580 ER аж 
0.75 уг 2734 ve S 


0.80 уз 2881 
we get 


y = 2422 + (0.6) (158) + 9608 9 (2228). coer 


2 2 6 e 
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8(062-1)(06-2) (2+5), 6(6-.5)(-6%-7(6 4) 
шинэ NÉ (25). 120 | ш. 


= 2422 + 94.8 + 0.6 - .008 + 0.00784 + .0034944 
у = 2517.55 
{(х) (10% = 2517.55 
Қо) = 0.25176 
Exercise: 
1. From the following table using Bessel's formula find y (5). 
X: 0 4 8 12 


Y: 14.27 15.81 17.72 19.96 


2. Apply Bessel's formula to obtain. 

1) yas given 

х: 40 44 48 52 

у: 51.08 63.24 70.88 79.84 

ii) the value of y when x = 5 from the following table: 
х: 0 4 8 12 


у: 14.27 15.81 17.72 19.96 


3. Using Bessel's formula obtain the value of y (5) given 
x 0 4 8 12 


у: 14.27 15.81 17.72 19.96 
6.8 LAPLACE - EVERETT FORMULA 
Gause’s forward formula is 


x (x - 1) 
p CONO TUM 





Yo; = У (Xo + Xh) = yo* A Yo + 


266 


2 42 Ls 2 _ 42 2 _ 22 
, ХО Te 2) ау EU ын 2^) 


А5у%... (1) 
we have A yo = у! – yo; A? ya = – A? yo- A? y. 
AŽ y2 = Afya — A* у etc. 


Substituting these in (1) 


we have 
Х(Х-1 Х(х2-12 
у (xp Хэ) = yo tX (ys уо) + SLD ағу, ХОСТ (a? yo- A? y) 
X (X? - 1T )(X - 2) хоро) 
+ а А” Y-2 + ^^. xA y) 2. 
2 _ 12 2 _ 42 
у = Yo + Xy — Ху + 24%— дор ГЭ А? yo — XQ -Т) А?у 
er 3! 3! 
ХЭХЭ Дж Anu 0.1900 369. хэ 
4! с 51 1 
2 42үүу2 _ 92 
USC TOSS AK оаа 
5! 
M = 2 42 2 _ 2 
= (1-Х) yo + Ху: + цоо )s v. А RO P) y, 


х(х? —-12)(х-2) X0 -17) (Х? - 2? X (X? —17) (x? - 2? 
4% 2i ) X( at ) | Ауыз ( X ЖОО 


. X X Х +1 
Using this result + = 
r r+1 r+1 


Changing 1-X=v=YorX=1-vin equation (2) 
we get 


X| _ X(X=-1)(K-2) _ (1-м) (-v)(-v-1) _ (v+1)(V)(V=1) _ д 
3 3! 3! g Ё 


Similarly, 


267 


Hence, equation (2) reduces to 


у +1 у +2 
у бо= Vy 2 Aya. + | E ЛЫ 


+ | ху, + "3 | № Yo + e 2 А ya + | —— (3) 
3 5 
у= | му, МӘЛЕ Ағу, t VV? ЕР) (v? -2°) муз +... | 
3! 5! 
2 2 2 2 2 2 
«| хуу 06210 ау, + К ey ul | ow 


This formula is known as Laplace - Everett formula. 


Note: 1. This formula involves even differences on and below the central 
line. 


2. It involves only even order differences. 
3. This can be used if < и < 1. 


Example: 1 
From the following table, estimate e?9^* correct to five decimals using 
Laplace — Everett's formula. Also find e* 


X: 0.61 0.62 0.63 0.64 0.65 0.66 0.67 
e*: 1.840431 1.858928 1.877610 1.896481 1.915541 1.934792 1.954237 


Solution: 
Take x 7 0.64 as the origin 


Х-Хо,  0.644-0.64 _ 
h 0.01 т 


X= 0.4 
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Difference Table 


X у=е* ду А2у АЗу л “у 
0.61 уз 1.840431 
+0.01 
0.62 yz 1.858928 ones 0.000185 808004 
0.018682 i 
0.63 y. 1.877610 шог 0.000189 у -0.000004 
0.64 yo 1.896481 Хн 0.000189 (000002 0.000002 
0.65 y 1.915541 Шог 0.000191 (000003 0.000001 
0.66 у; 1.934792 | 0.000194 
0.019445 
0.67 уз 1.954237 
Using Laplace Everett's Formula, we get 
2 4? 2 42 2 22 
y = (0.644) = lv Y, M A? y+ V (V ны ) да Yg Han. | 
2-р 2 421(42. 92 
"(ху 56870 дү xe ae 2) уж. 


М= 1-Х 5 М=1- 0.4 = 0.6 


~ 


(0.000189) (0:9) (0.6 — 12) (0.6? - 2*) | 0.000002) 


(0.6) (0.36 – 1) 
6 5! 


Үш (09 (1.896481) + 


+ (0.4) (1.915541) + 


Сев (0.000191) 


ООо 1067925) oe) (0.0000.01) | 


= [1.1378886 - 0.000012096 + 0.00000002396] + [0.7662164 


- 0.00001069 + .00000001 1648] 


1.137876527 % 0.766205722 
1.904082. 


< 
li 
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Ехатріе: 2 
The following table gives the values of the probability integral 


f (х) = х2 d х for certain values of х. Find the value of this integral 


2 Ї e 
Vn 5 
when x = 0.5437 using Laplace Everett’s formula, 

x 0.51 0.52 0.53 0.54 0.55 0.56 


Yzf(x) 0.5292437 0.5378987 0.5464641 0.5549392 0.5633233 0.5716157 


х: 0.57 
f(x) 0.5798158 


Solution: 
We take the origin Хо = 0.54 and x = 0.5437, h = 0.01 


Х-Х, _ 0.5437 – 0.54 _ 


V=1-X=1 - 0.37 = 0.63 


Difference table: 


х Қх) Ау A?y АЗу А* у 
0.51 уз 0.5292437 
0.52 у, 0.5378987 42. -0.0000896 , 0060007 
0.53 ул 0.5464641 o pogazs4 70000908 _0.0000007 dx 
0.54 yo 0.5549392 | базаад, 0900910 0000007 pom 
0.55 yi 0.5633232 5 0082924 709000097, 0000006 | 
0.56 у» 0.5716157 00082004 -0-0000923 


0.57 уҙ 0.5798158 


Ву Laplace Everett's Formula 


X(X? —1 X (X? -1) (X? -4 
у = (20.8497) = | xy, 0-9 ) лгу AUS UU) 4 + | 


6 0 12 Ау ....... 


у (02-1) 2 v (v? - 1) (v? - 1) (v? – 4) 
+ |у А А ді 
| Yo + 6 yat 120 A Ya +..... 
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y = | (0.37) (0.5633233) + (0.37) (C37 -9 ) (— 0.0000917) 


6 


‚ (37) (0.37? —1)(0.37* – 4) _ (0) 
120 


(063 Y —1) 


+ (0.63) - 


(-0.0000910) Ч 


| t | (0.63) (0.5549392) 


120 


= [0.208429621 + 0.00000488 +0] + (0.34961196 


+ 0.00000576262 + 0] 
y = 0.55805195. 
Example: 3 
From the following table, 


X: 20 29 30 35 40 


f(X) 11.4699 12.7834 13.7648 14.4982 15.0463 


find f (34) using Laplace Everett's formula. 


Solution: 
Take the origin хо as 30; ћ = 5 


Х- pU UU x 
h 5 
V=1-X=-08=0.2 
Difference Table 
x f(x) Ay А?у 

20 y. 11.4699 

Ын, 1.3135 тээ 
25 у. 12.7834 шоо e 
30 yo 13.7648 aUud -0. 
35 у; 14.4982 е -0.1853 
40 уг 15.0463 


By Laplace Everett's Formula 
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(0.63) (0.63? — 1) (0.63? - 4) | 
0 


-0.0214 


\ 


| 


| 


2 _ 42 2 42 x? -2? 
ху улс ду = == 


2 42 2-22 
‚ „кууы у То | 
3! 51 


у (х = 34 = у (x = 0.8) 


Ш 


(0.8) (0.64 — 1) 
6 


[ (14.4982) + (0.1853) ]+[(0.2) (13.7648) 


(0.2) (.04 — 1) (0.04 — 4) 


(-0.2480) + 
120 


о om 2) (-0214) 


11.59856 + 0.0088944 + 2.75296 + .007936 - .0001355904 


Y = 14.368214 


Example: 4 
From the following the table, estimate f (337.5) by proper interpolation 


formula. 
x 310 320 330 340 350 360 


f(x) = y = log x 2.4913617 2.5051500 2.5185139 2.5314789 2.5440680 2.5563025 


Solution: 
Take хо =330 as the origin 


Since X = 0.75 > 2 


We can use Everett's formula for better result v = 1 – х = 0.25. 


x y Ay А?у А Зу А “у 

310 2.4913617 Шел 

320 25051500 | -0.0004244 
0.0133639 0.0000255 

330  2.5185139 —0.0003989 —0.0000025 
0.0129650 0.0000230 

340  2.5314789 —0.0003757 —0.0000017 

тектен 0.0125891 0.0000213 

КЕЕ -0.0003546 


360 2.5563025 
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By Everett's formula, 


KOC ел) 
3! 


X(X? 24 (X? =4) 


y (0.75) 5 Р У; + 51 


| 


A yy AC y © 


v (v? —1)(v? —4) 


у (у? —1 
ша 5i 


+ Ух 31 


Му.,- E 


(0.75) (0.5625 — 1) 


- (075) (25314789) + (-0.0003759) 


Ж (0.75) (0.5625 — 1) (0.5625 - 4) 


(- 0.0000017) 
120 


(0.25) (0.0625 — 1) 


: (-0.0003989) 


* (029 (2.585139) + 


г 025) (0.0025 -100828-9 (-0.0000025) 


Y (0.75) = 2.5282736 


Exercise: 
1. Using Everett's formula, find log 2375 given 


х: 21 22 23 24 25 26 


log х: 1.3222 1.3424 1.3617 1.3802 1.3979 1.4150 


2. Find у (12) if (0) = 0, y (10) = 43214, у (20) = 86002. 


Y (30) - 128372 using Everett's formula, 


3. Using Everett's formula, estimate y (30) given. 
х: 20 28 36 44 


у (x): 2854 3162 1088 7984 


4. Apply Everett's formula to evaluate у (26) and y (27) given. 
х: 15 20 25 30 35 40 


у(х): 12.849 16.351 19.524 22.396 24.999 27.356 
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6.9 LAGRANGE'S INTERPOLATION FORMULA [unequal intervals] 


The forward and backward interpolation formula of Newton can be used 
only when the values of independent variable x are equally spaced. Further, the 
differences must become ultimately small. In cases, where the values of 
independent variable are not equally spaced and in cases when the differences of 
dependent variable are not small, ultimately, we will use Lagrange's interpolation 
formula. 


Let y = f(x) be a function. 


Let f(x) takes the values yo, yi, Yo..... Yn corresponding to X = Xo, Ху, Xo, ..... Ха; 
(.е.) у 2f(x)i 0, 1, 2, ....n. 


Let (Xo, Уо), (X4, yı), (Хо, y2), (X3, y3) ойл (Жа: yn) denote (n + 1 ) 
corresponding pairs of values of any two variables x and y. 


Let y = ар + аџх ах? + ..... + a,x” be а polynomial fitting this data well. 


Let the polynomial be written in the following from:- 


у = Ao (X — X1) (х-х2) ....... (х-х,) + А, (x—X1) (Х-Х2) ..... (X—Xn) 
+ Az (X — Xo) (х-х4) ....... (ЖҮ әгі ае ыи 
+ А, (X – хо) (хха) ............. (х-х,-1) —— (1) 


When X = хо, y = Yo. Substituting the value in the equation (1). 


We get yo = Ao (Х-х1) (Xo-X1) ...... (Xo—Xn) 


When x = ху, y = yı. Substituting the value in the equation (1). 


We get У; = А. (X4—Xo) (X1—X2) ата АЗ (хі-ха) 
As - У, 
(X4 — X9) (X4 = X3 )....... (X4— X, 


When x = Хо, y = y2. Substituting the value in the equation (1). 


Y2 = А (X2-Xo) (Хо-ха)... .(х2-ха) 
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A> = Yo 


(X2 = Хо) (X2 —Х,)....... (х. — X4) 
5тИйапу,......................... 
ТЕ шнын ÁN (n ue Yn | 5 

(X, - Хо) (X, - X4) булхай (Х, - Холл) 


Substituting the values of Ас, Ai, ....A, in the equation (1) 
We have 


2 (7X) (X - X2). (X= X4) 
1^ x S (6 и.) шонг (Хо-Х, di 
x (X — X9) (X — X2).....(X—X,) у; 
(X4 = Хо) (X4 = х2)-....(х — Xn 
cc pcm 
3 (X — хо) (X — X4).....(X—X44) yi (2) 


(Х, = Xo) (Хи Ex Xi) spies (Xn S 4) 


This equation is known as Lagrange's interpolation formula. 
Cor: Dividing both sides of equation (2) by 


(X — Xo) (хх) ....... (х-хы) 
ме де! 

f(x) = Yo 1 
(X = X9) (X = X4). (X= X4) (Xo —Х!) (Хо —-Х2)..-.(Хо -Х,) Х-Х, 


шы таба аи 8 
(X1 — Хо) (X4 — х2)... (Ky —X_) X-X, 


ооо a a э ө э ө à 9 *» е ош 


Yn 1 
(Xn = Xo) (Х, ын Х. )....(Хл n] Xn-1) X — Xn 
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Ехатріе:1 
Using Lagrange's interpolation formula, find y (10) from the following table 
Xo X4 X2 X3 
X= 5 6 9 11 
yo y: y2 ys 
y: 12 T3 14 16 


Solution: 
By Lagrange's interpolation formula, we have 


y = f(x) = (X — X4) (X - X2) (X - X3) (X 7 Xo) (X - X2) (X — X5) y: 
(Xo = X4) (Хо — X5) (Хо — X3) j (X1 — Хо) (Ky — X2) GG — X3) 
p ха) с) (ха) у, xa) | 
(Xa — Хо) (X2 — X4) (X2 — X3) 5 (Хз — Хо) (Хз — X1) (Хз — XQ) 
Xo 7 5, X176, X27 4, Хз = 11 
yo = 12 у! = 13 уг = 14, уз = 16 
зөрж (Х-6)(Х-9)(х-11) зад (х-5)(х-9)(х-11) 43 
(5-6)(5-9)(5-11) (6 -5)(6-9)(6-11) 
+ (Х-5)(х-6)(х-11) qu (x-5)(x-6)(x- 9) 16 
(9-5)(9-6)(9-11) ` (11-5)(11-6)(11-9) ` 
Put x = 10 
„= 10-6) (10-9) (0-19 ,,, (10-5)(10-9)(10-11) ET 
(—1) (—4)(—6) (1) (-3) (-5) 
E (10-5)(10-6)(10-11) Sig (10-5)(10-6)(10-9) 46 
(4) (3) (-2) (6) (5) (2) 
_ (0000 (5) (1) (-1) 
- (24) .12 + вет .13 


„ OAC) ү2, 9090) | 
(-24) (60) 


= 24.333333 + 11.666667 + 5.333 


Y (10) = 14.666666 
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Ехатріе: 2 

The following are the measurements t made on a curve recorded by ап 
oscillograph representing a change of current i due to a change in the conditions 
of an electric current. 


t: 1.2 2.0 2.5 3.0 
i: 1.36 0.58 0.34 0.20 
Find the value of i when t = 1.6. 


Solution: 
Since there are only four corresponding pairs of values given. 


The polynomial representing the data is 


а-ә) в) (to) (toto) (t-t) 


ыы ^ (2015-5240 


, (t-t)t-t)(t-t) , | (t-t)(t-t)(t-t;) 
(t; —to) (tz t) (t; tg) ^ (tg —to) (ts —t,)(tg -t2) ^ 
Here to = 1.2, t = 2.0, tə = 2.5, t4 = 3.0 


lo = 1.36, i, = 0.58, і = 0.34, із = 0.20. 


_ (t= 2)(t=2.5)(t=3) | 1, 0-5)0-530-5) (6а) 
42-2412-251412-3) 7 (2-1.2) (2 -2.5)(2-3) `“ 


(-12(-2-9 | оз, t-12-2(-25 


P ыйыы л халан а, аа. AL e neo Hopp) 
(2.5 - 1.2) (2.5 - 2) (2.5 - 3) (3 —1.2)(3 — 2) (3 - 2.5) 


Let К: о) Бе the value corresponding to t = 1.6 


Then 
_ (1.6-2) (1.6 - 2.5) (1.6 - 3) (1.6 – 1.2) (1.6 – 2.5) (1.6 — 3) 
(е = (-.8) (-1.3) (-1.8) 1527 (-.8)(-.5)(-1) (98) 
, (1.6 -1.2) (1.6 - 2) (1.6 -3) (0.34) + (1.6 —1.2) (1.6 – 2.5) (1.6 – 3) (.20) 
(1.3) (.5) (—0.5) (1.8) (1) (0.5) 
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= (—4) (—.9) (-1.4) (—4) (—9) (71.4) 58 
(—8) (-1.3) (-1.8) ae (-.8) (-.5) (-1) (99) 


(4)(-4)(-14) (0.4)(-0.4)(-0.9) 56 
“:3)(5)(:05) 94) * (18) (0.5) (е) 
_ -0.68544 | -0.29232 , 4.07616 , .0288 


670 — 40 — 0.325 9 








= 0.366153846 + 0.7308 -.23434 + .032 = 0.8932 


Example: 3 
Using Lagrange's interpolation formula, find polynomial y (9.5) given 


X 7 8 9 10 
у 3 1 1 9 
Solution: 


By Lagrange's Formula. 


абу (x 8) (х-– 9) (х – 10) pr 7)(x-9)(x- 10) , 
(7-8)(7-9)(7- 10) ^ "082 7)(8-9)(8-10) 
g (x-7)(x-8)(x-10) (1) + (x—7)(x-8)(x-9) 
(9—7) (9-8) (9 – 10) (10-7) (10 – 8) (10 – 9) 
ЭРЭ Он (1.5)(0.5)(-0.5) (зу 559) вы 


(-1) (-2) (73) (1) (-1) (72) 


‚ (2.5) (1.5) (-0.5) | (2.5) (1.5) (0.5) . 
(2) (1) (-1) (3) (2) (1) 


(9.5) = 0.1875 - 0.3125 + 0.9375 + 2.8125 
у = 3.625 


Example: 4 
| Use Lagrange’s formula to fit a polynomial to the data. 


X -1 0 2 3 
у: -8 3 1 12 and hence find y (x = 1). 
Solution: 


By Lagrange's Formula: 


278 


E _ (х-0)(х-2)(х-3) 2 (x + 1) (x — 2) (x — 3) 
т C9 04-2 01-3; C9 * (9230-2 (0-3) 
+ G8 (x -0) (x - 3) p KAD (x-0) (x-2) 


(2 +1)(2-0)(2-3) 0) (3 + 1) (3-0) (3 - 2) БОР 
_ x? —5x? +6x x? — 4х? +х+6 х?-2х°2—-3х_ х?-х°—3х 
y= (42) (-8) + Pa seers Ы о) 


5 (x? —5x? +6x) + 5 (x°-4x?+x+6) (x°-2x?-3x) + (х7-х2-3х) 


E 4x? – 20x? + 24x + 3X? - 12x? + 3x +18 - x? + 2x? + 3x + 6x? — 6x? – 18x 
6 


= [12х° — 36х2 +12x +18 | 


= 2х3 —6х? + Зх +3 
fl) =2-6+3+3=2 
А1) =2 


6.10 INVERSE INTERPOLATION 

So far, given a set of values of x and y we were finding the values of y 
corresponding to some x = x, (which is not given in the table). Here we treat y as 
a function of x. Now the problem is given some y = yo, we should find the 
corresponding x. This process of finding x given y is called Inverse interpolation. 


In such a case, we will take y as independent variable and x as dependent 
variable and use Lagrange's interpolation formula. 


Taking y as independent variable. 


х= (УУ) (У Уз) (УУ). (УУ) (У-У) Уһ) у 
(Уо-У1)(Уө-У2)--“(Уо-Уһ) (Ул -Ус)(Ул-Уг)---4(Уг-Ус) | 
2-0 » (У Уо) (У Уз) (У – Упа) 
(Yn — Уо) (Ул -y4) Prades (Ул yas) 
This formula is called formula of inverse interpolation. 


n 


Example: 1 


From the data given below, find the value of x when у- 13.5 
х: 93.0 96.2 100.0 104.2 108.7 
у: 11.38 12.80 14.70 17.07 19.91 
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Solution: 
By Lagrange's formula for inverse interpolation. 


(y - 12.80) (y — 14.70) (y — 17.07) (y – 19.91) (93.0) 
(11.38 — 12.80) (11.38 —14.70) (11.38 — 17.07) (11.38 - 19.91) 


(y – 11.38) (y – 14.70) (y — 17.07) (y – 19.91) (96.2) 
(12.80 —11.38) (12.80 — 14.70) (12.80 — 17.07) (12.80 — 19.91) 


(y —11.38) (y – 12.80) (у — 17.07) (y — 19.91) « (100.0) 
(14.70 — 11.38) (14.70 — 12.80) (14.70 — 17.07) (14.70 — 19.91) 


(y — 11.38) (y – 12.80) (y — 14.70) (y – 19.91) (104.2) 
(17.07 —11.38) (17.07 —12.80) (17.07 — 14.70) (17.07 — 19.91) 


(y – 11.38) (y – 12.80) (y — 14.70) (y – 17.07) « (108.7) 
(19.91— 11.38) (19.91— 12.80) (19.91— 14.70) (19.91—17.07) 


Putting y = 13.5. 
_ (0.7) (-1.2) (3.57) (-6.41) (93) R (2.12)(-1.2)(-3.57)(-6.4) (96.2) 
7 (-1.42) (-3.32) (5.69) (-8.53) (1.42)(-1.9)(-4.27)(-7.11) | 


‚ (2.12) (0.7) (3.57) (-6.4) (100) | (2.12) (0.7) (-1.2)(-6.47)(-108.7) 
(13.32) (1.9) (-2.37) (-2.84) (5.69) (4.27) (2.37) (2.84) 


(2.12) (0.7) (-1.2) (-3.57) (96.2) 
(18.53) (7.11) (5.21) (2.84) 


7.8126929 + 68.3721132 + 43.595887 - 7.2733428 + 0.770048198 
97.6557503. 


X 


Example: 2 
2 


X 
The following table gives the values of the probability integral B fe dx 
2620 


corresponding to certain values of х. For what value of x is the integral equal to 0.37. 
x: 0.4 0.6 0.8 


зл је ах: 0.3683 0.3332 0.2897 
Үл 


Solution: 
Since Lagrange's formula is merely a relation between two variables either 


of which may be taken as the independent variable. It is evident tnat by 
considering y as the independent variable we can write a formula giving x as a 


function of y. 


Hence 
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(узу) (Уусу у... ОЛ 
(Уо—У‹)(Уу»-У;) ^  (-Yo)(Y« -Y2) 


(Y - yo) Y - Y:) 


+ 
(Y2 - Уо) (Уг – Y1) 


In this case 
Хос 0.4, х, = 0.6 х2 = 0.8 
Уо = 0.3683 yı = 0.3332 y2 = 0.2897 


Let хз, be the value corresponding to у = 0.3 
(0.3 — 0.3332) (.3 — 0.2897) 


= гаг 0,2 
(0.3683 — 0.3332) (0.3682 — 0.2897) 9-5) 


Тһеп X(0.3) = 


(0.3 — 0.3683) (0.3 — 0.2897) 


—— ———————À ——————— (0.6) 
(0.3332 — 0.3683) (0.3 — 0.3332) 


(0.3 — 0.3683) (0.3 — 0.3332) 


ш e == P ИРНЕ (СВ) 
(0.28977 —0.3683) (0.2897 — 0.3332) 


- (9.0332) (0.0103) 44), (-0.0683) (0.0103) (04 


(0.0351) (0.0785) (-0.0351) (0.0435) ) 


0683000539 уга) 
(0.0786) (0.0435) `- 


Е (-.00034196) (0.4) + (-.00070349) (.6) + —.00226756 (0.8) 


.00275535 (—.00152685) .0034191 


_0.049643958 + 0.276447588 + 6.530563013 


Х = 0.75739505 


Ехатріе: З 
Using Lagrange's formula, prove 


y: = ya — 0.3 (ys - Уз) + 0.2 (у-з- У-) nearly. 


Solution: 
у_5, У-з, Ya, Ys occur іп the answers. So we сап have the table. 


X: -5 -3 3 5 


у: y-s y-s ys ys 
By Lagrange's Formula: хо = -5, х; = -3, X27 3, хз = 5 
(x + 3) (x - 3) (x - 5) 


У 002 C5.3)C5-3)-5-5) "^ 
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(х-5)(х-3)(х-5) 
(-3-5)(-3-3)(-3-5) 


-3 


(х-5)(х-3)(х-5) Р (х-5)(х-3)(х-3) 


(3-5)(3-3)(3-5) Уз (5-5)(5-3)(5-3) ы: 


(4) C2) (4) , (6) -2)(-4) 


Y»? TAE (10) 77. (2)(-6)(-8) 77 


„ (6) (4) (-4) yid (6) (4) (-2) Л 
* (а) (8) (6)(-2) '* (10)(8)(2) 
= (0.2) у + (0.5) уз + Уз- (0.3) ys 
yi = Уз — 0.3 (ys — y-s) + (0.2) (у-з- y-s) 
Example: 4 
The mode of a certain frequency curve y - f(x) is very nearer to х -9 and 


the values of the frequency density f(x) for x - 8.9, 9, 9.3 are respectively 0.30, 
0.35 and 0.25. Calculate the approximate value of the mode. 


Solution: 
Given that 
х: 8.9 9.0 9.3 
f(x): 0.30 0.35 0.25 


By Lagrange's interpolation Formula, 


“7 (x-9) (x - 9.3) (x — 8.9) (x - 9.3) 
100 = (8.99) (89 - 9.3) (0.30) + (88.9) (9 — 9.3) (0.35)  (x-89)(x-9)- (0.25) 
(9.3 — 8.9) (9.3 - 9) 
_ «-®)(х-93) (030), (X-89)(x-9.3) , (х-89)(х-9) үр 95) 
(-0.1) (-0.4) (0.1) (-0.3) (0.4) (0.3) 


= (x? -18.3x + 83.7) (7.5) - (x°-18.2x+82.77) (11.67) 
+ (x217.9x + 80.1) (2. 083) 


= 7,5х2- 137.25х + 627.75 - 11.67х7 + 212.394x 
— 965.9259 + 2.083x* - 37.2857x + 166.8483 


f(x) = 2.087х2+7.8583 - 171.3276 


To get the mode, Ғ (x) = 0 and ї'' (x) = -ve. 
Р (х) = 


- 


f! (x) = -4.174x + 37.8583 - 0 
= + 37.8583 
+ 4.174 
f'! (x) = -4.174 = (-ме). 
2. f(x) is maximum at x = 9.07 
г. Mode is 9.07 


- 9.07 


Exercise: 

1. Use Lagrange's interpolation formula to fit a polynomial to the data. 
X: -1 0 2 3 
y -8 3 1 2 


2. Given О; = 22. Ц, = 30, Ц. 282, О; = 106, Us = 206 find Us. Using Lagrange’s 
interpolation formula. 


3. Using Lagrange's formula find f (6) given 
x 2 5 7 10 12 


f(x): 18 180 448 1210 2028 
4. If yo = 1, ya 19, у. = 49 8 ye = 181 find ys. 
Inverse Interpolation: 
1. Find x, given у- 0.3 from the data 

Х: 0.4 0.6 0.8 

у: 0.3683 0.3332 0.2897 


2. Find the value of x when y(x) - 19 given. 
х: 0 1 2 


у; 0 1 20 


3. If cos hx = 1.285 find х given. 
x: 0.735 0.736 0.737 0.738 


cos hx:: 1.2824937 1.2832974 1.2841023  1.2849085 
x: 0.739 0.740 0.741 0.742 


cos hx:: 1.2857159 1.2865247 1.2873348  1.2881461 


4. Given f (30) = -30, f(34) = -13, f(38) = 3 and f(42) = 18 find x so that f(x) = 0. 
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UNIT - VII 
FINITE DIFFERENCES 
7.1: FORWARD DIFFERENCES 
Let y = f(x) be a given function of x and let yo, Уч.Уг,----Ул be the values of y 


corresponding to хо,Х1,Х2,....Хһ the values of x. 


The independent variable x is called the argument and the corresponding 
dependent value y is called the entry. 


In general, the difference between any two-consective values of need not 
be same or equal. 


We can write the arguments and entires as below. 


y: yo Ул ya ........-.. »Yn-4 Yn 
If we subtract from each value of y(except yo) the preceeding value of y, 


We get 
Y1 - Yo. Y2 — Ya » Уз — Y2, ....Уһ — Yo 


These results are called the first differences of y. 


The first differences of y are denoted by Ay. 


(ie) Ayo = Ут – Yo 


Ау, = у2 – У: 
Лу; = Уз – У? 
Ау n-j = Ул = Yn-1 


7. Аук = Yk+1 = Ук 


Here, the symbol А denotes an operation called forward differences 
operator. 
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Higher Differences: 
The second and higher differences are defined as below: 


Ayo = A(Ayo) = А (у! — yo) = Ay: — Ayo 
А?у, = А (Дул) = А(уг-ул) = Ду? - Aya 
A y sa = А (Ду) = A (Yn — Yn-1) = Аул — Yn-1 


Here, A* is an operator called second order forward difference operator. 


In the same way, 
The third order forward difference operator ^? is as follows: 
Aye, = Ау: – Ayo 
Му, = Nysa- Ny. 


In general 
s. А Yk = А "укы шт Ay, 


There differences are called forward differences and these differences are 
usually represented іп ta*bular form 


X y ^y A?y АЗу А “у А Ту А%у 
Хо Уо X 
X4 y: 4 A*yo А 
АУ! А "yo 4 
X2 y2 A*y А "yo 5 
A 1 АЗ А Уо 
5 Уг : yi A îy; В ASy 
3 Уз А Уг: 3 А у 0 
T y A ys Аф А “Уг А%у; : A 5у, 
4 4 А Уз Ау» | А?у; 
У4 
Х5 ys А?у, 3 А Уз 
7 y А ys 4 2 А Уд 
6 6 5 
Ау 
X7 Уз : 


The quantities іп each column represent the difference between the 
quantities in the proceeding column. They are equally placed midway between 
the quantities being subtracted. 
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Result: 
А yo = y1 — Yo 
л V4 = yo + ^ yo 
we have ух = у; + Лу, 
but A?yo = Лу; – Ayo 
. Ду, = Ayo* А ?уо 
Hence у» = yo + Ayo + Ayo + A?yo = yo + 2A yo + А7); 
ух = (1 + 24 + A?)yo = (1* A), yo (2) 
We have ya = y2 + Ау; 
but A?y4 = Aya- Ay; 
л Луг = Ау, + А7у 
Also А7уу = А7у,- Ау» 
г Ау, = A?yg + Ayo 
Hence уз = yo + 2A yo + A?yo + Ayo + A?yo + Л ?уо + д ?уо 
= yo + ЗЛуо+ ЗА?уо + АЗуо (3) 
= у (1+ ЗА + 3A? +43) -(18А) yo 


(1) 


The results (1), (2) and (3) can be written symbolically as 

у: = (1+4 )уо 

уг = (1+ ^ Уус 

уз = (1+ Ayo 

In which (1+ А )' is an operator in у with the exponent оп the А indicating 
the order of the difference. 


From the expressions for ул, Y2, ya ........ 


We get ук = (1* A)" yo 
-(1-*kciA + Кс; A? + ...... + AF) yo 
yk = Yo tke; Ayo + KC2 A “ус + ...... + АУ, 


This formula enables us to represent every value of y, in term of ус and the 
forward differences A yo, А 2уо, A?yo,........ 


Example: 1 
Find difference table of the numbers is given below: 
х: -1 0 1 2 3 4 5 
y: -17 -6 23 76 159 278 439 
verified ys 
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Solution: 
Difference table 


X y лу A?y А Зу Ау 
-1 -1 TY 
22 115:Лул 
0 буо " 18-2 A?y.4 
E 24= A?y9 87 A ya 
2 76y 53- А У: 248 
: 30-А2у, =A Yo 
3 159 83= Ау; m 
ys 36= А 2у, 6- A^ ул 
4 Dey, ee oe 
a 422 A?y, 07A Ye 
5 439y, 161-Ау4 


y= (1 + A)" yo 
k=5 
ys =(1+ A)? yo 
= yo + BAyo + 10 A?yo + 10A “Yo + 5 Ayo + А? yo 
= —6 + 5(29) + 10(24) + 10(6) + 5(0) + 0 
ys = 439 


Example:2 
Find the 8" term and the general term of the series 3,3,5,9,15,23...... 


Solution: 
Difference Table 
y ^y A*y A“y 
3 0 : 
3 2 : 
5 4 Н 0 
5 6 5 0 
15 8 
23 


Taking З as yo, the eight term of the series in уз. 
ут = (1* Ayo 
= (1 + 7A +7с2А? + 704 A? + 7C4AÀ + TOS A? + 765 AP + А’) yo 
=(1+ 7A +2142 + 35A? + 35A* + 21 A? + TA’ AT) yo 
Yo = 3, 
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Ау = О : А?уоғ2, A Зуд - 0 
Yo + 7 Луо + 21А ? уо + ЗБ А ?уь + mA 


Уус 
`~ y7 = 3 + 7(0) + 21(2) + 35(0) 
7. Уз = 45 


Since the subsequent differences аге zeros. 
Ук = (1+ A Уус 
- на EE MEE s Yo 


- К-1ХКК-2 
Ук = Yo + K^Ayo + КК) A? yo + кк 102) А Зуо 


3 + k(0) eK) (2) + «к-1Ё-2) (0) 
Ук =3+k*—-k+0 
“Yk =k? —k +3 


Example: 3 
Find the sixth term of the sequence 8, 12, 19, 29, 42 


Solution: 
Difference table 
x y Ay АР А?у 
0 8 
хээ” 
1 12 : 3 ын 
2 19 3 б 
3 29 19 3 
4 42 13 
Yo = 8, Луо = 4, А 2уо = 3, A*yo = 0 


Taking 8 as yo, ihe sixth term of the series in ys 
Ve = (1+ АУ yo 
= yo + 5 Луо + 10A “yo + 10 Ayo + 5 A^yo + Ayo 
= 8 + 5(4) + 10(3) + 10(0) + O 

Ye = 58 
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Example: 4 
Find the 7" term of the sequence 2,9,28,65,126,217 and also find the 
general term. 


Solution: 
Difference Table 
X y ^y Ау Ay А “у 
0 2 
вы 
1 9 Зан ЭР 
19 »6 0 
2 28 18 : 
3 65 Эс 24 қ 0 
4 126 2 30 
5 217 ds 


Taking 2 as yo, the 7" term of the series is ув 

у’ = (1* A yo = yo + бс, л 2уо + 6сз Ayo + 6C4 A “уо + 665 А yo* A" yo 

yo = 2, Ayo = 7, A?yo = 12, Ayo = 6, Д “уо = 0. 

`- y7 = 2 + 6(7) + 15 + 20 (6) + 15(0) 

y7=2+42+180 + 120 
. Уул 344 
ya = (1* A)" yo 
= yo + пс! A yo + nc2 А 2уо + ncs A? yo + nc4 А“ yo * ....... 

n(n — 1) 


2 +n) + SOD ца» 0010-2) (gj + 0 


Yn = N? + 3n? + Зп + 2 
(141) + 1 


“Ye = (6+1)? + 1 = 73 +1 = 344. 


Ехатр!е: 5 
Find f(x) from the tavle below. Also find f(7) 
хо: 0 1 2 3 4 5 6 


f(x): -1 3 19 53 111 199 323 
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Solution: 
Difference Table 


x f(x) АК — A? f(x) AP FOX) АС f(x) 
0 2, 
1 3 5 12 : 
2 19 li 18 : 9 
3 53 25 24 : 
4 111 ae 30 1 : 
5 199 ыг 36 
1 
6 323 s 
A^ f(x), A? f(x) ...... are all zero 


Ух = (1 + А) "yo 
= yg + хс. Лу; + XC2 A?yo + хсзДЗ + хс4 А“ Yo +....... 


= (4) ex (a) + ED (12) + OMA) (16) +0 


= —1 + 4х + 6x? — бх + x? — Зх? + 2x 
f(x) = ж 3х2- 1 
f(7) = 7° + 3(49) - 1 


- 489 
Exercise 
1. Compute the third difference of f(32) by the formula from the table of 
entries. 
x x 32 33 34 35 


f(x): 539 8568 8765 24364 


2. Find уз given ys = 4, ye = 3, у, = 4, уз = 10, Yo = 24 Yio = 49, the third 
differences being constant. 

3. Show that д 2у = уз. Зу; + Зу; — Yo 

4. For the function y = sinhx, write down the table by taking x = 1.5, 1.6, 1.7, 
1.8......2.1. 

5. Find the 5" term of the sequence 3, 611,18. 

6. Obtain the 6” 7" terms of the sequence 0,4,16,42,88. 

T. If the third differences are constants, find Us if ug = 9, ч = 18, Us = 20, 


Из = 24. 
8. Calculate A 0, if ц = 2. U7 - 6, цв = 8, ug = 9 and u10 = 17. 
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Answer : 
1. 23234 
2.0 
5.27 
6.160,264 
1: 138 
8.55 


7.2 Backward Differences 
If yo, ys, у2....Уп denote а set of values of any functizn y = f(x) for 
Хо,Х1,Х2.....Хи respectively then 


y1— Yo: У2- Ул, Ya - У», ....... yn — Yn-1 are the first differences and they аге 
denoted by 
V “ул, V ?уз, V “Yn 


^ У “уг = Уу – Уу, 
У “уз = Ууз – Уу» 


In general V'y, = У""ук- V "ук 


These differences when this notation is used are called backward 
differences. 


A table of backward differences is indicated in the following table where 
the differences У у, with fixed subscript i is along the diagonal starting up as 
shown by arrows. 


x y Vy ү2у үзу vty | V$y 
Хо Уо 5 
X1 уі 5 4 V ?y; У зу 
у 3 

X2 y2 Е У 2у; v V “у, : 
Xs уз У уз v2 Уа 4 V "ys 

y y Ул V „7 V ys V 47 

4 2 
X4 Уа шиг, ec с om ys vi 
X5 уз 27” У Ys у?у 77 28160 “у У? 
Т 
wee у” сал Зуу?” 

Ха Ye m V yz 


X7 Ут шиг 
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Result: 
V Yn = Yn — Yao 
2. Уп-1 = Yn — VYn= (1— V )Ул 
Yn-2 = Yn-1 — V Yn-1 
but V?y, = ya = V Yn 
пуса M Yam У “уһ 
Hence Ya-2 = Yn - V Ya - (V Уп V бу») 
= у, 27у. + У “Ул 
Ун-2 (1 - V Y yn 
Similarly, 
Yn-3 = (1 - V ) Yn 
In general уп-к= (1-4 yn 
= (1- кс + КС V? uia)yn 
Yak = Yn — K C4 V ya + Кб? VT аи» 


It shows that any value of y in the above table can expressed in terms of ya 
and the back differences of yn- 


Example:1 
Find y(-1) Ғу(0) = 2, y(1) = 9, y(2) - 28, y(3) - 65 y(4) = 126, y(5) = 127 


Solution: 
Difference Table 

X y лу А?у A*y А “у 

0 

1 М 12 E 

2 28 19 18 и 0 
37 

3 65 24 0 
61 —7 6 „= 

4 126 ооо” 30 

5 247791 


V ys =91, У 2уѕ = 30, V ?уѕ = 6, V^ysz 0 


УС yep = see 
У(-1) = ys — 66: V ys + 6c2 V "ys + 60s V “ys + 6c, V* ys t ^ 
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= 217-546 + 450 — 120 
у(-1) = 667 - 666 = 1 


We can verify the value of y(0) 


y(0) = yo = У5-5 
Yo = ys – 5с. A Ys + BC; A? ys — 5C3 A “ys + ...... 
‚= 217- 5(91) + 10(30) - 10 (6) 
= 217 — 455 + 300 – 60 =2 
This is exactly the same given value yo = 2. 


Example: 2 
Find the first term of the series whose second and subsequent terms are 
Solution: 


Let yo be the first term. 


„у= 8, у = 3, уз = 0, yg = -1 


x y Ay А?у АЗу 

1 _5 , 

ә 1 0 

4 -1 р 

5 0 

The differences of y, аге у, = 8, Ау, = -5, А?у, = 2, Ay = 0, 


Yo = (1+ А) yı 
=(1- А + А?— AÈ АТ uu ) Ул 
=y,— Ду: + А?у,- ASyae ........ 
=8- (-5) + (-2)-0+........ 
= 15 


293 


Ехатріе: 3 . : 
Obtain backward difference table for y = f(x) f(x) = x? — 3x. — 5x - 7 for 


= —1, 0,1,2,3,4,5. 
Solution: 
х: -1 0 1 2 3 4 5 
f(x): —6 —7 -14 -21 -22 -11 18 
Backward Difference table 
х f(x) ^ f(x) А2 (х) АҚ) АХ) 
-1 -6 4 | 
0 -7 -7 | 6 , 
1 -14 7 | 6 
д P ^ 12 > 0 
3 —22 j Е 6 
4 --11 
| 29 
5 18 


Example: 4 
Find first term of the series whose second and subsequent terms are 
46, 66, 81, 93, 101 


Solution: 
Let yo be the first term. 


у! = 46, yo 66, уз = 81, y4 = 93, ys “101 


Difference Table 


х у V у 2 f(x) уЗ (х) У“ F(x) 
0 Уо 

1 У! li 20 -5 

2 y2 » 15 -3 2 _з 
в о 12 E 21 

4 Ул 8 

5 v 101 
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The difference of y, are y, 46, Ay, = 20 A ?y, = —5, A95y = 2 А у; = —3 


У: = (14A) 
Sd еде АЗ Аи у 
my mV A уу AD yet 
= 46 – 20 + (-5) - (2) + (—3)........ 
yo = 16 
Exercise 


1. Obtain backward difference table y = f(x), f(x) = x? + Зх? — 5x + 8 for x = — 
1,0,1,2,3,4,5,6. нм 

2. Constant a backward difference table, given Sin 309 - 0.5000, Sin 35% - 
0.5736, біп 40? - 0.6428 and Sin 45? - 0.7071, assuming third differences 
are constants, find біп 25°. 

3. Find y(—1), if y(0) = 3, y(1) = 11, y(2) = 30, y(3) = 67, у(4) = 128, y(5) 5217. 

4. Find the first term of the series whose second & subsequent terms 3, 19, 
53,111, 199,323. 


7.3 Operators 


We have already defined the forward and Backward difference operator 
(ie) А and V. 


Central Difference operator (8): 
The central difference operator 8 is defined by 


а hn) „Л 
sf) = f (x+2] (x 3 


(ог) 


Shifting or displacement or translation operator E. 
We define the shifting operator E such that 
Ef(x) = f(xt+h) 


(or) 
Бу, = Yx+h 
Hence Ey; = y2, E(y2) = уз etc. 
E^y, = E(Yxen) = Yaron 
E^y, = ЕҮ,.„һ and E"f(x) = f(x+nh) 
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Averaging operator ы: 
The averaging operator u is defined by 


Result: 
Yen = ЕУ, 
-(1%А)у, 
= (i+ rc A %гс;А2З ...... Уу, 
= ух+гс. Ду, + гс2А?у,+ ...... А Уу, 
Relation: 


Relation between E and А. 
We know А (f(x)) = f(x + h) – f(x) 
= ЕКх)-1. f(x) 
A (f(x)) = (E — 1) f(x) 
2 А = (Е ~ 1) 


This is called separation of symbols 
A=E-1 
ЛЕ = ТА 


Relation between E and V: 
V f(x) = f(x) – f(x — h) 
= 1.f(x) — E f(x) 
V f(x) = (1— Е") f(x) 
Ул 1-Е" 


E"-(1- vy' Since (E")' = Е 


Relation between E and 6$. 


6 f(x) = (х+®) — (*-5) 
2 2 


= ЕЙ f(x) - E% f(x) -(Е” -E* f(x) 
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(ӛ-ЕЗ-ЕЖ-ЕЖ(Е-1)- ЕЙ A 
Also 8 = Е/ (1-Е) =Е v 

8 =Е A-EÓv 
Relation between E and и: 


в f (x)= = rec er 2) 


= SL Е too E оо | 
Т 0) = 5 | E +E% |f (x) 
"TE u^ 
(8 ыб Д 
Relation between D and A: 
= 4 
D f (x) Hx Е (x) 


(2) By Taylor's theorem: 
ГГ ONT SP Ф+........ 


бүхэл) тр) + P rog e P rm (x) + 


h һ2 
Ef(x)=f(x) + 1016) + >. D? f (x) + 








_ һо (hD) (hD)? 
E f (x) pem. 21 4 zT еее 100 


Е f (х) =e" f(x) 
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Taking log on both side. 
h D = iog = log (1 + A). 





2 3 
IIR WR ИЕ 
2! 3! 
2 3 
Э M 
h 2! 3! 
Example 
2 А?Ц 
Prove | — lu x 
2 х AEU, 
Solution: 
д? U 





Now Е ын — (a2 ЕЭ) u 


х 


(E -1?&^] и, 


1|Е-2-Е"7 |u 


х 
= Иу+һ — 2 Ux + Ux-n 


^u,  (E-1?u, 
EU u 





x+h 

(E? —-2E+1)U, 
Ч аһ 

Ux+2h — 2U үн ғи, 

u 


x+h 


From (1) and (2) 
The R.H.S. of 1 and 2 are not equal. 
2 2 
A О, x AU, Чу 
Е Eu 


Example: 1 
Show that AV = Ул 


VA Yx = V (Ў xin Ya) 


ENM Мара Yy 


х 
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Also we have 
^ V у = А (Ух - Yen) 


= A Ух- А Ух-һ 
= (ухан -у,) 25 (у, -Y x-n) 


А V yx = Yah — 2y, + Yx-h 


< 

> 
< 
х 

И 


^ V Ух 
УА-АУ 


Example: 
Show that 8 = 2 sinh (5) 


Solution: 
We have shown that 


m > Е 72 апаЕ = e"? 


Зоо е /2^? Е aua 


=2sinh C. 
2 


Example: 


Show that u^ = 1 + ; 52 


Solution: 
1 
We have defined ыу, тэ qe нуу) 


LY, -- ЇЕ? y, +E” yx) 
ys =5 Ge +Е#) У, 
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I 
Ф 
2 
Q 
Ф 
= 
ы 
il 
ь|- 
PI 
m 
NN 
m 
SS 
522227 


Н 
ь|ә 
о? 
№ 
+ 
=. 
еп 
© 
| 


Example: 


Use the method of separation of symbols to prove the identity 


Solution: 


We have learnt that y, , = E "у, 


АСЕ = Е! Ух; Ух2 = Е Ух .-..-- УЕ Ух- 
Hence the Б.Н.5. 
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ж -Еп An 





ТЕ" E Ух Since A + 1 = E 
TUM 
Example: 
Show that ас + TL ах. Sanct ше із, ьхаз. охда, X | апа 


hence sum the series to infinity 
4x 5x? 14x? 37x^ 80x? 
* 4 i + 


Solution: 
Denoting a, by Е'а, 


We have а, = Еа, = (1+ A)' a, 





Б a,x ах” А 
0 ЕТЕ 2! %е%-ееегевеввееееевееевега 
2 2 
=a, + х(ї+ A) ао , fk (1+ A)" ас ee 
1! 2! 
2 3 
= „5% ®, еде, Gs a? , тэн Е 
1! 2! 3! 


а le* ша а, 


Е Б LT 





ХХҮҮҮҮҮҮҮҮ 


И 
Ф 
х 
ЖТТ 
A 
4 
х 
Р 
+ 
№ 
> 
N 
—_ 
t 
o 


T 
Ф 
х 
О 
Ф 
о 
+ 
x 
> 
S 
о 
T 
» 
N 
Ф 
о 
+ 
аст 
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The following table gives the difference table for the coefficients ас, a, ....... 


the given series. 


5 

4 р 2 

5 8 0 
14 14 0 
37 e 20 
an 43 


Hence the sum of the series is 


2 2 3 
e* [5-х cs | 6-x+x2 +°) 








2! 3! 


Example: 


n 
Prove that Y' у, = пС, у, +n С; Л у, + п Сз A^ y, + 


x=1 


and use it to determine. 





Solution: 
We have У yx= y, + уг + Уз+.... +yn. 
x=1 
=y, +E y + Егу +..... + E™' у, 
[E yx = yx«n] 
=(1+Е + Е2+..... E™ 1) у; 
MENS. 
E-1 " 
nre 
= (1+ A)" -1 У! since E= 1+ A 
(1254) 51 
nC, A+nC, А? +....... + А" 
Poele кишини... 
А 
-(nCi*nCa2A +..... + АТ) y, 


Уу у= п С.у. + п С; А у+....+ A" y, 


х=1 
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We have ух = x? 


А yi А?у, Ny, A*y, 
yı = 
7 
zs 12 
y2 E 8 19 6 0 
2 18 
Уз Ёо 27 37 6 0 
ya = 64 24 6 
61 30 
ys = 125 91 


ув = 216 
-y,=1,Ay,=7, А?у1-12, А?у, =6, Ад y,=0 
3 
У х= п С, у + п С; А у + п Сз Ағу, + п Са Л? yi 


= nC, (1) + п С (7) + п Сз (12) + n C, (6) 


п D) ,ЯМП-11) 0-2) no Wore) Ors) (6) 


= п + 
i 2 3! 4! 


2 3 2 
7n | 7n, n° —3n* +2n (12) + 
2 2 6 





п — 3n? — 3n? + 9n? + 2n? -6n 


24 m 


E Ап + 14n? — 14п + 4n? — 24n? + 16п ~ n^ — 6n? + 11п2 — бп 
4 


_ (0)n+n? + 2n? «n* 


4 
Y p.n n +21+1 n*(n«9* 
: 4 Е 4 
Ехатріе: 


Prove the results. 
i) EV=A=VE 


Proof: 


(E У) у» = Е (У yx) = E (у, ух) 


E Ух ын Е Ух-һ 


= yYx«n — Ух = А Ух 
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J NOS A 


Also (У Е) у, = V (E yx) = V Yxn = Yxn- Ух = А Ух 


VESA 


Hence Е У = А = У Е. 
и) ЗЕ = A 


Proof: 


6Е?у,-5у „ -ңҢ(Е/2-Е 2уу : (І5-Е2-Е72) 
X+ > х+5 





=E% y „-Е y n Yen- Ух = Ду, 
5Е/2 = А 
iii) h D = log (1 + A) = - log (1- У) = sinh"! (рё) 
Proof: 
Е=е"О 
~e"? =Е=1+л 
Taking logarithm, 
h D = log (1 + A) 
Also У -1-ЕТ; Ес =1- У 
(еуе”? =1- v 
Taking logarithm, 
-h D=log(1- V) 
г. hD = - 109 (1-У) 
sin (h D) = ou =e Е-Е. = е) (Е% -E%) 
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sin (ҺО) = n8 
“sinhD = psd 
по = sinh” (рб). 
iv) 1+ p? 8? =(1+ 16 82)? 


Proof: 


- \2 
1+ р2 52 = 1 + [EU (Е Е) 


2 4 2 
(tz sy = [1+ Е#- -E| 


PT. zi Du 
МЕЗЕ s Е-Е) „(Е-Е . (1) 


2 
444 у E+E" -2) 


с 
[EE Ї (2) 





2 


From (1) and (2) 


/ 2 
1+ p? ё? = (1+ 8°} 


1 у.Е?-Е? | E-E% ЕУ-ЕЖ.ЕЖ-ЕЖ 
2 2 2 
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5 1 
vE ?-ы-- 8 
) ‚—5 
Proof: 
1 -1 
ЕЕЕ жү к, 
2 2 2 
| ALB EAE | 287 
мин CE MO 
ца ô =E% 
2 
е _ a, 1 
vii) u ð= — AE *— А 
2 
Proof: 
Lhe amd. qui qe 
2 2 2 
B 1 -4 1 -1 -1 
= — (Е-1) (Е +1) = — (EE" + E-E™* - 1) 
2 2 
1 1 1 
- AE'+— A=— (Е-Е) = 6 
2 2 z d 
2 
vil) A 2 * 82458 Re 
2 4 
Proof: 


-— 

Qn 

№ 

| NES 


б 2 


- > 5 [8+ Ja «8? | 
-13 | (E55 -&6) + fa (е-е) | 
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м1- 


| (Е%-Е®)+ (ЕХ +} 


(E^ -Е#)+ | &/* СЕ Es «E^ | 


№[- 


"D. (Е%-Е%). Е 


М | aa 


2 - 
15548 Jë = ЕЁ. ЕЁ -Е#. Е =Е-1= А 


i) VA=A-V = 8? 
Proof: 
V ^A-(1-E")(E-1)2E-1-E" Е-Е”-Е-Е--2-52 


А-У =(E-1)-(1-E")=E-1-1+E7 = Е+Е -2= 8? 


(х)\(1+А)(1-У)=1 


Ргооғ: 
(1+ л) (1-У)=Е.Е"=1 


Ехегсіѕе: 
1. Prove the results 


i) A? y2= V? ys 


i) A = 


li) v =-1 52 +8 Цэх 
2 4 


д (1+ д) = у (1- у) 


| 
= 
© 
+ 
| 
en 
N 


iv) 6 
Jer ш 
V л 


М) А? =(1+ A) ё? 
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2. Prove that 


Ug + +и, +......+и„ = (n4 1) С, us +(п+ 1) С, Aug +...... + (п +1) С, A” ug 


PROPERTIES 


7.4 Properties of operators 
The operators A, V, E, 6, и and D are all linear operators. 


i) A (a f (x) +b ф 69) 2[af(x«n)-be(x«h)]- [af(x)+bo(0| 
=a [f(x +h)-f(x)]+b %(хһ)-ф(х)) 
=aAf(x)+bA 6 (x) 
Hence A is a linear operator. 
Putting a = Ь = 1. 


^ [(%)+9(%)] = 4 (х) + ^ 9 69 
and by putting b 50, 


A Га! (| за A f(x) 
ii) The operators is distributive over addition. 
А" А" Ғ(ху- A""f(xX)ZA" А" f (x) 


AU A" f(x)  (A4.A ....mfactors) (A...A n factors) f (x) 


A men f (x) 
iii) Also A [f(x) + g (x) 15 ^ [g (x) + f (x) ] 


We known that D, is differentiation operate obeys many laws of algebra, 
such as 


D (Ux + Vx) = D (Ux) + D (V,) 


D (C Ux) = C D (Ux) 
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D" (D" Ux) = О" (DT Ux) = D™" Ux. 
If y = x", when n is a positive integer 


А y=(x+h)" -х" 


= a polynomial of degree n - 1. 
Similarly it can be show that 
A?y = polynomial of degree n - 2 in x. 
АЗу = polynomial of degree п ~ 3 in x. 
A" y = polynomial of degree n - n (i.e.) O in x. 


Hence the п" difference of х" where n is a positive integers are constants 
and so the п" difference of any polynomial of п" degree. 


where n is a positive integer, are constants. If in forming the difference of a 
function, some order of differences (say п") becomes constant, the function is a 
polynomial of degree n, 


Even if the п" order differences become approximately as a polynomial of 
degree n, 


А "y, =agn! where y, = ах" Ж.... an. 


Example: 1 


Find the cubic polynomial in x which takes on “һе values -3, 3, 11, 27, 57, 
107 when x = 0, 1, 2, 3, 4, 5 respectively. 


Let the function be y,. 


Since the function is cubic polynomial, the fourth order differences. (i.e) 
Ағу, should be zeros. | 
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X y A y А у АЗу A*y 
0 -3 6 

1 З 8 2 6 А 

8 

2 11 в 6 : 
3 27 30 » 6 
4 57 En 

5 107 

We have y, = E* yo 
-(1* A)" Yo 


- | Jaxa + ХО) A24 Х- 9-2) дз | yis 
2! 3! 
„+ 00020) asy, 


=-3 +x (6) + ХХ? (2) + 6-969 (6) 


= 3 + бх + х2 — х+ x? — 2х? — x? + 2x 
= 3 + 7x — 2х? + x? 

лух = X — 2x? + 7х ~ 3 
Ехатр!е: 2 
Find ye, if уо = 9, y4 = 18, у = 20, уз = 24 given that the third 
differences are constants. 


Solution: 
Since third differences are constants. 


Afya =0, Ayo = Ayo =0 


ув = Е уо = (1 + л) yo 
= (1+6 С, A +6 С. A? + 6 Сз л? + C, A* + 6 С5 A? + A9) yo 


= (1+6 A + 15 A? + 20 A?) yo since other terms vanish 


= И +6 (Е - 1) + 15 (E -1)? + 20 (E - 1)*Jyo 
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-[1*6E-6- 15 E? – 30 + 15 + 20 E? - 60 E? + 60 E - 20] vo 
= (-10 + 36 - 45 Е? + 20 Е?) yo 

= —10 yo + 36 Е yo — 45 E? yo + 20 E? уо 

= —10 yo + 36 y, – 45y2 + 20 ys 

= — 10 (9) + 36 (18) - 45 (20) + 20 (24) 


= -90 + 648 - 900 + 480 = 1128 - 990 = 1384. 


7.5 FINDING MMISSING TERMS 
1. Find the missing term in the following table: 


X і 7 9 11 13 15 17 
у | 32 78 - 444 257 381 
Solution: 
Since 5 values of y are given, we assume that the 5" gifferences zeros. 
А? y, = 0 


(i.e.) (Е – 1)?» y420 
(Le.) (Е – 5 Е“%10ЕЗ-10Е?%5Е-1)у,-0 
(Le.) ЕЗ у; – 5 Е у; + 10 Е? у, – 10 E’ y + 5 Еу; – у: = 0 
(i.e.) уз - 5 ys + 10 y, – 10 уз + 5 уг – у: =0 


Substituting the values for ул, Y2, Ул, Y5, Yo 
We get 


381 — 5 (257) + 10 (144) – 10 уз + (78) - 32 = 0 


(i.e.) 894 — 10 y3 = O 


уз = 89.4 
Alites: 
x y Ay A*y А Зу ^^y А5у 
7 32 46 
9 78 а- 124 
а-78 346 - За 
11 а 222 — 2a —193 + ба 
144- а -253 + 3a -10а 
13 144 -31 +a -95 -4a 
113 + 42 -a 
15 257 11 
124 
17 381 


Example: 2 
Find the missing terms in the following table: 


X : 10 15 20 25 30 35 40 
y : 270 - 222 200 - 164 148 
Solution: 


Since 5 values of y are given, we assume that the fifth differences are 
zeros. Hence A5y, = 0. 


(i.e) (Е – 1)?» yk = 0 = (Е – 5 Е + 5 С, E? 5 С, E? + 5C; + 1) ук = O. 
(i.e.) yx - 5 E* ук +10ЕЗ y, –10Е? y, +5Еук -Yk =0 


(i.e) Views — 5 Ук. +10 ук, з – 10 Yk«2 + 9yka – Ук =O 
K = 1 and 2, 


We gety,—5 у, + 10 у,- 10у; +5у, -у, 70 
Уу-5 Yet 10 ys - 10у, %5у;-у,-0 
Substituting the values. 
у: = 270, уҙ = 222, у. = 200, ye = 164, y; = 145 
In these equations, we get 
164 — 5 у, + 2000 - 2220 +5у,-270 = 0 
148 - 820 + 10 у, - 2000 + 1100 -у, =0 
(i.e) 5 у5 -5у, = - 326 
10 у; - y, = 1562 
Solving these equations, 
(1)x2 = 10 у; – 10у, =- 652 
(2) х1 := 10 у. -у»› = 1562 
C) (+) 45 
- 9y, = - 2214 
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10 у; - 246 = 1562 
10 у; = 1562 + 246 


1808 
= —— = 180.8 
ys 10 


Hence the missing terms are 246 and 180.8 


Example: 3 
From the following table, find the missing value. 


ХС. 2 3 4 5 6 
f(x): 45.0 49.2 54.1 - 67.4 
Solution: 


Since only four values of f (x) are given we assume that the polynomial 
which fits the data, (i.e) collection polynomial is of degree three. 


Hence fourth polynomial differences are zeros. 
(i.e) “у, 20 


(E - 1)* уо= 0 
(i.e) (E - 4 E? + 6 Е2-4Е + 1 ) у= 0 
Е“ yo - 4 E? yo + 6 E? yo - 4 E yo + yo= O where yo = 45.0 
Ya — 4 уз +6 yo-4 у; + yo = 0, 
67.4-4у; + 6 (54.1) -4 (49.2) + 45.0 =0 


240.2-4 y4 20 


у = 2402 
В 4 
-.Уз = 60.05 


Missing term is 60.05 
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Example: 
Estimate the production for 1964 and 1966 from the following data. 


Year: 1961 1962 1963 1964 1965 1966 1967 


Production: 200 220 260 — 350 - 430 


Solution: 
Since five values are given, Collaction polynomial is of degree four. 


Hence ду, = 0 
(ie) (Е – 1)? у, = 0 


(ie) (E? — 5E* + 10Е? — 10Е? + БЕ — 1) у, =0 
E?y, — 5E* yo + 10E?y, - 10Е?у; + 5Eyo — yo = O (Take К = 0) 


ys — Бул + 10уз – 10y2 + 5y,— yo = 0 
ys — 5(350) + 10у. – 10(260) + 5(220) - 200 = 0 
ys + 10y3 = 3450 (1) 
Taking k = 1 
ye — 5ys + 10у4- 10уз + 5y;- у: = 0 
430 — 5ys + 10(350) - 10уз + 5(260) - 220 = 0 
5ys + 10y3 = 5010 (2) 


Solving for y3, ys from (1) and (2) 
(1)x5 > Бу» + 50уз = 17250 


(2) х1 > бу» + 10уз 


5010 
а 
40y; = 12240 


_ 12240 
„ЭШЕ: 
Substituting in(1) ys + 10(306) = 3450 
ys % 3060 - 3450 
ys — 390 
Hence missing values are 306 and 390. 


- 306 
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Exercise: 
1. Find the cubic polynomial from the data 


x : 0 1 2 3 4 

y -5 -10 -9 4 35 
2.х 4 6 8 10 12 

f(x) : – 43 15 185 515 1053 


3. From the following data, find the missing term. 
Ж. 25 2 3 4 5 6 


f(x) : 45.0 492 54.1 - 67.4 


4. From the following data, find the value of f(31) 
x 3 30 32 33 34 


f(x) : 8.84 33.56 45.13 56.20 


9. From the following data, find the missing term 
x x 2 3 4 5 6 


f(x) : 45.0 49.2 54.1 - 67.4 


6. Estimate the production in the year 1966 from the following data:— 


Year : 1962 1964 1968 1970 
Production : 100 112 136 180 
9. The following table gives the quantity of cement in thousands of tons 


manufactured in India in the year x. Find the probable production in the year 
1970:- 
yearx : 1966 1968 1970 1972 1974 1976 


Quantity y : 39 85 - 151 264 388 
8. Estimate the production for 1974 and 1976 from the following data: 
Year : 1971 1972 1973 1974 1975 1976 1977 


Production 
In 1000tons : 200 220 260 — 350 — 430 
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9. If у, is a polynomial of fifth degree in х & у! + y; = —786, уг + Ye = 686, 
Уз + ys = 1088 find y4. 


10. Find the cubic polynomial y(x) such that 
y(0) = —5, y(1) = 1, y(2) = 9, y(3) = 25, y(4) = 55, у(5) = 105 


The generality of the results will not be affected by taking the interval of 
difference in the independent variable as unity. 


A Yx = Yx+h — Ух 
Suppose we change the independent variable x to t such that x = th, then 
| A Yin = Yn (x +1)— Ухһ 
ie, Лу; = у... — yc, Where Yn = yi. 
Hence we have successive difference whose common difference is unity. 


In this case Ду, = Yx+1 — Уа With this notation, 


We get 
i) А" (х?) = п! 
i) A” yy, = ag п! where у, = ао X^ + ...... + а, 
iii) (a + рх)! is defined as 
(а + bx) (а + Бх +1) (a + bx«2) ..... (а + bx *n- 1) and (а + bx) is 
defined as 


(a * bx) (a * bx- 1) (a *bx-2) ..... (а + bx-n- 1) 


Hence хі! = x(x + 1) (x + 2) ....... (x *n- 1) 
x™ = x(x — 1) (x - 2) ....... (x-n+ 1) 
. А (а + bx) = (а + bx ~ 1) (а + bx) ....... (а + bx-n4 2) 
- (а + bx) (а + Бх ~ 1) ..... (а + рх -п +1) 
= (а + bx) ...... (а + bx- п + 2) х {а + рх+а- а – бх – п + 1) 
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= bn(a + bx)^- ? 


Hence A x) = nx - ? 


" A^ x? = п | 
ТҮ ре 
(a bx)" (a + bx)" 
1 2 n 
ЌЕ ху 


Note: The corresponding results in differential calculate are 
! 


D(a + bx)" = n6(a + bx)" -" 


1 _ -nb 
(а + бх)" (а + ху" 


Ехатріе: 1 


Prove that у, = 


29А + Вх) where А and В are constants satisfy the 
equation yx+2 — 4yx+1 + 4yx = 0 
yx = 2" (A + Bx) 

Ух-л = 2** ! (A + B (x41) } 

= 2" (2A + 2B (x + 1)} 
Yx+2 = 2** * (A + B(x + 2)) 

= 2* {4A + 4B (x + 2)} 

VK +2 — 4у, + 1 + 4у, 


= 254А + 4B(x + 2)) - 4.2" {2A + 2B(x + 1)) + 4.2* (А + Bx) 


= 0 on simplifications. 
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7.6 INVERSE OPERATORS 


If Ду, = ux Then y, = A"! u, Here АТ is called finite integration operator 
or inverse of operator A. 


If C(x) is a periodic function of period h which is equal to the interval of 
differencing, 


A C(x) = C(x + h) — C(x) by definition of A 
= C(x) — C(x). ч C(x) is periodic 


=0 


This shows that, if C(x) is periodic function whose period and interval of 
differencing is same h, then A C(x) = 0. 


Hence if A y(x) = u(x) 


ду(х) + AC(x) 


then A (y (x) * C(x)) 


Ау(х) + 0 = u(x) 


/. AC! u(x) = у(х) + C(x) 


Where c(x) is the periodic function of period h (similar to constant of integration in 
integration). 


The following inverse operator results can be remembered from the 
corresponding forward operator results. 


ax+b 


-1 ax+h П00 
1. А (е )= әт 


Hence, A^! ех = 





х 


‚а = 1 
а" —1 


2А (ауе 





3. АЛ (uty) = Арх + A v, 
4. A^! (cu) = cA^'u, 
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(a + bx)^*? 


5. A^! (а + х)? = 
(п + 1)hb 


‚п + 1 


(п+1) 


6. A^ xz ‚п=-1 andh=1. 





п + 1 


Summation of series 
An important application of finite calculus is finding the sum of series. Let 
us find the sum of the series 


Let the x^ term и, be such that и, = Ау, 
© Uy = Ау, = Yx+1 — Ух (һеге һ- 1) 


Hence u = y2 – y 


и; = Уз -У2 
Us = Y4 — Уз 
Un = Уп+1 А Ул 


5,5 ит + Ug + ....... Hn = Ус — У = (ух) т" = la (и, 
n 4 

Hence У и, = [a7 ul | 
x=1 


Example: 1 
Find А” x (x + 1) (x + 2) 


Solution: 
Неге (x*2) (x*1)x = (x*2)89, if h = 1 


Hence, A" (x*2) (x*1)x = АЛ (х +2) 9) 
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= с) 


_ G2) (x + 100 + с(х) 
4 


Where с(х) is a periodic function of period 1. 


Example: 2 
Find Nn ЕЕ 
x(x +1) (x + 2) 
Solution: 

4 


----(х- 1? 
x(x + 1) (x + 2) 


Ac arf neque 


х(х-1)(х-2) | 


ле АЕН 
2 х(х+1) 





Ехатріе: 3 
Sum the series to п terms of 
1.2.3 + 2.3.4 + 3.4.5 + ...... 


Solution: 
n" term = un = n(n*1) (n*2) 


n 
Sum of series to n terms = У; и, 


x21 


n+1 


= Їл х+2)@ | 


1 
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ШЕСІ 
4 1 


2. а «3? sem] 


„(п +3)(п + 2) (n + 1)п - 3.2.1.0] 


ь|— 


[п + 3) (n + 2) (n + 1) п] 


Ехатріе: 4 
Sum to n terms of the series 
1 1 1 
— + — + = + 
12.3 2.3.4 3.4.5 


Solution: 


лк тн саты 
х(х + 1) (x + 2) : 


n 
Sum to n terms = > Ч, 
21 


п+1 
= eu ux) 
1 


= Їл (x oy” 


_ (x—1)-2) п+1 
=2 | 


2 -3 nc? -oc»] 


Nc! колем ХЭРЭ Б 
2\(n+1)(n+2) 12 


313- POE 
2|2 (п-1)(п- 2) 


321 


Example: 5 
Find А” {x(x+1)} 


Х(х+1) = (х+1)® 


рх)" 
-1 + bx)® = (a+ 
We have N (a х) OT aro 
1? 
2A (xe 1) = ОСЕ 
( ) 3 


- (х+1 х(х-1) 
3 : 


Ехатріе: 6 
` Sum the series 
23+3.4+4.5+.... + (п+1) (n*2) 


This series = У (x 1) (x 4 2) 
x-1 
л Ux = (x + 1) (x + 2) 


nei 
Їл ux | 
1 


|^" {(x+1) (x+2)}| v 


_ (х+2)(3) п--1 
3 1 


E Е +2) (x +1) АГ" 
3 


n 
Hence У и, 
1 


x= 


4 


5 (п +3) (п+2) (п+1) 3.2.1 
3 3 


n (n? + бп + 11) 
3 
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Exercise: 
1. Sum the series of n terms. 


i) БОЕ 222261 1)3.537 + 5.7.9 *7.9.11 + ........ 
23 34 45 
шалга 2-2 1 
2. Find i) А" [(x +1) (x4 2) (x + 3)] ii) ^ ЕСЕПТЕСЕ xu наа 


3. Find the sum to n terms of the series 
i) n(n — 1) (п- 2) ii) (041) (n*2) (n*3) (n*4) Ш) n^ 


7.7 FACTORIAL NOTATION 


Factorial Polynomial 
A factorial polynomial x? is defined as 


x) = x(x — h) (x — 2h) ........ (x (п — 1)h) 
where n is a positive integer. 


(Read x" = as x raised to the power n factorial. Thus х) = x, 
x? = x(x — h), x?) = x(x - h) (x - 2h) ....... etc. 


Differences of x. 
i) Ax = (x + hy — x? 


= (x + h) (x) (x — h) ....... [x — (n -2) h] - x(x - h) (x - 2) ........ [x — (n = 1)h] 
= x(x — h) (x — 2h) ....... [x - (n — 2) h] ((x*h) - (x - (n – 1) h} 

= x"-7! nh 

= пһх - ? 


Similarly A2x = д [nhx^ - ?] = (nh) (n — 1) hx" 7? = n(n - 1)h* х7 
Proceeding like this, 


A‘ x? = n(n - 1) (n — 2) ....... (n —r- 1) hx" 
Where r is a positive integer andr «n 
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i) In particular A^x'? = n! h^. 

ii) If h = 1 (ie) the interval of differencing is units, then A' x? = n(n - 1) 
(п-2)...(п-г% 1) x^^? which is analogus to the differentiation of x: 

iii) If h 2 1, Ах = n! & АХ” = 0 ifr» n. 

iv) Whenever we require АХ, it is difficult to find A'x'? and hence we 


express х" in terms of factorial polynomial and hence we calculate 


A xf. 


Reciprocal factorial: 
The reciprocal factorial function х" is defined as 
xo = 1 меге nis a ‘ve’ integer. 
(x +h) (х + 2h) ..... (x+n) 


Differences of a reciprocal factorial function 
i) АХС 9 = (x +)" – xO" 


ш 1 E 1 
Ё (x + 2h) (x 3h) ..... [x + (n+ tn] (x +h) (x + 2h)...... (x 4 nh) 
: - Е n)h om) 


i) A7x€ = A(Ax?) 
= л (-nh x) 
= (-nh) [- (n + 1)h} x ^*? 
= (-1Y h? n(n + 1) ^*? 
Similarly 
Ах" = (- 1) n (n +1) (n + 2) ....... (n * r 1) x? h", 


Polynomial in factorial notation: 
Any polynomial f(x) = ao х" + ax" ^! + ах"? + ...... + а, can be expressed 
in the factorial polynomial form as. 
Ao Х@ + Ах”) + А, XOT? + .....+ An. 
Since, f(x) = Ao x) + Ax"? + ........ + Ap. 
= Aox (x — h) ...... (х - (п- 1)h) + Aux (x- h) ..... (x ^ (n ---2h) + 
Ах(х-В)....... (х-(п-3)һ)%..22.% Аах + An (1) 
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Dividing the R.H.S of (1) by x, the remainder is A, 8 dividing the quotient 
again by x — h, the remainder is А, and then dividing the quotient again by 
x — 2h, the remainder is A, _ 2 etc. 


Thus, dividing f(x) successively by x, x - h, x - 2h, ....... The coefficients 
An, Ana, Ån-2 , ..... are got which are nothing but the remainders of f(x) in that 
order. 


Note: If h = 1, divide f(x) successively by x, x — 1, x - 2, ..... to get An, As 4...... 


Example: | 
Express x* + 3x? — 5x? + 6x — 7 in factorial polynomials апа get their 
successive forward differences taking h = 1. 


Solution: 
First divide x* + Зх? — 5x? + бх ~ 7 successively by x, x - 1, x 2...... by 
synthetic division method. 





. Factorial polynomial is 
f(x) = 1.x + 9x? + 11x + 5x - 7 
A f(x) = 4х9) + 27x + 22. +5 


А? f(x) = 12x? + 54x + 22 
„АЗ f(x) = 24x + 54 

А“ f(x) = 24 

N f(x) 20 if r»4 
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Aliter: 
y = x* + Зх? — 5х? + бх — 7 can be written as 


у = xt + 3x? — 5х2 + 6x — 7 = Ax(x - 1) (x - 2) (x - 3) + Bx(x - 1) (x - 2) + Сх(х - 1) + Dx + E. 
= AK? Вх ехе V Dx Е: 


Put x = 0; E--7 
= 1; D+E=-2 .D=5 
= 2; 2C+2D+2E = 16 + 24 -20 +12-7;..C=11 


Putx=3: 6B+6C4+3D+E=81+81-45+18-7 
68-54: 8-9. 


Equate coefficient of x°on both sides; 
А = 1. 
“угт x? + gx? + 11x? + 5x -7 
Example: 2 
Express 3x? — 2x? + 7x - 6. In factorial polynomials and get their 
successive forward differences taking h =! 
Solution: 


Now, express 3x? — 2х? + 7x — 6 is factorial polynomial, 
Using synthetic division process, 





Hence (x) = 3х + 7х2) «8x? — 6 (here h = 1) 
А ф(х) = 9x? + 14x + 8 
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А20(х) = 18x" + 14 


A'$(x) = О forr> 3. 


Example: 3 
Express х? + x? + x + 1 is factorial polynomials and get their successive 
forward differences, taking h = 1. 


Solution: 
Now, express ф(х) = х + х2 + х + 1 





ф(х) = x9) + 4x@ + 3x + 1 
А ф(х) = 3x? + 8x? + 3 
А2ф(х) = 6x? + 8 
А 3ф(х) = 6 
A'$(x) = 0 forr > 3. 


Example: 4 
Represent the function f(x) = 2х? — 3x? + 4x — 8 and its differences in the 
factorial notation. 


Solution: 
Let 2х? – Зх? + 4x – 8 = 2x(x 1) (x 2) + ax(x 1) + bx + с 


put x = 0, ћепс = – 8 [= -8=0+0+0+c] 
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put x = 1, еп-55:0-8 
n Б=З[-. 2-3+4-8=0+0+b+c-5=b-8] 
put x = 2, then 4 = 2a + 2b — 8 
4-2а446-8116-1248-8-:-042а-204Сс 
4 = 2a +2(3)— 8] 


аз 


Hence 2x? — Зх? + 4x — 8 = 2(x 1) (x — 2) + 3x(x — 1) + Зх 
— 8 — 2x? + 3x'? + 3x — 8 


г А {х)= 2AxÜ + ЗА x? + ЗА x? — A(8) 


бх) + 6х) +3(1) 
= бх(х — 1) + бх + З 
= бх? — бх + бх + 3 


бх? + 3 


A?f(x) = 6 A (x?) + бл (x) + л (3) 


= 12x" + 6 
АЗҚх) = 12 
A (х) = 0 


Ехатріе: 5 
Find the function whose first difference is 5х2 — бх + 7. 


Solution: 
А {f(x} = 5х? — бх + 7 


= 5х(х — 1) + ax +b. 


putting x = 0,b=7 Іі 5x^— бх + 7 = 5x(x — 1) + ax + b] 
77b 
putting х = 1, б=а+7 {с> 5(1) - 6(1) +7 = 0 +а + Ы] 
6 =а+7 
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. A { f(x) } 55x(x- 1)-x*7 


z 5x? e x"? -7 


f(x) 5 AW (x 7} - A^ (x?) АТ! [7] 


- 5х(х-7(х-2) x(x-1) 
2 


- 5(х5-3х7 +2х) х2-х 


о | > 


Exercise: 


x? x? | | 
ее 7x + К (where К is an arbitrary constant). 


+7x+kK 
3 


-1Х-К 





3 


2 hox? - 30x? + 20x - 3x? +3х + 42x + 6k] 


hox? — 33x? + 65x + ek] 


1. Obtain the function whose first differences in 8x? + 5. 
2. Represent the function. 
f(x) = х — 12x? + 24x? — 30x + 14 & its successive differences in factorial 


notation. 


3. Find second difference of f(x) = 7x* + 12x? — 6x? + 5x – 3, if h = 2. 
4. Express the following functions in terms of factorial polynomials and find their 
differences: 


i)3x* + 8x? 


+ 3x? — 27x +9 ii) 2x2 — 3x? + Зх + 10. 
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UNIT - VIII 
NUMERICAL DIFFERENTIATION 


8.1 Introduction: 

So far, we were finding the polynomial curve y = f(x) passing through the 
(n*1) ordered pairs (х, y;) i = 0,1,....п now we are trying to find the derivative 
value of such curves at a given x = х, (say)whose хо < Xk < Xn (or even outside the 
range but closer to starting or end values). To get the derivative, we first find the 
curve y = f(x) through the points and then differentiate and get its value at the 
required point. 


If the values of x are equally spaced, we get the interpolating polynomial 
due to Newton's — Gregory. If the derivate is required at a point nearer to the 
starting value in the table. 


We use Newton's forward interpolation formula. И we require the 
derivative at the end of the table, we use Newton's backward interpolation 
formula. If the value of derivative is required near the middle of the table value 
we use of the central! difference interpolation formulae. In the case of unequal 
intervals, we can use Newton's divided difference formula or Lagrange's 
interpolation formula to get the derivative value. 


8.2 First and Second Derivative: 
Newton's forward difference formula to get the derivative: 


We are given (n*1) ordered pairs (х, уу) i = О to n. 


We went to find the derivative of y = f(x) passing through the (n+1)points, 
at a point nearer to the starting value x 7 Xo. 


Newton's forward difference interpolation formula is 
x 
y(Xo + Xn) = Yo = yo +X Ayo + —— — 


where у(х) is a polynomial of degree nis x & X = 22-20 





Differentiating y(x) with respect to x, 


== 2 _ 
dy _ xU 26 1) Тог" 3x? -6x*2 з 


dx 3) Vo нах 
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ау dy dx dy . dX 
БА ТА =h. 
dX ах dx ете 
dy 1 2X -1 5 Зх? -6x 42 3 
dx ayos To e 2 


The series on the right side gives the value of x at any x, 
Х 


If we put X = 0, then x = хо, 
If we put X= O, then x = хо, 


Hence in the series on the right if we put x = 0, it gives the values of Y at X Хо. 
dy 1 _ 1 1 
СЖ Ет favo F 2^ Yo ELA, - АУ РЕ | 


If we differentiate equation (2) 


2 2 228 
We get CY. = ШЕ ЭХ © бу, Sens | ay 





= — + 
dx? hj 2 3! 


Фу xs «x 1 
dx? dXVdx/ dx dX\dx/ h 


2 — 
= 1 |a. + (х — 1)л®у„ + pr SEN РА EN | 











h2 


Putting x = 0, x = хо. 





2 
Тпеп су = 1. у, - Ху, + И му, хийн | 


This gives the value of LI at X = Xo, 
x 


dx? h? 





3 -- 


Aliter: 
We have shown that 1 + A = е? 
1 1 


hD =| А А 
oge( ) 2 3 
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Applying this identity to yo, 


We get 
1 1 1 
D(yo) 5 Б |a-24 «2 hos |І» 
ау 1 1 
dx at Xo = h (avo -44yo тээ Уо | 
ағу 


1 
Again 25 at xy = Оу, = — [log(1* л]? 
g 22 0 Уо гг 9( ГУо 


1 dos dos | 
т--|А---А4--А?.... 
=| 2 t3 |» 


h 
= 1 2 3 11 4 
= la -А ricus Ye 
d^y tas 1 2 АЗ 11,4 


Newton's Backward Difference Formula to compute the derivative. 


Now, Consider Newton's Backward difference interpolation formula: 


у(х) = у(х„+уһ) = ya + XV Yn + хээл) vy, + а) 2) 


Х(Х-1ДХ- 2)..(X +n - 1) 


У Уа (1) 
п! 


Differentiate with respect to х 








dy _ dy dx Yh Хх = _х. 1 = @Х 
dx dx dx а" © h 'h X 
2 
dy og T 2x +1 ЭР 3х ех ему "TE 
dX ! 3! 
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dy 1 2Х:-1-:5 3х2-6х-2. 3 
ee 1 чу, 2 Vy du Y yat ee | (2) 


г. Putting x = 0, (ie) when x= Xn, 
1 


1 1 
=з apu = — ыы М2 cM E 


If we differentiating equation (2) once again with respect to x. 





We get 
2 2 
ay zw Vig SAO Us 222 Е. ЛЖ ах 
ах h 3! 24 dX 
which on simplication gives, 
d?y 1 5 r 6х? +18Х+11_. 
= — У +(X+1)V --------У +..... 
= | у, *CH)v*y, 18 y, 


Putting X = 0,when x = Xn, 

Фу ЁМ dx 5 11.4 

dx? at хат zv ya +V У У Кыз 
аз 








ах? h? 


Aliter: 
We can easily show that V = 1 – E" 
| =1-V 


Е 
е? = Е = (1- У)" 
Hence hD = —log.(1 – У ). 


Applying this identity to y,, 
We get 


D(y,) = -ilog (1- Vy. 
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ду 1 1.52 1.53 
— atx, = —| Vy, +-У2у, +-УЗу,...... 
deo 1 чу so tag qe | 
Again 
d? 
Е at x, = О?у, 
1 
= > lestt- У)? v 
1 1 1 ? 
Hv V oon Yn 
1 11 
- zv ми ш, )» 
1 11 
= (9%, + уЗу, Pag in +...... | 
Ехатріе: 1 
Find the first and second derivative of Ух at x = 15 and x = 23 from the 
table. 


Хос 15 17 19 21 23 25 


(x)= Ух: 3.873 4.123 4.359 4.583 4.796 5.000 





Solution: 
The forward differences are tabulated below: 
x у= х) Ay А?У A*y 
15 3.873 
17 ко 0-200 5) O14 
19 4.359 9250 -0.012 ши 
21 4.583 022 -0.011 ацан 
23 4.796 dero —0.009 ТЕ 
25 5.000 0:203 
X= X-Xo _ 15-15 240 
h 2 
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1 1 1 
2 -2^ Yo + — ДЗу, ——А*у,..... | 


. fos - A 


1 | 1 1 1 
— 10.250 – (-0.014)+—(0.002 
z | 0-250 54 )+ ) 


‚2576667 
5 [0.250 +.007 -.0006667 | = 22912001 


f' (х) = 0.1289 


1 
г" (x) = г? ay, + (х - 1y, + 


f"(x) = 58 [[- 0.014 + (0 — 1X0.002)] 





= 1 (-0.014-0.002| = 


«0018... еб 
4 


(х) = —0.004 


The Back Differences table in the same table with a different notation. 
x- X, Х 
h 








In this case —Х = Mi an ME 221 


.Х--18%һ-2 
Hence f'(x) at x = 23, 


We have to substitute X = —1. In the formula 


dy _ 1 2x 1. 3X? +6X+2 3 

ах = 1 vy, Betty Ур айын. Yar — 
dy 1 1 1 
— at X = -1 =— |Vy, -—V’y, - V? 
a 2 | Vara У УЕ у, | 
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1 1 1 | 
-.1|0.204--(-0.009)--(0.002 
5 1020 5 ) a ) 





= 5 [0.204 +.0045 —.000333] 
OY ar ene 0208185 од: 
2 

2 — 
ЧУ atx = 23, (ie) -X = 29723 = 4 > x =-1 
d^x 

2 2 11 
cy atx=23= 1 vy, + (Х + 1) у poe ца, rm | 

х h 12 
d?y 1 


qu. at x = 23 zi м 


[-0.009] = -0.0023. 


RI 


The correct values to four decimal places are 
1 


f(15) = ——— = 0.1291 
М9 ыг 

E 
(45) = ——— = — 0.0043 
05) 4(15)2 

1 
Г(23) = ---- = 0.1042 
23) 2/23 

Example:2 


Find the first two derivatives of (x) at x = 50 and x = 56 given the table 
below: 


X : 50 51 52 53 54 55 56 


уз x% : 3.6840 3.7084 3.7325 3.7563: 3.7798 3.8030 3.8259 
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Solution: 
Since we require f'(x) at x = 50. 


We use Newton's forward formula and to get f'(x) at хэ 56, we use 


Newton's Backward formula. 


Difference Table 


X y = f(x) Ay А?у A?y 
50 3.6840 

54 3.7084 90244 $0003 

52 37325 90241 | оооз м 
53 3.7563 909048 950003 й 
54 37798 90285 90003 i 
55 3.8030 9979? 90003 j 
56 3.8259 00229 


By Newton;s forward Formula. 


НС 
dX / х, ах), 0 


1 1 1 1 
= 5 | v. -5А'Уо *3^ Yo -д^ Yo "з | 


1 1 1 
=_ |0.0244 — —(—0. ES 
| at 0.0003), 20) 


dy at x = х = 0.024 55 


dx 

y] ШҮ 5 

— ---(|4А%У0 A Yo +..... | 
e M гы 


= 41-0.0003) --0.0003. 


Ву Newton's backward difference formula 
4 | ау! 1 | 152 153 
ын =| =. =—| M —У —У°у t. 
(2 ке ах Ж? h Yn + 2 Yn * 3" Yn + | 
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(Z) -i|oo22 «3C 0.0003) °| = 0.02275 
х=56 1 2 





ах 

ЕЗ - 1 [угу + уЗу + | 
2 n sane: 

ах) xc dH 


[-0.0003] = -0.0003 


"ES 


Example:3 
The population of a certain town is given below. Find the rate of growth of 


the population in 1931, 1941, 1961 and 1971. 


Year x: 1931 1941 1951 1961 1971 
Population 


in thousands y: 40.62 60.80 79.95 103.56 132.65 


Solution: 

We from the difference table 

x y Ay A*y AU A* y 

1931 40.62 

1941 60.80 20.18. 4.03 — 

1951 79.95 1319. жаб ЖЕ -4.47 

1961 103.56 ene 5.48 227 ` / 
29.09-77 


1971 132.65 227 


We use the same table for backward and Forward differences 
i) To get f'(1931)and f'(1941) 


We use forward formula, 
Хо 1931, x= 1941..... 





x = 12230 ж = 1931corresponds х = 0. 

А EJ | 1.2 173 та 

— =] ---- = — А ---А --А ---А ..... 
E sun LOX pag Yo 2 Ус + 3 Ус 4 Ус + 


338 


E 4 20, 18 -561. оз)» 26. 49)- 1 C4. 47) 


— 


= [20.18 + 0.515 + 1.83 + 1.1175] 





= 2.36425. (1) 
ii) If x 1941, х= t = S 

Yo ay + = Аду, 9€ x12 y а 
We get 


dy 1 1 1 1 | 
— | -.1120.18----(-1.03)---(5.49)---(-4.47 
(2) 520.1844 1.03) at Nest ) 


Р ——[20.18 -0.515 — 0.915 – 0.3725] 


= 1.83775 (2) 


Note: If we Ier the data against and take 1941 as xo, we have Лу, = 19.51, 
Ayo = 4.46, АЗу = 1.02. 


Now using, 


dy 1 1 2: 13 
--- =—| Ay, --А —N Yo... 
ЕЕ 1 4: 2 з á | 


1 1 1 
т 1945 -24-46)»20 o2) 


1.7260 (3) 


Evidently the values given by (2) and (3) are not same. т getting the 
answer given by (2), we have assumed a polynomial of degree 4 whereas in 


getting the answer given by (3), we have assumed the interpolating polynomials 
assumed are different. Hence we see the difference in answers, 
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iii) To get Ғ(1971) use the formula, 
1 


dy \ Ч Tss duos 4 | 
шиш ---|У ---М +—V +—V + .... 
2 х. h Yn 2 Yn 3 Yn 4 Yn 


1 1 1 1 
шы bi 40. —(- 4.47 
С (29.09 ыг (5.48)- = (1.02) + A )| 


53 = — [81.0525] = 3.10525 
dx 1971 10 





iv) To get f’ (1961), we use x = ~—™ = Soto eie 
h 10 
2 
(2) GG = 1 Vy, + 2да гух ОЛЕОЛЕ үү КҮДЕРІ X = -1 
ах / лов  VdX/x.4 h 2 6 


аы 21 co 26 
= 129.09 5 (5-48) 5 (1-02) t 4471) 


<7 29.09 - 2.74 -0.17 + 0.3725] = 2.65525.76 
Example: 4 
Find the first and second derivative of the function tabulated below at 


x = 0.6. 


x: 0.4 0.5 0.6 0.7 0.8 
у: 1.5836 1.7974 2.0442 2.3275 2.6511 
Solution: 


Since x = 0.6 is in the middle of the table, we will use stirling’s formula 
Difference table 


x y Ay A*y Ау — A*y 
04 1.5836 9 5438 
0.5 1.7974 с 0.0330 ^ 6046 
06 2.0442 ^y- 0.0365 Азу 0.0003 
Уо 0.2833 АУ- 2 дуг 
A 0.0038 
0.7 2.3275 Yo 0.0403 АЗУ, 


Ву stirling's, formula 
dy 111 1 
СҢ Бі 11 (Ayo + Ду.) aay 4 лу ,)+ a 


= — 3 [0.2833 — 0.2468]- = (0.0038 * 0.0035) 


1 
0.1 


10[0.26505 — 0.0006083] 


= 2.64442 


= 3.6475 
Exercise: 
1. Obtain the derivative at x = 7 of the function tabulated below: 
X. 1 5 6 7 8 9 10 


f(x) : 196 394 686 1090 1624 2306 


2. Determine at x = 2.5 from the following data1 
X x 2.3 2.5 2.7 2.9 3.1 3.3 
у : 3617 3979 4317 4633 4929 5206 


9. The following table gives corresponding values of pressure and specific value 
of superheated steam:- 
у : 2 4 6 8 10 
р :105 42.7 25.3 16.7 13 


4. The specific heat of silica glass at various temperature are as follows: 
С° | 100 200 300 400 500 
Specific heat 
in calories per 
degree : 0.2372 0.2416 0.2460 0.2504 0.2545 
centigrade 


per gram 
Find the rate of change of specific heat with respect to temperature at 100?c. 
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5. The amount A of a substance remaining іп а reaching system after an interval 
of time t in a certain chemical experiment is given below. 
t 2 5 8 11 14 
A : 948 879 81.3 75.1 68.7 


Find dA when t = 8. 
dt 


8.3 MAXIMUM AND MINIMUM VALUE OF A FUNCTION FOR THE GIVEN 
DATA: 
Given the ordered pairs (х, yi) i = 0, 1,2,...... n, we can get the interpolating 
polynomial of degree n, Now we went to find the value of x at which the curve is 
maximum or minimum. 


Now, using Newton's forward interpolation formula and getting its 


derivative and equating it to zero, we get an equation from which the extremum 
values of y can be got. 


From equation EJ : 
ах 








We get 
d 1 2X -1 3X? -6Х+ 2 
EJ - h ГЭ 2 Age eA ou | 
= 2-6Х-2 
dy zs Жұ Ж ле и =0 (А) 
ах 2 6 


If higher differences are small, we сап take only the first three terms of (A) 
and solving it for x,5 (since it is a quadratic in x). We get x. 


Using X = Xo + Xh, 
We can get the values x at which y is an extremum. 


Note: 
If the interval of differencing is not constant (ie) x's are not equally spaced) 


We get Newton's divided difference formula or Lagranges interpolation 
formula for general x, and then differenting it w.r. to x. we can get the differenting 


at any x in the range. 


Setting the particular value for x, say x, we get the derivating value at хк. 
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Ехатріе: 
Find approximately the minimum value of f(x) from the following table:— 


х : 0 1 2 3 4 5 6 7 8 9 
f(x) | 890 844 769 668 541 389 401 462 495 530 
Solution: 


The minimum value appears to be in the neighbourhood of = 5 


. Tabulate the differences of f(x) in the neighbourhood of x = 5. 


X f(x) Af АЧ АЗ А“ 
5 389 
12 
6 401 49 
61 —77 
7 462 -28 107 
33 30 
8 495 2 
35 
9 530 


For the values of x between x = 5 and x = 6, we have 





1 
-— +——— A’y, + ——— Ny. 


E 2! 6 


df (x) 1 2Х- 3X? -6X«2 
-| Ayo 
dx h 


In this case h = 1, Ayo 12, A?yo = 49, A?yo = — 77 


2-4 1) 3X? -6X «2 


| EOM A (49) + = (T7) 


dx 


=12+ 


_ 72+ 294X – 147 231X? + 462X - 154 
6 
(231X? – 756 X + 229) 
6 


For а minimum — =0 
ах 
Hence 231X? — 756X + 229 = 0 


Solving we get x = 3 or 0.3 approximately. 
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Since the function attains а minimum at a value between 5 and 6, х must be 
necessarily a fraction 


Hence Х = 0.3 
ХЕ + Xh 
X=5+ (0.3) (1) = 5.3 
We find the value of f(x) 


When x = 5.3 by Newton’s interpolation formula 
(0.3) (0.3 – 1) (0.3 - 2) (-7.7) 


f(5.3) - 389 * (0.3) (12) * 93103 (49) + = 
= 389 + 36 — 5:145 — 45815 
(5.3) = 386.99685 
Example: 
Given the following data, find y'(6) and the maximum value of y. 
x қ 0 2 3 4 7 9 
у : 4 26 58 112 466 922 
Solution: 


Since the arguments are not equally spaced, we will use Newton's divided 
difference formula (or even Lagrange's formula) 


Divided Difference Table 


x y=f(x) Ах) А) А“) &tf() 
: 1 11 
2 26 7 
32 1 
3 58 11 1 
54 0 
4 112 118 16 1 
7 466 22 
228 
9 922 


By Newton's Divided difference formula 
y = f(x) = Қхо) + (x — Xo) (хо, x1) + (X — Xo) (X — x1) f(Xo, X», X2) + ...... 


-4%(х-0)(11) + (x-0) (x-2) (7) + (x-0) (x-2) (x - 3). 
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=4+11x + 7x? — 14x + x3 — 5x? + 6x 
= х? 42x! + 3x + 4 
2 у'(х)= 3x? + 4х + 3 


у (6) = 3(6) + 4(6) + 3 = 135 
у(х) is maximum if y’ (x) = 0 


n Зх? + 4х +3 = 0 
But the roots are imaginary 


г, There is no extremum value in the range. In fact, itis an increasing curve. 
Example: 


From the following table, find the value of x for which f(x) is a maximum. 
Also find the maximum value of f(x) from the table of values given below. 


X : 60 75 90 105 120 
f(x) : 28.2 38.2 43.2 40.9 37.7 
Solution: 


The maximum value appears to be in the neighbourhood of x = 90? 


Hence, we will use Stirling's formula. h = 15 (x's are equally spaced) 


X y 7 f(x) A f(x) A ?f(x) A f(x) А (х) 
60 28.2 
10/-: 2 

75 38.2 А Yg А 

90 4373 8 У АТ A258: 8.7 
105 40.9 -2.3 AGY42 
120 37.7 26% ° 

| - 3.2 


Ву Stirling's formula. 
2 


X X 
y(x) = у(хо + Xh) = yo + > (Ayo + Ay 4) + 55: A’y_, + 


X(X? – 12 Х2(х2 — 12 
XX" -1) (азу, + азу) + XP? = 1) gay + 


12 24 


....... 
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Неге x, = 90, yo = 43.2, Ауо-- 2.3, А?Уо-- 0.9, Лу. = 5, 
A*y = 723, А. = 5 


2 x? =x 
г. у= 43.2 + 5 (- 2.3 +5) + 2 (- 7.3) + (x -» (- 2.3 * 6.4) 


= 43.2 + 1.35X — 3.65X? + 0.3417 (0 — X) 


= 0.3417х3- 3.65x? + 1.0083х + 43.2 
If y is maximum, ay 0 
ах 


2.3 x 0.3417X? — 2 х 3.65Х + 1.0083 = 0 


1.0251X? — 7.30X + 1.0083 = 0 


2 x 1.0251 


a 7-3 +7.0111 
2.0502 
X = 6.9803 goes beyond the range. 


= 6.9803 or or 0.1409 


-. Take x = 0.1409 
X = Хо + Xh = 90 + 15 (0.1409) = 92.1135 
Maximum y = 0.3417 (- 0 .1409)° - 3.65 (0.1409)? + 1.0083 (0.1409) + 43.2 


= 43.27 
f(x) is maximum at x = 92.1135 & the maximum value is 43.27 


Example: 
The following table gives the results of an observation; 0 is the observed 


temperature in degrees centigrade of a vessel of cooling water, t is the time in 
minutes from the beginning of observation: — 
t 1 3 5 Т 9 


0 : 85.3 74.5 67.0 60.5 54.3 


Find the approximate rate of cooling whent2 3 & { = 3.5 
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Solution: 


The rate of cooling is given by the expression 2, Hence we have to find 


its value = з апа ї = 3.5 


The table of differences is calculated 


t 0 А Ө ^?0 A?0 А%0 
1 85.3 

-10.8 
3 74,5 No 3.3 zs - 
5 67.0 E 1.0 -07 
7 60.5 0.3 

- 6.2 
9 54.3 


At t = 3, the value of ^ is given 


^?0 starting att = 3 


e Att 3, 
do _ 1 1 1 
eB nos Бы ud o pr 
dt 2| 209 + 3 | 
-- 4.12 


Using the equation (2) t = 3.5 


2x -1 А29 + 





We nave — = Ы ЛӨ + 
а һ 


Where X = ХСУ 8 һ-2 


We have to find the value of = att=3.5 


0.5 


АХ = -0.25 


Att = 3.5 


by substituting the value of А 0, 470, 


2! 6 
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x .25) - 6 (0.25) + 2 
do. 1| ,, 2(025)-14 o) , 30:25 - 6 (0.25) ео?) 
dt 2 2 6 
= 5 [-7.5 - 0.25 - 0.080208] 
A a = 51615104 
dt 2 
Exercise: 
1. The following table gives the values of x and f(x). Find the maximum value of 
f(x). 
хо: 9 10 11 12 13 14 15 
f(x) : 1330 1340 1320 1250 1120 930 725 


2. Find approximately the minimum value of f(x) from the following table 
хо: 0 1 2 3 4 5 6 7 8 9 


f(x) : 890 844 769 668 541 389 401 462 495 530 


3. Find the minimum value of the polynomial f(x) which has the values 
СУ 0 2 4 6 
f(x) : 3 3 11 27 


4. Find maximum and minimum values of y from the table 
xc 0 1 2 3 4 5 
у: О 0.25 0 2.25 16 56.25 


5. Find the maximum value of f(x) given the table 


X: 1.2 1.3 1.4 1.5 1.6 
f(x): 0.9320 0.9636 0.9855 0.9975 0.9996 
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Unit — IX 
NUMERICAL INTEGRATION 
9.1 Introduction: 
We know that j f(x) dx represents the area between y = f(x), x ~ axis and 


a 


the ordinates x = a and х = b. 


This integration is possible only if the f(x) is explicitly given and if it is 
integrable. The problem of numerical integration can be stated as follows: 
Given a set of (n+1) paired values (х,у) і = 0,1,2,..... n of the function y = f(x) 


is not known explicity, it is required to compute Ї ydx. 


Xo 
As we did in the case of interpolation or numerical differentiation, we 


Xn 
replace f(x) by an interpolating polynomial р,(х) and obtain | р,(х) dx which is 


Xo 


approximately taken as the value for Ї f(x) dx. 


Xo 


9.2 Newton's Cote's Formula: 
A General Quadrature Formula: 


b 
Suppose we have to evaluate the define integral [ f(x) dx. Let the range 
a 


(a,b) be divided into n equal parts (say) at x1, X2 ...... хал and ‘a’ be хо and ‘b’ be 
Xn. 


Let the values of f(x) at хо, x1, Х2.....Хи be Yo, Ул, У2------- Уһ. 


Sunnzse а curve passes through these points (хо, Уо), (х1, Ул), (X2. y2) 
(Xn, Yn), then 


b 
| f(x) dx = area between the curve y = f(x), the x — axis and the ordinates 


a 


at x = X9 & X = Xp. 


Хо * nh 
= ју, dx where y =f(x) and h = length of the subinterval 


Xo 
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n 
= І Y xg +kh hdk Putting X= Xo + kh 
0 


dx = hdk. 
х= хо; k = 0; 

=h f y, dk 

0 
=h f Еу, dk V Уу = Еу, 

0 
=h f (1- A) y, dk E=1+A 

0 


b n 
ff(x)dx=h | ft+kc,A+ke, A? +......]у dk 
a 0 


=h Ду, +кс, Ayo + кс, Ау, +.........)dk 
0 : 





р E k(k -1 КК-1)(К-2 
| f(x)dx = h i[y. + Кс, Ayo T 5. ) A^ yg + кыы A, 4.........: | ак 
а 0 : : 


This is a basis integration formula and it is known as Newton's Cote's 


formula. 


9.3 Trapezoidal Rule 
Putting n = 1, in the quadrature formula (ie) there are only two paired 


values and interpolating polynomial is linear) 


: 
J f(x)dx =h f (у, +k Ay, )dk neglecting higher differences 
0 
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һ h 
= 2 QYo жу, - Ус) = > Vo ку) 


Хо + 2h h 
Similarly | ydx = (у,+у;) 


Xo +h 


Pee ee ee ee со э сл. олз эээ ий 


а.з сэт еэ эсээ. эээ 


Хо + (п-1)ћ 2 


Adding these n integrals, we obtain 


Xo + 2h Хо + nh 
| f(x) dx +...... + | f(x) dx 


Хо + h Хо + (n-1)h 


Xo * nh Xo+h 
| f(x)dx = | f(x) dx + 


Хо 


h h h 
— T + — + I PUT + — n- + п 
2 (yo + У1) 2 (У уг) 5 (У 1 + Ул) 


һ 
7 > (Yo * Y.) + yi + Ya + Уз te ТЕУ 
.h [ (sum of the first and the last orcinates) 
2 + 2(sum of the remaining ordinates) | 


2. This is known as Trapezoidal Rule. 
Truncation error in Trapezoidal Rule: 


In the neighbourhood of x =хо, we can expand y -Қх) by Taylor series in 
powers of x — Хо, 


(хха) "(к ү", n 


(ie) y(x) = yo + m 5 2| Уо fous 


Where Yo = һу (x) hax 
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3 
(х, хо)? "+ 06 7 Xo) 1 


21 yo * 31 Уд: toes 
h? t h? " 
Е Ne. og crai (2) 


If h is the equal interval length 


X4 h 
Also | ydx = 2 (Yo + Ул) 


(3) 
= area of the first trapezoium = A 
putting x = x, in (1) 
2 
Х,--Х , X; =X " 
y(X1) = у; = yo + eux) Yo t вау Ya К 
: , h? " 
(ie) у; = yo т У + зү Yo tee (4) 


Ao = 3 хув +» +B y, dos | using (4) іп (3) 


hn? , h? "т 
hyo + > Yo * 


Substracting Ao value from (2) 


х; Dus Е. 
Ааа ыы ak 
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г. The error in the first interval (Хо, x4) is -5 Һу, (neglect other terms) 


Similarly the error in the i'^ interval = --5 Н? у, , 


-. The total cumulative error (approx) 














1 " " " ” 
Ез В o Ус Ts, Фа + Yna ) 
E| < пт. .M where M is the maximum value of 
Yo. 3 м | У: 4........ 
< бан, M if the interval is (a,b) & h = 2-2 


Hence, the error іп the trapezoidal rule is of the order 17. 


Example: 1 
1 
Calculate | ша. using Trapezoidal Rule. 
o 14x g 


Solution: 


For trapezoidal rule, the range is to be divided into any number of equal 
parts. All these are satisfied if the range is divided into six equal parts 


Непсеһ- 


We shall find the value of -- at the points of division. The table given below, 
T 


given those values x = T 23. 28 
6 7 


1-4 
о 1 112 565 i 
6 3 2 3 6 
E edi 1 Э 822 3 = ы 
1-х ` 7 4 3 5 11 2 
у 1 0.8571 0.75 0.6667 0.6 0.5455 0.5 
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Ву Trapezoidal Rule: 
р h 
| ах = = Куо + Ул) + 20 + Yo t + у„)] 
а 


| 
[——х = =, [(1+ 0.5) + 2 (0.8571 + 0.7500 + 0.6667 0.6000)] 
0 








1-Х 
1 7.2476 
- 1.5 + 5.7476 
aot |= ^ 
2-1 
j dx - 0.60397. 
о1+х 
. The Error іп this case is (х. = Xo) Һһ2Г (=) 


12 


21 iv 2 
аа. (8) (+e)? |Қд- 








— 
, RS -2 
ЕС 1 2 f'(x)z (1^ x) . 
712 (36). (+e)? f"(x)=+2(1+x) 
2 
f"(s )-----т | 
= 0.0046 (s -0) (1-6) 
= 0.0005 (s = 1) 


Hence the error lies between 0.0005 to 0.0046 


Example: 2 


3 
Evaluate | x* dx by using Trapezoidal Rule. 
-3 


Solution: 
Here у(х) = х“. Interval length (b — a) = 6 so, we divide 6 equal intervals 
with h = 6ш 1 
6 
х : -3 -2 4 0 1 2 3 
у 81 16 1 0 1 16 81 
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Ву Trapezoidal Rule 
3 h 
| уйке yo уһ) %2(У) + Уг t 1) 


3 
| x*dx = 115 
-3 


Example: 3 


using Trapezoidal rule with h = 0.2. Hence obtain an 





1 
Evaluate | > 
о1-х 


approximate value of z. Can you use other formulae in this case. 


Solution: 





1 
Let y(x) = 
uw dX" 
Interval is (1-0) = 1 
-. The value of y are calculated as points taking h = 0.2 
x: 0 0.2- 0.4 0.6 0.8 1.0 


y= 1 : >: 1 0.96154 0.86207 0.73529 0.60976 0.50000 
TX 





By trapezoidal Rule, 


1 dx h 
| у= Куо yn) ыды een] t Ул) 





- = [(1+ 0.5) + 2(0.96154 + 0.86207 + 0.73529 + 0.60976] 
= (0.1) [1.5 + 6.33732] 


= 0.783732 


By actual integration, 





1 dx a M T 

= ќап xh =— 
| 14 x? | } 4 
. V, = 0.783732 
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az 3.13493 (approximately) 


Example: 4 


5.2 | 
Evaluate the integral | = f log, x dx using Trapezoidal rule. 
4 


Solution: 
Hereb-a25.2—4212 


We shall divided the interval into 6 equal parts. 
Hence, h = ын -0.2 


х 4 4.2 4.4 4.6 

f(x) -logex 1.3862944 1.4350845 1.4816045 1.5260563 
X ; 4.8 5.0 5.2 

fx) : 1.5686159 1.6094379 1.6486586 


By Trapezoidal Rule, 


52 
| log x dx = z [и 3862944 + 1.6486586) + 2 (1.4350845 + 1.4816045 + 1.5260563 
4 


+1.5686159 + 1.6094379)| 
= 52 [3.034953 + 15.2415982] 


5.2 
J log x dx = 1.82765512 
4 


Example: 5 
From the folloving table find the area bounded by the course and the x - 


axis from x = 7.47 to x = 7.52 
xc 7.47 7.48 7.49 7.50 7.51 7.52 
y = f(x): 1.93 1.95 1.98 2.01 2.03 2.06 


Solution: 
Since only 6 ordinates (n = 5) are given we wil! use Trapezoidal Rule. 


7.52 
Агеа = | f(x)dx = 
7.47 


(уо +.) + 2 (У, + ya +....... Ул) 


міс 
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I (4.93 + 2.06) + 2(1.95 + 1.98 + 2.01 + 2.03)] 


RE [3.99 + 15.94] 


7.52 
| f(x) dx 2 0.09965 


747 


Exercise: 


10 
1. Evaluate шах by trapezoidal rule, dividing the range into nine equal parts. 
1 X 


dx 


+ x? 


with h = 





4 
2. Evaluate | . Using Trapezoida! Rule. 
0 


Ф| 


1.8 
3. Find | Қх) ах from the data: 
0.6 


x : 0.6 0.8 1.0 12 1.4 1.6 1.8 


f(x) : 4.95 6.05 7.39 9.02 11.02 13.46 16.42 
Бу Trapezoidal rule 


11 
4.Find | f(x)dx from the data. 
5 


XC. i 5 6 7 8 9 10 11 


f(x) : 95.90 96.85 97.77 98.68 99.56 100.41 101.24 
using Trapezoidal rule. 


2 
5. Evaluate | RUE to three decimals, dividing the range of integration into 8 
o X^-X- 


equal parts. Using Trapezoidal rule. Answer: 0.8145 


14 
6. Compute the value of | (Sinx – Іодх + e*)dx taking h = 0.2 & using Trapezoidal 
0.2 


rule. Answer: 4.0715. 


n 


2 
7. Calculate | Sinx dx by dividing the interval into ten equal parts. Using 
0 


Trapezoidal rule. 


9.4 SIMPSON'S ONE THIRD RULE 
Using Newton Cote's Formula 


Хо + nh п Ш 2 B 
| f(x)dx =h j| yo Ауы + "LO Key, ee) 
0 : 


Xo 


putting n 2. 
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ыг = 
f ydx =h E + Му, + че 9 22 ак 


Ха 


3 


2 
І 
0 
һ (2y yo + Ду, 2573 
1 
=h > Yo +2 (У; - Уо) + = (Уг - 2У, юу) 
| 


h 
9 3 бу, + бу; - бу, + Y2 - 2Y; + Yo] 
h 
= 3 [уо + 4y, +У2] 
Similarly 
Хо + 4h 
| уах = > 2 (уг + 4y3 + у.) 
Xo * 2h 
рэн | CS 
| ydx = 3 (Уп-2 + 4Yn-1 ЖУл) 
хо +(N-2)h 


Adding all these integrals, we have 


TZ л шаны ne “Yona 


хо + (n-2) h 


Here n is ever since we neglect all differences above second, y is a 
polynomial of second degree. (ie) of the form y - ix? +mx + п, (ie) a parabola. 
Here we assume that the curve passing through the extremities of 3 consecutive 
ordinates is a parabola. This is known as Simpson's one third Rule. 


Errors in the different Rules: 
The leading term dropped in the expansion of (1 + А)“ gives the error. 


іп the case of Simpson's one — third rule, the leading term dropped is 


n] SEIE шу, ак 


2 
: h 3 k^ 3 2 
(ie) — Ры +k =0 
:| 4 я 


Hence the next term dropped can be taken as error, which is equal 


358 


3 К(К-1)(К-2)(К-3) 4 
p 24 хук 


h 4 
хо 
90 Ус 


h? 
—— TU 
90 (е) 


This error is for an interval of 2h. Hence the error іп the interval of 


h^ ru 
h= - f 1 
180 (е) 
2o mh? ца 
Hence the error for the whole length nh = — 180 Ғ (=) 


(X, = Xo) n* ra (£) 
180 


where Хо < в € Xn. 


Example: 1 
: 
а 
Calculate [ 2 using one-third Simpson rule. 
аг MEX 


Solution: 
rd 


For Simpson's > rule the range is to be divided respectively into even, 


multiple of three and multiple of six equal parts. All these are satisfied if the 
range is divided into six equal parts. 


Hence h = L. 
6 


We shall find the value of — at the points of division. The table given 
+ 


11 11 2.11.3 
below, gives those values: | 0-----------,--%----............ 
6 6 66 63 6 6 
x рс w 220022 12504 
6 3 2 3 6 
АІ бо 25-25 2 15 Е 
1-х | 7 4 3 5 11 2 
Yo у У уз Ya Ys Ye 
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1 1 6 1 3 
A-2445 реа 
1-0 DAL Т t 
| 6 3 
у: 1 0.8571 0.75 0.6667 0.6 0.5455 0.5 


By Simpson's third rule. 


h 
[ уах= = | (уо +у.)+4 (У. + Уз +....... y, 4 2(y2 +У4 tee Yn-2)I 





4 
ox = 22 (4 +.5)+4 (0.8571 + 0.6667 + 0.5455) + 2(0.7500 + 0.6000)] 
1+х 6x3 
= 0.6931 


In this case the error is 


= 6,25) Ө] f(9 (=) 
гоо (1%х)” : 
а) = – (1 + х) 
MEM EUN Le у= -8 
180 х1296 (1-6) 21. 
f" (x) = 24 (1 + x)” 


(i.e.) — 


1 1 


i.e.) - ——————— X———& 
en 180 x54 (1+6)° 


1 1 


(i.e.) lies between + ——— — —a35 & ————— 
180 x 54 x32 180x54 


[s = 2,0] 
(i.e.) 0.00003 and 0.0010. 


Example: 2 


3 
Evaluate | x^ d x by using Simpson's one third rule. 
-3 


Solution: 
Неге у (х) = х“ 


Interval length (b — a) = 6 
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So, we divide 6 equal intervals with h = 5 - 1. 
х: -3 -2 -1 0 1 2 3 
ух! 81 16 1 0 1 16 81 


Ву Simpson's one-third rule 


xo4nh 


h 
] око | (Ус +у,)+ 4(У, + Уз + К: у,.)+2 (У +Y4 + eH] Уг) 
хо 


3 
| хах= i (81-81)-2(1-1) 4 (16 +0+16)] 


-3 
1 
ш 3 [162 + 4 + 128] 
3 
| хах-98 
-3 


Ехатр!е: 3 
By dividing the range into ten equal parts. Evaluate [ sin x d x by 
о 
Simpson's one-third rule. 


Solution: 
Range=x-O=n 


т 
Hence h = — 
10 
We tabulate below the values of y at difference x is 
se, 5 0 л 27 Зп 4n 5n бк 
| 10 10 10 10 10 10 


Y 2 sin X: 0.0 0.3090 0.5878 0.8090 0.9511 1.0 0.9511 


x 23 ол Sue à 
10 10 10 
Y = sin x: 0.8090 0.5878 0.3090 0 
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Use Simpson's one third rule 
xgtnh 


h 
J Yee | (ус +у„)+4(у, +Уз + өнөө ysa) * 2(y2 +Y4 + ala Y»-2)] 


хо 


| sinxd x= н ЕЗ | (040) + 2 (0.5878 + 0.9511 + 0.9511 
0 

+ 0.5878) + 4 (0.3090 +0.8090 

+ 1 0.8090 + 0.3090) 


zd ЕЗ [6.1556 + 12.944] = 1 =) (19.0996) 
3 (10 3 (10 


І sin x d x = 1.99909 
0 


Example: 4 


? 
Evaluate [ e* d x Simpson's one third rule correct to five decimal 
0 
places, by proper choice of h. 








Solution: 
Here, interval length = Ь ~ а = 1 | 
у= ех; у =e": ў Е х. у!! = ех; у= ех; 
Еггог = |Е| < 5-4) h^. M where M = Max (ех) in the range. 
<l hfe 
180 
we require (Е) < 1076 
һе ЕЕ 
«10 e = 2.718282 
180 
: 
1 -6 A 
h« БД = 0.148 


Hence we take h = 0.1 to have the accuracy required. 


, 
7 Ї ех ах = E | 1-6) 2(e?? +е°* +е58 +е78)+4 (e! +e? + 205. 507 +e)! 
0 
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= “1 [(1 + 2.718282) + 2 (1.22140) + 1.49182 + 1.8221188 + 


2.22554) + 4 (1.10517 + 1.34986 + 1.6487 + 2.01375 + 2.4596] 


=! [3.718282 + 13.5217576 + 34.30832] 


= [51.5483596] 


1.718278 


Exercise: 


1 
1. Evaluate | e^ d x by Simpson's one third rule. (10 strips) 
0 


2 
2. Compute the value of | 5х using Simpson on third rule. Н = 025. 
1 


2 
3. Evaluate | sin? x d x taking h = 5. using Simpson's Rule. 
1 


9.5 SIMPSON'S THREE ENGHTH'S RULE 
Using Newton Cote's formula 


xo*nh n 


| fx) dx-h [ [yo +k Ayo «565 гу, 


k(k — 1)\(k - 2) 
* 31 





X0 0 


[(k? — К) (k — 2) k? — 2k? — kz + 2K] 


Xy + 3h Putting п = 3 


xo+3h 


k (k - 1) 





3 
| f(x)dx=h | | уу-клус- T A? yo + EDD) лз Yo] dk 
XQ 0 : ! 
3 
к? k? k?) kê 3k? 2k? 
-h къл А ам 
E "72 БЕ T Yo *t|24 ^ 18 * 12 "nr 
9 27 9 
= h Зу. 27 Луо +15 А" Уо +54 Yo | 


9 9 3 
-h Зу. ta Ол — Уо) + 4 (Уо - 2y, жу; + |-уо + Зу, – Зу, +] 
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9 9 9 18 9 3 
Зу, Жа?! -2У кл ui +4Ў2 — 8 Уо 18 


! 
; 


3 3 
(3У4-4 (32) + gYs 


_ в [72y, +108 y, -108 y, +54 yo - 108 y, +54 y - 9 yo 
+ 27у. -27 y; +9 Y, | 


24 
_ 9h 
aye [9 у,+27 у, - 27 y; «9уҙ| 
9h 
- 24 [yo + Зу: - 3 у + уз] 
xo+3h 
3h 
| ш 7 [уо + З у; - З y2 + уз] 
хо 
xo+6h 3h 
Similarly Í ydx= -а De % Зул + Sys + ув] 


хо 


ч 0... а c$» *? а —— €» э а «а в ааа ғ э вс s» 9 е эз 


3h 
ydx= 3 |Ул-з +3Yn-2 +3Yna + У, ] 


xo+(n-3)h 


Here n is a multiple of 3 and y is a polynomial of degree 3, (i.e.) 
y = bÓ + mx? + px + q. Since higher powers above the third differences are 
neglected. Hence in this case we assume a cubic curve passes through 4 


consecutive ordinates extremities. 
Adding all these we get 


шары 3h м цан, Эв) 


а х= — 
| у 8 +2 (уз yo + "ТТТ фу) 


хо 
This is known as Simpson's three eighth's rule. 


Errors in the Difference rules: 
The leading term dropped in the expansion of (1 + A ) gives the error. 


In the case of Simpson's three eighth's rule the leading term dropped is 


364 


Ағу, dk. 


k (k —1)(k ~ 2) (k - 3) 
В 











n [кә 6k* 11k? 6k], 
КҮ сайры тш o оре 


= h | 243 25 486,297 54] А“ 
41 | 5 22 7% 
h 9 4 ha 
RENE Шон жел ә А 
24 EI Yo = gg ^ Yo 


3h" qo 
* “80 f^ (=) where Хо < е < Хз. 


This error is for the length of interval 3 h. 


The error for the length of interval 
nhz n f (=) 
80 
— One) h* f^ (=) 
where Xo < = € Xn 

Example: 1 

Calculate | ах using three - eighths Simpson's rule. 
Solution: 

For Simpson's зе rule the range is to be divided respectively into even 


multiple of three and multiple of six equal parts. All these are satisfied if the range 
is divided into six equal parts. 


Непсеһ- 1 
6 
1 1 1 2 5 
Х ; 0 - - - — = 1 
6 3 2 3 6 
UNE 4 6 3 2 3 6 1 
1-х | 7 4 3 5 11 2 
1 0.8571 0.75 0.6667 0.6 0.5455 0.5 
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Ву Simpson's three - eighth rule 


NETUS они езе ша 
2 а ҺЕ 2 (Ves Ve estes t y,5) 
3 


zi = | (1 +0.5) + 3(0.8571 + 0.7500 + 0.6000 + 0.5455 + 2(0.6667)| 


= 0. 0625 [1.5 + 8.2578 + 1.3334] 


= 0.6932 


Іп this case the error is - б.) h* f? (=) 





4 
(i.e.) — 2 s) 2ч 5 = = 1, 2 
80 (6) (1-6) 
. 1 1 
(i.e.) lies between & 


80x54x32 80x54 


0.000006 and .0002 


Example: 2 


3 
Evaluate | х! d x Бу using Simpson's three eighths rule. 
-3 


Solution: 
Using Simpson's three — eighths rule. 


d х= — 
| y +2 (уз + Уз +Уо-.......... -у,) 


xgtnh 3h 2. ........ Е 
8 


хо 


Here y = x’. Interval length b — а = 6. So we divide 6 equal intervals with 
hz 6 zm. 
6 


Х 1 -3 -2 -1 0 1 2 3 


366 


3 
[ yd eL | (81-81) +3(16+1+1+16) -2(0)| 


-3 


[162 + 99 + 0] = 97.875 


со | © 


Ехатр!е: 3 
5.2 


Evaluate | log, x using Simpson's three —eighth’s rule. 


4 


Solution: 
Hereb-a=5.2-4=1.2 


We shall divide the interval into 6 equal parts. 


Hence, h = ма - 0.2 
6 
x: 4 4.2 4.4 4.6 4.8 
loge x 1.3862944  1.4350845 4 1816045 1.5260563 1.568659 
yo уі Уг Уз ya 
x: 5.2 
1.6486586 
loge X Ye 
Ву Simpson's three eighth rule, 
xotnh 
i ханы? р +у„)+3(у‹ +у; +У4 t Yo Han t Yna) 
8 ео Туту -у,) 


хо 


5.0 


ү 3 (0.2) | (1.3862944 + 1.6486586) + 3(1.4350845 + 1.4816045 " 


8 


0.6 
8 


[3.034953 + 18.2842284 + 3.0521126] 


1.82784705 
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1.5686159 + 1.6094379) + 2(1.5260563) 


1.6094379 
Ys 


Example: 4 


6 
Evaluate | 1 : = by Simpson's three - eighth’s rule; Also check up the 
+X 


0 
results by actual integration. 





Solution: 
Неер-ас:6-0-6 


Divide into 6 equal parts h = 2 = 1 
Х : 0 1 2 3 4 5 6 





: : c 1.00 0.500 0.200 0.100 0.58824 0.038462 0.027027 
+X 


By Simpson's three eighth’s rule. 


2227 БОА + УБ Уус. а 
е СОСЕ ИИ +Y,-3) 
3 х1 


Ён [(1 + 0.027027) + 3(0.5 + 0.2 + 0.058824 + 0.038462) + 2(0.1)] 


i [1.027027 + 2.391858 + 0.2] 


| = 1.35708188 


By actual integration, 





6 
|= | OX = (апт хр = tan" 6 = 1.40564765 
1+х 
0 


Exercise: 
1.8 


1. Find | f(x) d x from the data. 


06 


X: 0.6 0.8 1.0 1.2 1.4 1.6 1.8 


f(x) 4.95 6.05 7.39 9.02 11.02 13.46 16.42 


Using Simpson's 2 Rule. 
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2. Evaluate | M 230 by Simpson’s 3 Rule with h = - 
X + COS X 


е” x2 d x taking 5 ordinates by Simpson’s 2 Rule 


C A 


3. Calculate 
0.5 


14 


4. Evaluate | e" dx by taking h = 0.1 using Simpson's 2 Кше. 
1 


2 é 
X | ; 
5. Evaluate | = taking 6 intervals. 
1 
6. The speed of an electric train at various times after leaving one station unit it 
stops at the next station are given table. 


Speed in kmph: 0 13 33 39 № 40 40 36 15 0 


2 in minutes: 0 15 1 145 2 2 > 3 m 3 % 


9.6 WEDDLE'S RULE 
By Newton's Cote's formula 


хо+пћ 


ТИЯ 
3 ео су; жыры» Fyra) 


хо 


Putting п = 6 and neglecting а! differences above the sixth, the Newton's 
cote's formula reduces to 


xo-6h 





6 
k(k — 1 К 
| ydx=h | Yo * KAyg + | Dg SUR» К 2) Азу; 
: 21 3! 
k(k — fk —2)(k —3)......(K —5 
6! 
=hļ > 123 33 42 Ny 
Du Ту ОА 
Yo Ус Yo Yo “10 Ye +70 Yo +740 


Replace the last term by 2 Ау, 
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(i.e) = Абу, which is negligible when h and Луу are small. 


3h 
| ydx= == [у +5у, + уз +6уз «ya + бу„ yo] 
Similarly 
хо+12 В 
3h А 
уах = Ho [ув + 5у; * ya +6у, + yao + By + Yao] 
Xg+6h 
Xo4nh 3h 
y ах = 10 [Ув %5у,5 à бу, + Уп-2 + бу, T Ya] 
хо +(п-6 )h 


Adding all these integrals, 


We have 


Ша шаг 2. 
Ж + Уз «бу, +5У11 + 2у, + Syn 4 + Y, 


Here n is a multiple of 6. This is known as Weddle's rule. 


Errors in the Different Rules: 
The leading term dropped in the expansion of (1 * A)* gives the error. 


In the Weddle's rule, 


41h | 
The last term is — Лё but we have taken the last term as - —— дё 
140 ^ Yo 140 А Yo 
h 46 
Hence the error = - —— A'yg 
140 
1 (7:46 
=- — fy’ Ff 
140 (s) 


where Xo < € < Ха. 
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Example: 1 


: 
а 
Calculate | а using Weddle's rule. 
ас ЕЖ 


Solution: 
For Weddle's rule the range is to be divided respectively into even, multiple 


of three and multiple of six equal parts. All these we satisfied if the range is 
divided into six equal parts. 


Hence h = 


Ф| = 





| , 8 3 2 з 6 4 
14x 7 4 3 o 11 2 
1 0.8571 0.75 0.6667 0.6 0.5455 0.5 


| dx _ 3h 2- 
| ТО: Vg OY SY poe халан + 5Yn-4+Y, 


= [1+ 5(0.8571) + 0.7500 + 6(0.6667) + 0.6000 + 5(0.5455) + 0.5000 | 


oje 


> [1.4.2855 + 0.7500 + 4.0002 + 0.6000 + 2.7275 + 09.5000] 


0.6932 


Іп this case the error is мэн 15109) (=) and its lies between 0.00003 


& .0010. 
| ] 1 
Actual value of | —— dx= 109 (1 + x), 
1+ х 


= 108.2 


= 0.69315 
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Example: 2 
5. 


м 


Evaluate the integral I = log,x d x using Weddie's rule. 


D tre 


Solution: 
3 _ 3h [уо +5у, +yz +буз ғу, +5у, + 2yo + 5уу + Yo + буз 
уах = — 
10 + Уло + Ул 1 + 2У:2 +........ Буз ey. | 


Неге Ь - а= 5.2 – 4 = 1.2 


We shall divide the interval into 6 equal parts. 


Непсеһ- 12-02 


Х : 4 4.2 4.4 4.6 4.8 5.0 


log, X :1.3862944 1.4350845 1.4816045 1.5260563 1.5668159 1.6094379 


Х ;: 5.2 


log, x :1.6486586 


3(0.2) 
10 


Іт [1.3862944 + 5 (1.4350845) + 1.4816045 + 6 (1.5260563) + 


1.5686159 + 5 (1.6094379) + 1.6486586] 





- FU [1.3862944 + 7.1754225 + 1.4816045 + 9.1563378 + 1.5686159 


+ 8.0471895 + 1.648658] 
I = 1.82784734. 


Example: 3 


6 
Evaluate = Į = | -- d х using Weddle's rule. Also check up by direct 
+X 
0 


integration. 


Solution: 
Take the number of intervals as o. 


n h= #=9 и 
6 
x 0 1 2 3 4 5 6 
ме ас ode 2 & 2 ow 
1+х 3 4 5 6 7 


By Weddle's rule 
xo*nh _ 3h M + 5у, +Y бу; +у. + 5у; + 2у + By; + Ув mM 
+ Yio + бу. + 2yi2 Руны + 5y,-4 У 


=! 185(05)-446|2) +5 Gk 2 
10 3 4) 5 6 7 


3 
10 


| 42.40.3333 41.54 z 40.8333 + 0.14286 | 


= 1.95285 


By actual integration, 
6 


| c dx= [ое (1+х)Ё -1og, 7 = 1.949591015 
TX 


Example: 4 


6 
dx 
Evaluate 
J 14 x? 


0 





Бу Weddle's Rule. Also check up the results by 
actual integration. 


Solution: 
Негер-а-6-0-б 





Divide into 6 equal parts һ- 5 -1. 
х: 0 1 2 3 4 9 6 

| | z5. 1,00 0.500 0.200 0.100 0.058824 0.038462 0.027027 
+X i 


By Weddle’s rule. 


xo+nh 


3h | +5у, +Y2 буд +у. + 5у5 +2у, + 5у; * yg Midi 
+ Улю + 9y a4 + 2yqo +........ + ула + Yn 


2277 5 [1 + 5 (0.5) + 0.2 + 6 (0.1) + 0.058824 + 5 
(0.038462) + 0.027027] 


373 


- 2 [1 + 2.5 + 0.2 + 0.6 + 0.058824 + 0.19231+ 0.027027] 


I 2 1.3734483 


By actual integration, 


6 
1= | dX = (tan xf = tan" 6 = 1.405648 








TER: 
Exercise 
т dx (à 1 | 
1. Evaluate | > With h = — by Weddle's rule. 
е TER 6 


4 
2. Evaluate | (sin x - log x * e* )d x with = 0.1 by Weddle’s rule 
2 


Х: 0.6 0.8 1.0 1.2 1.4 1.6 1.8 


f(x): 4.95 6.05 7.39 9.02 11.02 13.46 16.42 


- 


1 
b) | Қо) d x from the data 
3 


X: 5 6 7 8 9 10 11 


f(x): 95.90 96.85 97.77 98.68 99.56 100.41 101.24 
X6 
4. Show that the difference between the values of | f(x) d x obtained by 
хо 
Simpson's one third rule & Weddle's rule with six sub-intervals is 


£u (A^ + A9 + A8) f (x) where h = že- Xo 
30 6 


12 
5. Сотрше: | ах 
X 


5 





5 dx 
6. Evaluate [ Е by Weddle's rule, taking h = 6. 
0 1-х 
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UNIT - X 


DIFFERENCE EQUATIONS 


10.1 In the following article we take the common difference of the successive 
differences of the independent variable as unity. 


An equation which express a relation between an independent variable x 
and successive differences or successive values of a dependent variable у, is. 


Difference equation: 
Thus, examples of difference equation are 


i) Ay, – Злу, 0 
ii) Ay, -2A^y, - Злу, + y. = 0 
іі) Ку, -3Ay, – 2у, = х + 2 


By means of the relationship 
A" yx = Yuen = DC4yxen-1 +..... + (-1)" у, 


We can express the difference equations in forms involving successive 
values of y, instead of successive differences of y,. Thus the above three 
equations may be written respectively. 


Ух+2 — 9yx«1 + ух = 0 (1) 
Ух+з LE Ух+2 =) 4Yx+1+5Yx = 0 (2) 
Ух+з — ЗУх+2 = X + 2 (3) 


Of the two forms, for purposes of solution, that involving successive values 
is usually preferable. The order of a differenée equation written in this form is the 
difference between the highest and the lowest subscript of the y's. 


Hence the order of the equation (1), (2) and (3) are respectively 2,3,and 1 


The degree of a differential equation of this form is the highest power of the 
y's. These for a differential equation of the form 
(Vx)? (ух+1) — 2у, ух+2 + 3y?x*1 = 2x? — 5 the order is 2 and the degree is 3. 


General linear difference equation: 


The most important type of difference equation is the linear differenc 
equation it has the general form. 


Ух+п + An-1Yx+n-1 + An-2Yx+n-2 ИЛТ % A4 Ух+1 + Асу, = f(x) (1) 
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where Ao, A4... An-1 f(x) are known functions of x. 


If the right hand member of the equation (1) 
If f(x) is zero, the equation is called homogenous. Equation (1) is known 
as complete equation. 


With regard to homogeneous equation of the form. 
Yar + As ўа +...... Агуүн + Ауу, = 0 (2) 


The following results are easily established:- 


I. ,(x) is a solution of (2), so is ci 9, (x) 


ii) ИСО $2 (X), О $4 (X) are n functions of x, which are independent 
solution of 2. Then 
Ух = Сф, (х) + сф, (X) + ...... %са >, (X) (3) 
is a general solution of (2). 


Ш) ЇГ суф. (х) + соф, (x) + ...... *C, $6, (X) is the general solutinn of (2), then the 
genera! solution of (1) is 
Yx = Cab (X) + Cob. (x) + ...... +C, 6, (X)+F (x). 


We sha!l (3) the complementary function and F(x) the particular integral 
and hence the general solution of (1) is the sum of the complementary function 
and the particular integral. We thus see some analogy between this and the linear 
differential equation with constant coefficients. 

Solution of first and second order equation with constant coefficient. 


10.2 Linear Difference Equation of order one: 
The genera! form of this equation is 
ys — f(X)y. = ф(х) 
We shail first solve the equation when the right side is zero 


se Туул 
(е) Vert — (ух 


Hence ух- Қх- 1) (x - 2)....... (гу... 
If y, has arbitrary value C. the solution becomes ух = сі) . Where 
r 
хос f(x) stands for the continued product. 
А 


f(r) f(r*1).....f(x —2) f(x — 1) 


We can continue to the process upto r 0. 


In that case the solution is 





ине 
T 
0 
Now, let us consider the equation 
ye: — Кх) у, = ф(х) (1) 


Let V, be the solution of the equation 
Ух+1 — f(x) Ух = 0 (2) 


Let us assume that и, v, Бе а solution of the equation (1) 
се Ux Vx (3) 


Hence у, +: = Ux+1 Vx+1 
Ли, = Ч, — Ux 
/. Уха = (A Ux + Ш) (4) 
2. Substituting (3) and (4) in (1) 


we get 
(Аш, + Ux)Vx+1 — Қо) их Vx = ф(х) 


(ie) (^ Оу) + Ux {Ухт ын f(x) ух} = ф(х) 


(іе) (A Ux)Vx+1 = ф(х) 


(ie) Au, = Ф) 
Муал 
(ie) u, = АГ (9) 


V 





х+1 
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Hence the general solution of equation (1) is 


Ух = СМ; + Vy A de 


Vyas 


Example: 1 
Solve the equation y,44 — 2у, = 0 


Solution: 
The general form of this equation in уна — Кх)ух = ф (х) 


In this equation f(x) = 2. 
Қо), f(1),f(2), ..... f(x — 1) are all equal to 2. 
Xi 
Tt 
x=0 


(о). t(1). £(2).....£(x - 1) 


кр Go 


Hence the general equation 


х-1 
ух = С--- f(x) 
д 
0 
ух-с.2Х 


Example: 2 
Solve the equation у,4- Зу, = 2 


Solution: 
The solution of the equation 
Ух+1 — Зу, = О 


In this equation f(x) = 3. ф(х) = 2 
^. КО) (1),f(2)....f(x — 1) are equal to 3. 


L f(x) = £(0),f (1,2)... f(x 1) 


х-0 
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yx = х-1 f(x) = c.3* 
n 


x=0 


Hence the general solution of the equation is 
Formula: 


ух СУ, + vy А” EM 


V 


x41 


Ух 


3х+1 


C.3 + 3% д! | 2 | 





y, = С.3 + 2. 3X A" 5) а) д "id 
3 m 


-053 + 2.3%! X 





Aliter: 
Let us find the general solution of the equation 


Ух+1 Е Ау, = B 
Ух+1 = Ayx ж B 
Hence у, = Ау, | +В 
= A(Ay x-2 + B) +B 
= Ау „_› + В(1+А) 
= Ау, з + B)* B(1+A) 


= А’ухз +В (1+А+А?) 
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Continuing this process, we get 
ух = A'yo + B (1+ А+А*+ ........ BACC 


x 


х 1-А 
WEAVER when A z 1 


Yx = yo +В (1+1+1+....... +1) when А=1 
yx = yo + ХВ 
Hence we get that the solution of the equation унт: — Ау; = B 


1-А” 


yo OP when А = 1 





=C +x BwhenA =1 
taking Yo as the arbitrary constant. 
Hence in the case of the equation 
Yuri Зу, = 2 


The general solution 15 





у, = 6.3% + 25] 
Эс 
= с.3^ + 3* ~ 1 
ух = С(3*— 1) 
Example: 3 


Solve the equation у; — ay, = 4% 


Solutíon:- 
The solution of the equation 
Ух+1 ин ау, = 0 


In this equation f(x) за 


^. КО), f(1), f(2).....f(x—-1) are all equal to a. 
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=ч) = Қо). f(1) .f(2) ...Мы-о 


Х--0 
ша. а. а....атса. 


^. The general equation is 


уус ёс! f(x) = c.a* 
TU 














х-0 
ух+1 — ay, = 4% 
is y, = c.a" + ах А” | = | E y, = CV, хуч 01 
a" V xad 
4 x 
по х 4 Ах — А Бый 
ух = с.а + а B 
J 
= c.a + ах! a A (mrs m* 
са 2- | м), 
а 
= c.a" + ia 
ee 4—a 
Example: 
Solve the equation Yx - x 17 = 0 
+ 
Solution: 
In this equation f(x) = —— 
x1 


г. КО), f(1), f(2) ....... Қх- 1) 
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x=1 


Exercise 
1.Solve the equation: 
i) Yx+1 — ух = 3” 
ii) 2yx« — Vx = X 
iii) Ух+1 — ух = O 
ім) Зуха + 2y, = 0 for which у; = 0, 
v) yx« — 56y, = 25, x? 


10.3 The solution of linear equation with constant coefficients of order 
more than one: 


Let us consider an equation of the order n which of the form. 
Ухаа Ж An-1 Ух+п-1 + аһ-2 Ух+п-2 Lu * ау, = X 
where ао, а4...... an-ı are constants and x, a function of x. 


From the definition of the operator E, we get E(y,) = Yx 
E*(yx) = Ух+2 


Е, = Yuen 
Hence the equation (1) becomes 
(E"y, + apy E у, + ....... +а:Е + a )у, = x 
(ie) КЕ) = х 


where КЕ) is а rational integral function of E. 
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We shall first discuss the methods of determining the complementary 
function and then the particular integral. The complementary function of (1) is the 
general solution of the homogeneous function 

КЕ) yx = 0 

(ie) (E" + a, 4 Е"" + ..... +a, Е + ao) y, 20 (2) 


Let гт“ is a trial solution of this equation 


We have 

E(m*) = тх*', E2(m*) = m* *2,...... E"(m*) = m**^ 
Hence 

mc du c mpi we ады) a, m* + аот = 0. ) 
(е) m* (m* + an1 m"! + ........ ат + ао) = 


г, № m* is a solution of the equation it is necessary that 
т” + ana MYI + ........ ғат + аз = 0. 


Since т” is not zero for апу finite values of x. 


If m4, M2, ms...... m, are n distinct roots of (3) then mj, т, ті....... m; 
are particular solutions of (2) and hence the general solution of (2) is 


Ух = сүті + CoM) + ........ + сату; 


Equation (3) is called, the auxiliary equations are distinct and if they are 
Mi, П2.... Mn, then equation (2) can be written as 


(Е- т) (E- m5)...... (Е-т,)у, =0 


If the auxiliary equation has multiple roots say т, = m», then the general 
solution becomes, 


Ух -C4m,* * Сот,“ + ..... + Cam, 
= (C4 + c2)mj +. ...... + сат); 
Ух = A4 m; + C3 m3 р + Cn m; 


The solution contains only (n — 1) arbitrary constant and hence is solution 
not general. 


In this case the difference equation becomes 
(E - m)? (E — my) ...... (Е-т,;)ух- 0 
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Hence we have to find the particular solution corresponding to 
(E- mi yx = 0 


(ie) (E - m4) (E — my = 0 
Let (E — т;)у, be Ux 
Then (E — m,)u, = 0 

Ue = ст 


Hence (E — mi)y, = сту 


| cm7 
уст тра | 
m 





x41 
1 


BAe 
У cm; + КА" | — 
m, 


E^ ns 
= cı mš + mš > A^ (1) 
1 1m 


Hence the general solution of the equation is 


Yx = (C1 + Cox) mj *cams +....... Cn MŽ 


Similarly it can be shown that if the auxiliary equation has k equal roots mı, 
then the general solution of the equation is 


Yx = (C1 + cox + сэх? e... tox ) тх + eua Mke +... Cn MŽ 


Suppose the auxiliary equation has imaginary and real roots. Imaginary 
roots occur in pairs. Suppose one pairs of imaginary roots is A + iB. 
Corresponding to these roots the terms in the complementary function are 


с+(А+їВ)* + co (A — iB)* 
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A + iB can be expressed іп the modulus amplitude form as r(cos 0 + 


where г? = А? + B? & Ө = tan"! 2) 
. A-iB=r(cos Ө -isin Ө) 


Hence the expression (5) becomes 


сі {r(cos Ө +i sin 0))* + C; {г (cos Ө – І sin 0))* 


(ie) c4r* (cos x0 +i sin x0) + cor" (cos хө — i sin x0) 
(ie) r* (с. + c2) cos x0 + i (с; — c2) біпхӨ ) 
(ie) of the form г” (A cos x0 +В sin x0) 

where A and B are arbitrary constant. 


Example:1 
Solve the equation yx+2 — Зу, +: + 2у, = 0 


Solution: 
The equation can be written in the form 
(Е? — ЗЕ +2) у, = 0 


The auxiliary equation is 
m^— 3m +2 = 0 
(ie) (m – 1) (т – 2) = 0 
(ie) т= 1ог 2 
Hence the general solution of the equation is 
ух = C11” + c;2" 
, Yx = C4 + C22” 


Example: 2 
Solve the equation yx+2 — 4Yx41 + 4у, = 0 


Solution: 
The equation can be written in the form 
(E? -4E + 4) у, = 0 
(ie) (E - 2)? у, = 0 
Hence the auxiliary equation is (m — 2)? = 0 


The roots are 2, 2, 
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i sin 0) 


г. Тһе general solution of the equation is 
yx = (А+Вх)2* 
Example: 3 
Solve the equation y,» – 2y,,, + 2y, = 0. 


Solution: 
This equation can be put in the form 


(E? -2E*2)y, =0 
Hence the auxiliary equation is 


т? — 2т+2=0 


LE x) 


The roots of this equation аге 1 + і and 1-і. 
We have 141542 (соз 2 +1812) 
4 4 
Hence the general solution of the equation is 
Me = (5) (А COS ивы ZA] 


Particular Solutions of the complete equations: 
Let us find the general solution of the complete equation. 


У xen за, У xan- T realism а, Ух = X. (1) 


Having already found the general solution of the corresponding 
homogeneous equation, it we add to it any particular solution of the equation (1) 
the sum will be the generai solution of the complete equation. 


A number of special techniques exist for finding particular solution of the 
equation. (1) 


We have written the general linear difference equation with constant 
coefficients in the form f (E) y, =x. 
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The particular integral to this equation is 


у, = n where we define the right-hand member to the expression 


which when operated upon by f (E), produces x. 


Some Useful Results: 
1. If f (E) is a polynomial in E, then f (E) т” = m* f (m). 


геі? (Е) "a, ta, Et a;E^ t.... +a, E" 

(Е) тх = (а +а, Е+а,Е? +....+а,Е" ) m* 
=a, тх +a, m* *a,m"? +... жалп" 
= т" (а, ча, т+а, т? + +а т" ) 


f (E) m* = m* f (m) 


Using this result we can show that 


1 DNE. эт 
ПЕ)” rm» iff (m) = 0. 


If f (m) = 0, Let m, be a repeated root of order к. 


Then f (m) = (m - m4)* % (m). 
In that case f (E) = (Е - m,)* ф (E) 


1 | 1 1 
Непсе т" = Багш адил PR ————————— m 5 
f (E) (E-m) (E) ''  $(m)(E-m)* ' 
Let us first find — м mi. 
(E -mi) 


(E -т,) хте =Е(хт ')-т,хт 
-E(xmi')-xmj 
= (х+ 1) т; - хм; 


-mi 





x 
1 


my; =xm 
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We have (E - mi? x (x - 1) тг? 


(E- m) (E- m) х (х- 1) тұ 


(E — mi) lx + 1) ха” -x(x-tmtr'!l 


(E — mi) l2xmr*| 


2 (х +1) (mi -m xm) = 2 [c+ пы” хт ] 





ў = 2 mj. 
Непсе : TPE Эссэ 
(E-m)^ ' 2 
NT 
2679 


Similarly we can extend this result and show that 


1 x — x) x-k 


—————-m 
(E-m) ` ki! 











„l m = acii 
f (E) (E m4)" $ (m) 
БЕ 1 хе x-k 
5 $(m,) k! i 


2. If f (E) is a polynomial in E and F (x) is a function of x, then 


f (E) m* F (x) = m* f (m E) F (x) 
f (E) [m* FG9]» (а, +a, Е+а, E? *....*a, Е") |т* F(x)| 


арт” Е (x) жа, E [m* Е (x)] + a;E? |m* Е(х)) 
ГҮҮ *a,E" |m* F (x)| 


ao m* Е (х) жа, га?! F(x+1)+a, m*** Е (x +2) 


сат ats +a, тх" Е (x+n) 
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т” [ag F(x)+a,m Е(х+ 1) +а, m? F(x + 2) 


Жы Қысы +a, т" Е (x+n)] 


тх (а, Ғ(х)-а, т E F(x)+a,m? E? Е (x) 


Rod en +a, m" E" Е (x) ] 


f (Е) [m" F (x)]= m* [ap* a, mE *a, 


- m* f (m E) F (x). 
Hence if f (x) is a polynomial in x, 


1 " 1 





—— тх Е (х) = т Е (х 
f (E) 09 f (mE) (x) 
3. When x is a polynomial in x to find o x 


т2Е2-,.. жа, m^ E" JF (x) 


1 1 
ХЕХ 
f (E) f (12 A) 





1 
(1-4) 


expanded іп ascending powers of A іп the form b,+b,A + b A* +...... 


hen uL. 
f (14 A) 


х = (by* b,A * b, A + 


= bo X+ b,A X t b, APx e... 


Example: 1 


Solve the equation y,,; — 7 Yı + 12у, = 2*. 


Solution: 


The equation can be written in the form 


(Е? — 7 + 12) yy = 2*. 
The auxiliary equation m? - 7 т + 12 = 0 
(i.e.) (m – 3) (т – 4) = 0 
The roots of the equation аге 3 and 4. 
Hence the complementary function is 


ух = С. 3% +С, 47: 
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сап ре 


Particular integral 5 : 2% 


22-7(2)-12 
we = 2*1 
2 


-. Hence the general solution is 
ўа САА 


Ехатріе: 2 


Solve the equation У,5-бУу, + 8y, = 2^. 


Solution: 
The equation can be written in the form 


(E? — 6 Е + 8) ух = 2%. 


The auxiliary equation is т? – 6m + 8 = 0 


The roots of this auxiliary equation аге 2 and 4. Hence the complementary 
function is С, 2* + C44*. 
1 2* 


Particular Integral = —————— 
Е -6Е +8 


= MES ONES 27 
(Е-2) (Е-4) 


mex де 
Hence the general solution is 
ух = 0,2" +С,4* - x7? 
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Ехатріе: 3 

Solve the equation y,,, -6y,,, + 9у, = 3* 
Solution: 

The equation can be written in the form of (E? -6Е-9)у, = 3*. 


The auxiliary equation is m?-6m- 9-0 
The roots of this equation are 3, 3. 


Hence C.F = (С,-С,х) 3” 


РІ- ————— ! 3" 
(E^ -6E+9) 
ш EE M Ж 
(E-3) 
_ x@ 3x? | х(х-1 3-2 
2! 2 
Hence the general solution is 
y, = (Сү+С„х)3* + ХО) эээ 


Example: 4 
Solve the equation у,,,-Б5У, + бу, = х2+х+ 1 


Solution: 
The equation can be written in the form. 


(E? -5E+6)y, = х2+х + 1 
Its auxiliary equation is m? — 5m + 6 = 0. 
The roots are 3, 2 


Hence С.Е. = C,3* + C;2" 
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ps ed acted) 
(E£-5E +6) 


— — Р Эл 
(A41)? —5(A +1) +6 


= шаг (х2+х + 1) 
А + 2л +1- 5А - 5 +6 


1 
2-2 (х2+х + 1) 


PNE Иен (х2+х + 1) 
(1- A) (2-4) 


-1 
(1- A) (1-5) | 
2 2 
4 (х?+х+1) 


(1-А-А + 30 те . ) (x? +х+1) 





P.I = 
2 
2 2 3 3 4 
z 41 AL сен ек ARAB. QE I 
2 2 4 2 4 2 
ЗА 74? 
sl салы. (x? + x4 1) 
2 4 8 
PI= 5 (x? +x +1) -2 А (x? +XxX+1) +f A? (x? +x +1) 


We have, A х-(х%1)-х-1 


А (х2) = (х+1)2 -x? = х? +2х+1-х? 


=2х+1 


А? (x) = 0 


392 


А? (х2) = 2 (х+1) 41-(2х«1) 


=2х+2+1-2х-1=2 


Hence Р.Г = — (x?+x+1) +3 (дх+1+1у+ © (2) 
dox 1 14 
=—x*+—xt+—+—X+— + — 

2 2 2 8 
P.I sa qos 
2 4 


Hence the general solution is 


у, =С,3* 80,2 + х2 +2х+ 2 


T the method of undetermined coefficients also, the particular integral can 
be determined. 
Leta x? +bx + с be a particular solution of the equation 
(E?-5E + 6) y, =х?+х+1. 
Then (E?-5 E + 6) (a x?^- 6 x +c) = х?+х+1 
(i.e) a (x + 2)? + (х+2) + c- 5 [a (x+1)?+ b (х+1) + с] +b (ax? + bx + с)= х?+х+1 
Equating the coefficients of x^, x and constant terms on both side. 
а (x? + 2x + 4) + b (x*2) +c - 5 (a (x? + 2x +1) +b (x*1) +c) +6 (ax? +bx +c) 
=x +x +1 
ах? + 2ха + 4a + bx + 2b +с- 5 ах? - 10 ax – ba – 5b x - 5b - 5c + 6 ах? + 6bx + бс 
=x +x +1 
х? (a-5a*6a) *x(28*b- 10a-5b*6b)*4*2b*c-5a-5c*6 


= x7 + x +1 
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Equating the coefficients x^, х & constant. 





- = 1 
2а 1 >a 2 
-8a + 2b = 1 = -8 (15) * 2b - 1 
-4 + 2b = 1 
2b=1+4 
bm 
2 
-5a + 2b - 4c + 10 = 1 
-5a + 2b - 4c = -9 
5 
-5 |1 +2(3)-4e=-9 
е (15) 2 
Э d E 
2 2 
3 4с--9 
2 
-4c2- 25 
2 
а= O 
2 
sica Ч 
2 2 
Ехатріе: 5 


Show that n straight lines, по two which are parallel and no three of which 


meet in a point, divide a plane into v (n? *n*2) parts. 


Under these conditions, let the number of compartments formed by the n 
straight lines by ур. 


Draw the (n+1)" line in the plane. 
It will meet each of the n lines once in `n’ points and dissect (n*1) 


previously existing compartments and thus add (n*1) compartments more. 
Hence y,,, = y,*n«1 


When n = 1, the number of compartments is 2. 
Hence у; = 2. 
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So we һауе to solve the equation 
Y nat = Ул +П +1 
Subject to y, = 2. 


The equation can be written in the form. 
(E gs 1) yg * П 1 


Hence its C.F = A (1)" 


1 
PI=— (п+1 
ea) 


(n*1) = А" (п+1) 


>| 


2 


У. = А + nu er 
2 


when п = 1, у; = 2 


“А = 1 


UE E. 
д = — (n*+n+2 
Yn 24 ) 


Exercise: i 
Ух+2—2 Ух. + 4y, -0 

Y x«2 * Ух = 0 
Ух-2-Зухм -2у, = 1 
Y x42 +5 У, +6y, = 4* 


gr жил m 


BY x2 t 5ЗУ,д- 6 Уу 2: 


D 


Yx2*2Yx4 + Y, = (9) 2", given thaty, =2= 


м 


Y 277 У, - 8 Ух =X (x - 1) 2*. 
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